Applied Calculus for the Managerial Life and Social Sciences 10th Edition Tan Sol utions

FUNCTIONS, LIMITS, AND THE DERIVATIVE

2.1 Functions and Their Graphs

Concept Questions page 59

1. a. A function is a rule that associates with each element in a set A exactly one element in a set B.

b. The domain of a function f is the set of all elements x in the set such that f (x) is an element in B. The range of
f is the set of all elements f (x) whenever x is an element in its domain.

¢. An independent variable is a variable in the domain of a function f. The dependent variable isy = f (x).

2. a. The graph of a function f is the set of all ordered pairs (x, y) such thaty = f (x), x being an element in the
domain of f.

Range

b. Use the vertical line test to determine if every vertical line intersects the curve in at most one point. If so, then
the curve is the graph of a function.

3. a. Yes, every vertical line intersects the curve in at most one point.
b. No, a vertical line intersects the curve at more than one point.
c. No, a vertical line intersects the curve at more than one point.

d. Yes, every vertical line intersects the curve in at most one point.
4. The domain is [1, 3) U [3, 5) and the range is [%, 2) U (2,4].

Exercises page 59

1. f (x) =5x + 6. Therefore f 3) =53)+6 =21, f(—-3)=5(-3)+6=-9, f (a) =5() +6 =5a+6,
f(-a)=5(-a)+6=-5a+6,and f (@a+3)=5@+3)+6=5a+15+6 =5a+ 2L

zf@):ﬂ—3ﬂhmmmfmy:M@—3=m—3=1&f@):4@)—3:1—3:—z
f(0)=4(0)-3=-3 f(@)=4(@) —3=4a—3 fa+l)=4(@@+1)—3=4a+1
37
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2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

L g(X)=3x>—6x—3,50g(0)=3(0)—6(0)—3=-39g(-1)=3(-1)2—6(-1)—3=3+6-3=56,

g@ =3@?—-6()—3=23a%2—-6a—3,g(—a) =3(-a)*—6(—a) —3 = 3a? +6a — 3, and
gX+1)=3(x+1)2—6(x+1)—3=3(x2+2x+1) —6x —6—3=3x2+6x +3—6x —9=3x>—6.

h) =x3 —x24+x+1,50h(=5) = (-5)° — (-5 4+ (-5) +1 = —125 - 25 -5+ 1 = —154,

h© = ©0)°-©02+0+1=1h@ =a*-@%*+a+1=a°>—-a?+a+1, and
h(-a)=(-a)®—-(-a)’+(-a)+1=-a®—-a?—-a+1

. f(X)=2x+5,50 f(@a+h)=2@+h)+5=2a+2h+5, f(—a) =2(—a) +5 = —2a +5,

f(a?) =2(a?) +5=2a%+5, f(a—2h) = 2(@a—2h)+5 = 2a—4h +5, and
f(2a—h)=2(2a—h)+5=4a—-2h+5

.g(x) = =x2+2x,g(@a+h) = —@+h?+2@+h) = —a? — 2ah — h? + 2a + 2h,

g(-a) = —(-a)?+2(-a) = -a’—-2a=-a@+2),g(va) = —(ﬁ)2+2(ﬁ) = —a+2/a,
1 1
g (@) T aZi2a z_a(a—Z)'

a+g@ =a—a?+2a=-a2+3a=-a(a—3)and

Cs(t) = tzzil' Therefore, s (4) = (4;([?1 = %’ s = 022(3)1 =0
s(a) = azz(f)l - a22i1;5(2+a) - (22J£2a;r2a—)1 - azfﬁ\:?—l - aff;;i)?
s(t+1) = (ti(tl;rzl_)l - tZJfg:?—l - ?Ettizl))
-9 () = (Bu—2)¥2 Therefore, g (1) = [3(1) — 2% = (1)¥2 = 1,9 (6) = [3(6) — 21°/* = 162 = 4° = 64,

g (%) = [3 (%) _ 2]3/2 _ (9)3/2 =27,andgUu+1)=[3(U+1)— 2]3/2 - (Gu+ 1)3/2.

S _2(8) _2a? 2(x4+D? 2(x+1)°
.f(t)_m.Therefore,f(2)_m_8,f(a)_ﬁ,f(x+1)_ TD-1 &
—1)2 _1)2
and f(x—1) = 2BZDE 20D

Jx=D)—-1 SHx=2

f(x) =24 25 —x. Therefore, f (=4) =2+2,/5—(—4) =2+2/9=2+23) =8,

1/2 1/2
f(l)=2+426—1=2+42J4=2+4=6, f (%)=2+2(5—%) =2+2(%) =2+2(g)=5,
and f X +5)=24+2/5—-—X+5) =2+ 2/—X.

. Because x = —2 < 0, we calculate f (—2) = (—2)> +1 =4+ 1 = 5. Because x = 0 < 0, we calculate

f (0) = (0)>+1 =1. Because x = 1 > 0, we calculate f (1) = v1=1.

Becausex:—z<2,g(—2):—%(—2)+1:1+1:2. Becausex:o<2,g(0):—%(0)+1:0+1:1.
Becausex =2 >2,9(2) =+/2—-2=0.Becausex =4 > 2,9 (4) = /4 —2 = 2.

Because x = —1 < 1, f (-1) = =3 (-1) + 3 = 3. Because x = 0 < 1, f (0) = —3 (0)® + 3 = 3. Because
x=1>1f1)=2(1?) +1=3.Becausex =2>1, f (2) =2(2?) +1=0.
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2.1 FUNCTIONS AND THEIR GRAPHS 39

Becausex =0<1, f(0)=2++V/1-0=2+1=3.Becausex=1<1, f(1)=2+/1-1=2+0=2.

1 1
Because x =2 > 1, f(Z)Zﬁ:—lz—l.

. f(0)=-2

. (1)) f(x)=3whenx ~ 2. (ii) f (x) =0whenx = 1.
. [0, 6]

. [-2,6]

o o T o

a. f((7)=3. b. x=4andx =6. c. x=2;0. d. [-1,9];[-2,6].

g (2) = v/22 — 1 = /3, so the point (2, ﬁ) lies on the graph of g.

3+1 4 = ﬁ + 2 = 3, so the point (3, 3) lies on the graph of f.

@ V347 V16 4
f(-2)= =2 -1 = l_—3| = —3, so the point (—2, —3) does lie on the graph of f.
-2+1 -1 ’
[—3+1] 2 2 1 . 1 .
h(=3) = 3711 = 7 1= 2%- 13 so the point (—3, _E) does lie on the graph of h.
Because the point (1, 5) lies on the graph of f it satisfies the equation defining f. Thus,

f1)=21)2-4@1)+c=50rc=7.

Because the point (2, 4) lies on the graph of f it satisfies the equation defining f. Thus,

f(2)=2/9— (272 +c=4,0rc=4—25

Because f (x) is a real number for any value of x, the domain of f is (—co, c0).

Because f (x) is a real number for any value of x, the domain of f is (—co, c0).

f (x) is not defined at x = 0 and so the domain of f is (—oo, 0) U (0, 00).

g (x) is not defined at x = 1 and so the domain of g is (—oo, 1) U (1, 00).

f (x) is a real number for all values of x. Note that x2 4+ 1 > 1 for all x. Therefore, the domain of f is (—oo, Q).

Because the square root of a number is defined for all real numbers greater than or equal to zero, we have x —5 > 0
or x > 5, and the domain is [5, c0).

Because the square root of a number is defined for all real numbers greater than or equal to zero, we have 5 — x > 0,
or —x > —5and so x < 5. (Recall that multiplying by —1 reverses the sign of an inequality.) Therefore, the domain
of f is (—oo0, 5].

Because 2x? + 3 is always greater than zero, the domain of g is (—oo, 00).

The denominator of f is zero when x2 — 1 = 0, or x = +1. Therefore, the domain of f is
(=00, =1) U (—1,1) U (1, 00).
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32. The denominator of f is equal to zero when x2 + x — 2 = (x + 2) (x — 1) = 0; that is, when x = —2 or x = 1.
Therefore, the domain of f is (—oo, —2) U (=2, 1) U (1, c0).

33. f is defined when x + 3 > 0, that is, when x > —3. Therefore, the domain of f is [—3, 00).
34. g is defined when x — 1 > 0; that is when x > 1. Therefore, the domain of f is [1, 00).

35. The numerator is defined when1 — x > 0, —x > —1 or x < 1. Furthermore, the denominator is zero when x = =42.
Therefore, the domain is the set of all real numbers in (—oco, —2) U (-2, 1].

36. The numerator is defined when x — 1 > 0, or x > 1, and the denominator is zero when x = —2 and when x = 3. So
the domain is [1, 3) U (3, 00).

37. a. The domain of f is the set of all real numbers. C. y

b. f(x)=x?—-x—6,5s0
f(—3)=(-3)?—(-3)—6=9+3—-6=5,

f(=2)=(-2?—-(-2)—6=4+2-6=0, ITON o YA
f(—1)=(-1)2%—-(-1)—6=1+1—-6=—4,
f (0) = (0)> — (0) — 6 = —6,

f(%):(%)2—(%)—6=%—§—%=—%,f(1)=(1)2—1—6=—6,
fQ=@?-2-6=4-2—-6=—-4and f(3)=B)>-3-6=9-3—-6=0.

38. f (x) =2x2+x —3.

a. Because f (x) is a real number for all values of x, the domain of f C. Y
is (—o0, 00). 8
b. 4
x | =3|-2|-1|-3] 0 2| 3
y 12 3| -2|-3]-3|0]|7]18 5 5 \'l\-(i/l 5 x
—4
39. f (x) = 2x2 + 1 has domain (—o0, o) and range 40. f (x) = 9 — x2 has domain (—oo, co) and range
[l: OO) (—OO, 9]
hy YA
20 8
4
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41. f (x) = 2 + /X has domain [0, oo) and range
[2, 00).

yA

43. f (x) = +/1 — x has domain (—o0, 1] and range
[0, 00)

45. f (X) = |x| — 1 has domain (—oo, co) and range

[_19 OO)
YA
\ 2- /
Ny
_2_
X ifx <0 .
47. f (x) = ) has domain
2x+1 ifx >0
(—00, 00) and range (—o0, 0) U [1, 00).
YA
4_
) 0 2 X
_4_
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42. g (x) = 4 — /X has domain [0, co) and range

(—o00, 4].

44. f (x) = +/x — 1 has domain (1, oo) and range

[0, 00).

N

ot

46. f (x) = |x] 4+ 1 has domain (—oo, oo) and range

[1, 0)

yA

™ A
=Y

48. For x < 2, the graph of f is the half-liney = 4 — x.
For x > 2, the graph of f is the half-line y = 2x — 2.
f has domain (—oo, co) and range [2, co).
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49. If x < 1, the graph of f is the half-liney = —x + 1. 50. If x < —1 the graph of f is the half-line

For x > 1, we calculate a few points: f (2) = 3, y = —x — 1. For —1 < x < 1, the graph consists of
f (3) =8,and f (4) = 15. f has domain (—o0, 00) the line segment y = 0. For x > 1, the graph is the
and range [0, co). half-line y = x + 1. f has domain (—o0, co) and
range [0, c0).

ﬁ y

I 4

I 2

4 2

3 -2 -10] 1 2 3 «x

51. Each vertical line cuts the given graph at exactly one point, and so the graph represents y as a function of x.

52. Because the y-axis, which is a vertical line, intersects the graph at two points, the graph does not represent y as a
function of x.

53. Because there is a vertical line that intersects the graph at three points, the graph does not represent y as a function
of x.

54. Each vertical line intersects the graph of f at exactly one point, and so the graph represents y as a function of x.
55. Each vertical line intersects the graph of f at exactly one point, and so the graph represents y as a function of x.
56. The y-axis intersects the circle at two points, and this shows that the circle is not the graph of a function of x.

57. Each vertical line intersects the graph of f at exactly one point, and so the graph represents y as a function of x.

58. A vertical line containing a line segment comprising the graph cuts it at infinitely many points and so the graph does
not define y as a function of x.

59. The circumference of a circle with a 5-inch radius is given by C (5) = 27 (5) = 107, or 107 inches.

60. V (2.1) = %7\' (2.1)° ~38.79,V (2) = %77 (8) ~# 33.51,andso V (2.1) — V (2) = 38.79 — 33.51 = 5.28 is the
amount by which the volume of a sphere of radius 2.1 exceeds the volume of a sphere of radius 2.

61. C (0) = 6, or 6 billion dollars; C (50) = 0.75(50) + 6 = 43.5, or 43.5 billion dollars; and
C (100) = 0.75(100) + 6 = 81, or 81 billion dollars.

62. The child should receive D (4) = 2—25 (500) (4) = 160, or 160 mg.

63. a. Fromt = 0 through t = 5, that is, from the beginning of 2001 until the end of 2005.
b. Fromt = 5 through t = 9, that is, from the beginning of 2006 until the end of 2010.

¢. The average expenditures were the same at approximately t = 5.2, that is, in the year 2006. The level of
expenditure on each service was approximately $900.
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0.59 — 0.61

64. a. The slope of the straight line passing through (0, 0.61) and (10, 0.59) ism; = ———— = —0.002.

10-0
Therefore, an equation of the straight line passing through the two points is y — 0.61 = —0.002 (t — 0) or

y = —0.002t 4+ 0.61. Next, the slope of the straight line passing through (10, 0.59) and (20, 0.60) is

0.60 — 0.59
mp = —0_-10 - 0.001, and so an equation of the straight line passing through the two points is
y —0.59 = 0.001 (t — 10) or y = 0.001t + 0.58. The slope of the straight line passing through (20, 0.60) and
. 0.66 — 0.60 . . . . L
(30, 0.66) ism3z = 0-20 - 0.006, and so an equation of the straight line passing through the two points is

y —0.60 = 0.006 (t — 20) or y = 0.006t + 0.48. The slope of the straight line passing through (30, 0.66) and

0.78 — 0.66
40.0,0.78) is my = —/S =966
(40.0,0.78) Isms = —5—=5

= 0.012, and so an equation of the straight line passing through the two points
—0.002t +0.61 if0<t<10

0.001t + 0.58 if10 <t <20

0.006t + 0.48 if20 <t <30

0.012t + 0.30 if30 <t <40
b. The gender gap was expanding between 1960 and 1970 and shrinking between 1970 and 2000.

is y = 0.012t + 0.30. Therefore, arule for f is f (t) =

c¢. The gender gap was expanding at the rate of 0.002/yr between 1960 and 1970, shrinking at the rate of 0.001/yr
between 1970 and 1980, shrinking at the rate of 0.006,/yr between 1980 and 1990, and shrinking at the rate of
0.012/yr between 1990 and 2000.

0.95-0.58

65. a. The slope of the straight line passing through the points (0, 0.58) and (20, 0.95) is m; = —— = 0.0185,

66.

67.

68.

69.

20-0
S0 an equation of the straight line passing through these two points is y — 0.58 = 0.0185 (t — 0)

or y = 0.0185t + 0.58. Next, the slope of the straight line passing through the points (20, 0.95)

. 1.1-0.95 . N .
and (30,1.1) ismy = 30-20 = 0.015, so an equation of the straight line passing through

the two points is y — 0.95 = 0.015 (t — 20) or y = 0.015t + 0.65. Therefore, a rule for f is
f 0.0185t +0.58 if0<t <20
| 0015t +065 if20 <t <30

b. The ratios were changing at the rates of 0.0185/yr from 1960 through 1980 and 0.015/yr from 1980 through
1990.

. The ratio was 1 when t &~ 20.3. This shows that the number of bachelor’s degrees earned by women equaled the
number earned by men for the first time around 1983.

a. T (x) = 0.06x
b. T (200) = 0.06 (200) = 12, or $12.00 and T (5.65) = 0.06 (5.65) = 0.34, or $0.34.

a. 1 (x) = 1.053x
b. 1 (1520) = 1.053 (1520) = 1600.56, or $1600.56.

a. The function is linear with y-intercept 1.44 and slope 0.058, so we have f (t) =0.058t +1.44,0 <t < 9.
b. The projected spending in 2018 will be f (9) = 0.058 (9) + 1.44 = 1.962, or $1.962 trillion.

S(r) = 4nr2.
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3(m)(2r)® = §n8r3 =8 (%7‘”’3). Therefore, the volume of the tumor is increased by a factor of 8.

a. The median age was changing at the rate of 0.3 years/year.
b. The median age in 2011 was M (11) = 0.3 (11) + 37.9 = 41.2 (years).
¢. The median age in 2015 is projected to be M (5) = 0.3 (15) + 37.9 = 42.4 (years).

a. The daily cost of leasing from Ace is C1 (x) = 30 + 0.45x, b. ¢
while the daily cost of leasing from Acme is
C> (x) = 25 + 0.50x, where x is the number of miles driven.

100

80
c. The costs are the same when C1 (x) = Cz (x), that is, when
30 + 0.45x = 25 + 0.50x, —0.05x = —5, or x = 100.
Because C; (70) = 30 + 0.45(70) = 61.5 and
C2 (70) = 25 4 0.50 (70) = 60, and the customer plans to

60

40

drive less than 70 miles, she should rent from Acme. o 40 80 120 x(mi)

a. The graph of the function is a straight line passing through b. VA
(0, 120000) and (10, 0). Its slope is £ 10

[}
0 — 120,000 . .. < 1
m=——"""""=_12,000. The required equation is B ool
10-0 € ]
V = —12,000n + 120,000. 2 40

£

c. V = —12,000 (6) + 120,000 = 48,000, or $48,000. a

L . 0 2 4 6 8 10 n(years)
d. This is given by the slope, that is, $12,000 per year.

Here V = —20,000n + 1,000,000. The book value in 2012 is given by V = —20,000 (15) + 1,000,000, or
$700,000. The book value in 2016 is given by V = —20,000 (19) + 1,000,000, or $620,000. The book value in
2021 is V = —20,000 (24) + 1,000,000, or $520,000.

a. The number of incidents in 2009 was f (0) = 0.46 (million).
b. The number of incidents in 2013 was f (4) = 0.2 (42) — 0.14 (4) + 0.46 = 3.1 (million).

a. The number of passengers in 1995 was N (0) = 4.6 (million).

b. The number of passengers in 2010 was N (15) = 0.011 (15)2 + 0.521 (15) + 4.6 = 14.89 (million).

a. The life expectancy of a male whose current age is 65 is
f (65) = 0.0069502 (65)° — 1.6357 (65) + 93.76 ~ 16.80, or approximately 16.8 years.

b. The life expectancy of a male whose current age is 75 is
f (75) = 0.0069502 (75)? — 1.6357 (75) + 93.76 ~ 10.18, or approximately 10.18 years.

a. N (t) = 0.00445t% + 0.2903t + 9.564. N (0) = 9.564, or 9.6 million people;
N (12) = 0.00445 (12)? + 0.2903 (12) + 9.564 =~ 13.6884, or approximately 13.7 million people.

b. N (14) = 0.00445 (14)% + 0.2903 (14) + 9.564 ~ 14.5004, or approximately 14.5 million people.
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The projected number in 2030 is P (20) = —0.0002083 (20)° + 0.0157 (20)> — 0.093 (20) + 5.2 = 7.9536, or
approximately 8 million.

The projected number in 2050 is P (40) = —0.0002083 (40)® + 0.0157 (40)? — 0.093 (40) + 5.2 = 13.2688, or
approximately 13.3 million.

N (t) = —t3 + 6t2 + 15t. Between 8 a.m. and 9 a.m., the average worker can be expected to assemble

N (1) = N (0) = (-1 + 6 + 15) — 0 = 20, or 20 walkie-talkies. Between 9 a.m. and 10 a.m., we expect that

N (2) —N (@) =[-22+6(2%) +15(2)] — (-1 + 6 + 15) = 46 — 20 = 26, or 26 walkie-talkies can be assembled
by the average worker.

When the proportion of popular votes won by the Democratic presidential candidate is 0.60, the

proportion of seats in the House of Representatives won by Democratic candidates is given by
(0.6) _ 026 0216 .

(0.6)+(1—06)° 0.216+0.064  0.280 o

5(0.6) =

The amount spent in 2004 was S (0) = 5.6, or $5.6 billion. The amount spent in 2008 was
S (4) = —0.03 (4)° + 0.2 (4)> + 0.23 (4) + 5.6 = 7.8, or $7.8 billion.

The domain of the function f is the set of all real positive numbers PA
where V #£ 0; that is, (0, 00).

0 v
a. We require that 0.04 — r2 > 0 and r > 0. This is true if C. v(cm/s)4
0 <r < 0.2. Therefore, the domain of v is [0, 0.2]. 40
b. We compute v (0) = 1000 [0.04 — (0)?] = 1000 (0.04) = 40, 30
v (0.1) = 1000[0.04 — (0.1)2] = 1000 (0.04 — 0.01) 20
10
= 1000 (0.03) = 30, and
0 0.1 0.2 r(cm)

v (0.2) = 1000 [0.04 — (0.2)?] = 1000 (0.04 — 0.04) = 0.

d. As the distance r increases, the velocity of the blood decreases.

a. The assets at the beginning of 2002 were $0.6 trillion. At the beginning of 2003, they were f (1) = 0.6, or
$0.6 trillion.

b. The assets at the beginning of 2005 were f (3) = 0.6 (3)>*3 ~ 0.96, or $0.96 trillion. At the beginning of 2007,
they were f (5) = 0.6 (5)°*3 ~ 1.20, or $1.2 trillion.
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86. a. We compute f (0) = 0.88 (0)? + 3.21 (0) + 96.75 = 96.75, b. £(0) 4
f (1) = 0.88 (1)2 4 3.21 (1) + 96.75 = 100.84, and 1081
f (2) = —5.58(2) + 117.85 = 106.69. We summarize these igg:
results in a table. 102
100 {
Year | 2006 2007 2008 98 1
Rate | 96.75 | 100.84 | 106.69 %)
0] 1 2 3ot
87. a. The domain of f is (0, 13]. b.  y@©)
i _ 400 —_
232 if0<x <4 . —
) 340 if 9<x <10 —_
250 if4<x <5 . —_
. 358 ifl0<x <11 300 —_
268 if5<x <6 ] —
f(x) = _ 3.76 if11 < x < 12 _
286 if6<x <7 ) 00l
. 3.94 if12 <x <13
3.04 if7<x <8 _ SR
) 412 if X =13 0 4 8 12 x(02)
322 if8<x <9

88. a. The median age of the U.S. population at the beginning of 1900 b. 1.

was f (0) = 22.9, or 22.9 years; at the beginning of 1950 it was 26
f (5) = —0.7 (5)> + 7.2 (5) + 11.5 = 30, or 30 years; and at the
beginning of 2000 it was f (10) = 2.6 (10) + 9.4 = 35.4, or 32
35.4 years. 28
24
ol 5 0 7

89. a. The passenger ship travels a distance given by 14t miles east and the cargo ship travels a distance of
10 (t — 2) miles north. After two hours have passed, the distance between the two ships is given by

14t ifo<t<2
24/74t2 — 100t + 100 ift > 2

VI10 (t — 2)]% + (14t)? = /296t — 400t + 400 miles, so D (t) = |

b. Three hours after the cargo ship leaves port the value of t is 5. Therefore,
D = 21/74 (5)% — 100 (5) + 100 ~ 76.16, or 76.16 miles.

90. True, by definition of a function (page 52).
91. False. Take f (x) = x2,a=1,andb = —1. Then f (1) =1 = f (=1), buta # b.

92. False. Let f (x) = x?, thentakea = 1andb = 2. Then f (@) = f (1) =1, f (b) = f (2) = 4, and
f@+fMb=1+4#F@+b)=1f(3)=09.

93. False. It intersects the graph of a function in at most one point.

94. True. We have x + 2 > 0 and 2 — x > 0 simultaneously; that is x > —2 and x < 2. These inequalities are satisfied
if-2<x<2



95.

96.

97.

98.
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False. Take f (x) = x2and k = 2. Then f (x) = (2x)% = 4x2 £ 2x2 = 2 f (X).

False. Take f (x) = 2x +3andc = 2. Then f 2x +y) = 2(2x +y) + 3 = 4x + 2y + 3, but

cfFO)+F(Y)=22x+3)+ Ry +3) =4x+2y+9# f(2x +y).

False. They are equal everywhere except at x = 0, where g is not defined.

47

False. The rule suggests that R takes on the values 0 and 1 when x = 1. This violates the uniqueness property that a
function must possess.

Using Technology page 68
1 a 10 : T |
0
-10 f f
0 5 0 5 10
2. a 10 : |
0
-10 f f
0 5 0 5 10
3. a 10 : |
0
-10 f f
0 5 0 5 10
4. a. 10 : |
0
-10 f f
0 5 0 5 10

-500 T

-1000 T

-20

10
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200 F— —t

100 T T

\
N

9. f (2.145) ~ 18.5505.

1. f (2.41) ~ 4.1616.

13. a.

N A S R R

b. The amount spent in the year 2005 was
f (2) ~ 9.42, or approximately $9.4 billion. In
2009, it was f (6) ~ 13.88, or approximately
$13.9 billion.

15. a. 150 ——F——+————

100

50

6 ' 7 ' 8 ' 9 ' 10 ' 11
b. f (6) = 44.7, f (8) = 52.7, and
f (11) = 129.2.

-20 —

30 —
20 T

10T

-10 —

10. f (1.28) ~ 17.3850.
12. f(0.62) ~ 1.7214.

14. a.

20 30 40

50 60 70 8

b. f (18) = 3.3709, f (50) = 0.971, and

f (80) = 4.4078.
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2.2  The Algebra of Functions

Concept Questions page 73

1. a. P (x1) = R(x1) — C (x1) gives the profit if x1 units are sold.

b. P (x2) = R(x2) — C (x2). Because P (x2) < 0, |[R (X2) — C (x2)| = —[R (x2) — C (x2)] gives the loss
sustained if X2 units are sold.

2. (fF+9 ) =FfX)+9gX), (f —g)xX) = XxX)—gX),and (fg) (x) = f (x) g (x); all have domain A N B.

o

f
(f/9) () = IS
b.(f+90@=1f2+9@=3+(2)=1L(f-9@ =12 -9@ =3-(-2) =5,

f@ 3 3

(f)@=f@9@=3(-2=-6ad (/9= ="=—3

has domain A N B excluding x € AN B such that g (x) = 0.

ay=((Ff+9x=~1fx+gX) b.y=(f-9x=FfXx—-gX)
_ _ f(x)
cy=(fgx)="FfxagX d y= ( )() 700

4. a. The domain of (f o g) (x) = f (g (x)) is the set of all x in the domain of g such that g (x) is in the domain of f.
The domain of (g o f) (x) = g (f (x)) is the set of all x in the domain of f such that f (x) is in the domain of g.

b. (go f)(2) =g (f (2)) =g (3) = 8. We cannot calculate (f o g) (3) because (f 0 g) (3) = f (g (3)) = f (8),
and we don’t know the value of f (8).

5. No. Let A = (—o0,00), f(x) = x,and g(x) = /x. Thena = —1isin A, but
(9o f)(=1) =g (f (-1)) = g (1) = +/1is not defined.

6. The required expressionis P = g (f (p)).

Exercises page 74

L+ =F00+gx) =x+5) +(x2=2) =x3+x2+3,
2.(f—=)=fX)—gx)=(x3+5) — (x2—2) =x3 —x2+7.
3. fg(x) = f (x) g (x) = (x3+5) (x2 —2) = x5 — 2x% + 5x2 — 10.

4.9f (x) =g (x) f (x) = (x2 = 2) (x3 +5) = x> —2x3 + 5x2 — 10.

f(x) x34+5
5.—() 500 = =7
6 =0 ) -gx) X*4+5-(x2-2) x3-x247
S R R e
2 19 f)gx)  (C+5)(x2-2) x>—2x3+5x2-10
A v S oy S X + 4
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10.

13.

15.

17.

19.

20.

21.

22.
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fgh(x) = f (x)g(x)h (x) = (x3+5) (x2 —2) 2x +4) = (x5 — 2x3 +5x? — 10) (2x + 4)

= 2x8 — 4x* 4 10x3 — 20x + 4x5 — 8x3 + 20x2 — 40 = 2x8 + 4x5 — 4x* + 2x3 4 20x% — 20x — 40.
(F+9xX)=FfX)+gXxX)=x—-14++/x+1.
@-—-HX=gx)—FfX)=/x+1-xX-1) =/xX+1-x+1
(f)X)=FfX)gxX)=x—-1)V/x+1. 12 @f)X)=gx) f (X)) =X +1(x—=1).
g .. 9  x+1 hov_he _2¢-1
H(X)_h(x)_2x3—1' 14 () gx)  X+1
E(x) (x—1) (Vx+1) . _() (x—1)(2x3_1) ¥ 2x3 x4l
h - 2x3—-1 X+ 1 VX+1 '
f—h( x—1—(2x3-1) x—2x 15 9 x X FT(23 -1 X +I(3-1)

X) = VX +1 T Cg—f )_«/x+1—(x—1)_ VX+1-x+1"
(F+ ) =x2+5+ X -2=x2+ /X +3,(f-g)(X) =x2+5— (VX —2) =x2 - /X +7,

2

2 B X“+5
(fg) (x) = (X2 +5) (VX )am( )u) K7
(F+ ) =X—1+x3+1L (f—g)xX) =/x—-1-x3-1, (fg)(x) = vx —1(x3+1), and
f _Wx=1
(5)“)_x3+1'
(f+0) () = XT3+ 1 :(x—1)«/x+3+1’(f_g)(x):m_ 1 x—=-1)/x+3 —1

Xx—1 x—1 x—l x—1
(19) (X) = VX +3(X i 1) - VXX_+13, and (é) = XF3(x—1).
(1 ) = 1 x2—1+x2+1 2x?
TN = et e 1 T e e ) e
1 x2—-1-x2-1 2 1

A iy et Sl MY e iy e v LA Al py y ) S

f x2 —1
(5) M =sei1



23.

24.

25.

26.

27.

28.

29.

30.

3L

32.

33.

34.

2.2 THE ALGEBRA OF FUNCTIONS

(f+g)(x)=i+1+x+2_(x+1)(x )+ (x+2)(x—=1) x2—x—2+x2+x—2

-1 x-2 x—-=1)(x—2) N x=1)(x —2)

o2 —4 2(x2-2)

S x=DH(x-2) (xX-1(x-=2)

X+l X422 X+DEX=)—(x+2)(x—1) xZ—Xx—-2-x2—x+2
(-9 = 732~ X—D(x=2 ST x—Dhx-2

. —2X

T x=Dx=2

D) (x+2) i x+D)(x—2)
”g)(x)‘(x—l)(x—2>'a”d(g)(x)‘(x—l)(x+2>'
(F+9 ) =x2+1+X+L (f—g)X) =x2+1—-Vx+1, (fg)(x) = (x> +1) /X +1, and

(-2
g X+ 1T
(fog)) = f@x) = f(x3) = () +x2+1 = x* + x? + 1 and

(gof)(x):g(f(x)):g(x2+x+1):(x2+x+1)2.

(fog)(x) = f(g(x))=3[g(x)]2+29(x)+1=3(x+3)2+2(x+3)+1=3x2+20x+34and
@oH)YX)=g(f (X)) =Ff(X)+3=3x2+2x +1+3 =3x%+2x +4.

(fo() = f@) = f(x¥*-1) = Vx?=1+ 1 and
(gof)(x):g(f(x)):g(ﬁ+1)=(ﬁ+1)2—1=x+2ﬁ+1—1=x+2ﬁ.

(fog(x) = f(@(X) = 2/g(X) +3 = 2vx2+1 + 3 and
@o ) =g(f ) =[f 0P +1=(2X+3)°+1=14x + 12X + 10.

1 1 1 1 x?2 X
(fog)() = (@) = f(;) = ;*(ﬁ*‘l) = i1 @y
X )_x2+1

X

1 X
(fog(x) = f(gXx) = f(x_ ) T Vx-1 and

! VX+1+1 T+1
(gOf)(X)Zg(f(x))zg(m):,/’x+1—1}/)>:111=\/T+ ‘

h(2=g(f(@).Butf@ =224+2+1=7,50h(2)=g(7) =49.

<gof)<x)=g<f(x))=g(

[N

h(2) =g (f(2).But f(2) = (22— 1)1/3 =33, s0h(2)=g(33) =3 (31/3)3 +1=3(3)+1=10.

1 1 1 1 5
h(2) =g (f (2)). Butf(Z)ZWZE,soh(Z):g(g):ﬁ:%.

h(2) =g (f (2). Butf(2)=2T11=1,sog(1)=12+1=2.

51
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35.

37.

39.

41.

43.

44,

45,

46.

47,

48.

49,

50.

Sl

52.

53.

2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

f(xX)=2x34+x2+1,9g(x)=x° 36. f(x)=3x2—4,g(x)=x"3.
f(x)=x2-1,9(x) =X 38. f(x)=(2x —3),9(x)=x%2
2 1 ) 1
f(x)=x —1,g(x)=;. 40. f (x)=x —4,g(x)=ﬁ.
f(x)=3x2+2,g(x)=x3—1/2. 42. f(x)=«/2x+1,g(x)=%+x.

f@+h)—f@=[3@+h)+4]—@Ba+4)=3a+3h+4—3a—4=3h.
f(a+h)—f(a):—%(a+h)+3—(—%a+3)z—%a—%h+3+%a—3:—%h.
fa+h —f@=4—-(@+h)2-(4—a?)=4—a?—2ah—h?—4+a%=-2ah—h?=—h(2a+h).

fa+h —f@=[@+h?-2@+h)+1]- (a2 —2a+1)
—a?+2ah+h?—2a—-2h+1—-a?2+2a—1=ha+h-2).

fa+hy—f@ [@+h?+1]—-(a®2+1) a?+2ah+h®+1—a?—1 2ah+h?

h h h - h
h
f@a+h) —f(@) [2@+h?—(@+h)+1]-(2a2-a+1)
h - h
2a®44ah+2h? —a—h+1-2a%24+a—-1 4ah+2h?2—h
= = =4a+2h —1.
h h
fathy—f@ [@+h3—(@+h]—(a®-a) a®+3a’h+3ah®+h’—-a-h-a’+a
h - h - h
2 2 13 _
=3ah+3afr1] +h h:3a2+3ah+h2—1.
f@a+h)y—f@ [2@+h>—(@+h)?+1]-(2a°-a?+1)
h - h
_ 2a%+6a’h+6ah?+2h®—a?—2ah—h?+1-2a%+a’—1
h h
2 2 3 _ _Rh2
=6ah+6ah +h2h 2ah —h _ 6a? + 6ah 4 2h% — 2a —h.
1 1 a—(@+h
f@+h—-f@ _a+h a__a@+h _ 1
h h h a@+hy
f@+th-f@ _ +a+h-va Ja+th+/a  (@+th-a 1
h h Ja+th+.a h(vJa+th+4@) Ja+th+.,a

F (t) represents the total revenue for the two restaurants at time t.



54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.
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F (t) represents the net rate of growth of the species of whales in year t.
f (t) g (t) represents the dollar value of Nancy’s holdings at time t.
f (t) /g (t) represents the unit cost of the commaodity at time t.
g o f is the function giving the amount of carbon monoxide pollution from cars in parts per million at time t.
f o g is the function giving the revenue at time t.
C (x) = 0.6x + 12,100.

a h()=f(t)—g()= (3t +69) — (=0.2t + 13.8) = 3.2t +55.2,0 < t < 5.

b. f(5)=3(5)+69=284,9g(5)=-0.2(5)+13.8=12.8,andh (5) =3.2(5) +55.2=71.2.
Since f (5) — g (5) =84 —12.8 = 71.2, we see that h (5) is indeed equal to f (5) — g (5).

D (t) = (D2 — Dy) (t) = D2 (t) — Dy (t) = (0.035t% 4 0.21t + 0.24) — (0.0275t2 + 0.081t + 0.07)

~ 0.0075t2 + 0.129t + 0.17.

The function D gives the difference in year t between the deficit without the $160 million rescue package and the
deficit with the rescue package.

a. (go f)(0) =g (f (0) =g(0.64) = 26, so the mortality rate of motorcyclists in the year 2000 was 26 per
100 million miles traveled.

b. (go f)(6) =g (f (6)) = g(0.51) = 42, so the mortality rate of motorcyclists in 2006 was 42 per
100 million miles traveled.

¢. Between 2000 and 2006, the percentage of motorcyclists wearing helmets had dropped from 64 to 51, and as a
consequence, the mortality rate of motorcyclists had increased from 26 million miles traveled to 42 million miles
traveled.

a. (go f)(1) =g (f (1)) = g (406) = 23. So in 2002, the percentage of reported serious crimes that end in arrests
or in the identification of suspects was 23.

b. (go f)(6) =g (f (6)) = g(326) = 18. In 2007, 18% of reported serious crimes ended in arrests or in the
identification of suspects.

¢. Between 2002 and 2007, the total number of detectives had dropped from 406 to 326 and as a result, the
percentage of reported serious crimes that ended in arrests or in the identification of suspects dropped from 23 to
18.

a. C (x) = 0.000003x® — 0.03x? 4 200x + 100,000.

b. P (x) = R (x) — C (x) = —0.1x% 4 500x — (0.000003x3 — 0.03x? + 200x + 100,000)
= —0.000003x3 — 0.07x2 4 300x — 100,000.

o

. P (1500) = —0.000003 (1500)3 — 0.07 (1500)? + 300 (1500) — 100,000 = 182,375, or $182,375.
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65. a.

66. a.

67. a.

68. a.

69. a.

b.

2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

C (X) = V (X) + 20000 = 0.000001x3 — 0.01x2 + 50x + 20000 = 0.000001x3 — 0.01x2 + 50x + 20,000.

. P (x) = R (X) — C (x) = —0.02x? + 150x — 0.000001x3 + 0.01x2 — 50x — 20,000

= —0.000001x3 — 0.01x2 + 100x — 20,000.

. P (2000) = —0.000001 (2000)3 — 0.01 (2000)2 -+ 100 (2000) — 20,000 = 132,000, or $132,000.

DO =R®-S®
= (0.023611t3 — 0.19679t2 + 0.34365t + 2.42) — (—0.015278t3 + 0.11179t + 0.02516t + 2.64)
= 0.038889t> — 0.30858t% + 0.31849t — 0.22,0 < t < 6.

. S(3) =3.309084, R (3) = 2.317337, and D (3) = —0.991747, so the spending, revenue, and deficit are

approximately $3.31 trillion, $2.32 trillion, and $0.99 trillion, respectively.

. Yes: R (3) — S(3) = 2.317337 — 3.308841 = —0.991504 = D (3).

h(t) = f (t)+ g (t) = (4.389t3 — 47.833t2 + 374.49t + 2390) + (13.222t3 — 132.524t2 4 757.9t + 7481)
= 17.611t3 — 180.357t2 4+ 1132.39t + 9871, 1 < t < 7.

. f(6) =3862.976 and g (6) = 10,113.488, so f (6) + g (6) = 13,976.464. The worker’s contribution was

approximately $3862.98, the employer’s contribution was approximately $10,113.49, and the total contributions
were approximately $13,976.46.

. h(6) =13,976 = f (6) + g (6), as expected.

N (r (t)) = )
r® 140,02 5t + 752
’ t + 10
7 7 - .
. N(r)) = 5 = 5 A 3.29, or 3.29 million units.
14002 (20+7 11002(2
' 0+ 10 ’ 10
7 7 - .
N (r(12)) = 5 = 5 A~ 3.99, or 3.99 million units.
14002 (222475 14002 (L
' 12 +10 ’ 22
7 7 - .
N (r (18)) = 5 = > ~ 4.13, or 4.13 million units.
1+ 0.02 5-18+75 1+0.02 165
’ 18+ 10 ' 28

The occupancy rate at the beginning of January is r (0) = &2 (0)® — 2 (0)% + 22 (0) + 55 = 55, or 55%.
r ) =2 5)° -2 5)2+ 22 (5) + 55 ~ 98.2, or approximately 98.2%.

The monthly revenue at the beginning of January is R (55) = — g5 (55)° + &5 (55)2 & 444.68, or
approximately $444,700.

The monthly revenue at the beginning of June is R (98.2) = — 35 (98.2)° + £ (98.2)2 ~ 1167.6, or
approximately $1,167,600.
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73.

74.
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76.

77.
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1.42.7 (t +10)° 9.94 (t + 10)? .
N(t)=142-x(t)= 5 t+10 5 = 2( +19 5. The number of jobs created 6 months
(t+10)24+2(t+15)%>  (t +10)% +2(t + 15)
9.94 (16)?

from now will be N (6) = ~ 2.24, or approximately 2.24 million jobs. The number of jobs created

(16)? + 2 (21)?
9.94 (22)?

12 months from now will be N (12) = —————
(22)= +2(27)

~ 2.48, or approximately 2.48 million jobs.

as=f+g+h=(f+9)+h = f+(g+h). This suggests we define the sum s by
sX)=(f+g+h)x)=f Xx)+gXx)+hx).

b. Let f, g, and h define the revenue (in dollars) in week t of three branches of a store. Then its total revenue (in
dollars) inweek tiss (t) = (f +g+h) () = f (t) + g (t) + h ().

a. (hogo f)(x) =h(g(f (x))

b. Lett denote time. Suppose f gives the number of people at time t in a town, g gives the number of cars as a
function of the number of people in the town, and h gives the amount of carbon monoxide in the atmosphere.
Then (hogo f)(t) =h (g (f (1)) gives the amount of carbon monoxide in the atmosphere at time t.

True. (F+9) ) =FX)+gxX)=gxX)+f X =@+ f)X).

False. Let f (X) = x+2and g (x) = /X. Then (go f)(x) = +/x + 2 is defined at x = —1, But
(f 0 @) (X) = 4/X + 2 is not defined at x = —1.

False. Take f (x) = /xandg(x) =x+ 1. Then(go f)(x) = /X + 1, but (f o g) (x) = v/x + 1.
False. Take f (x) = x+1. Then (f o ) (x) = f (f (X)) = x+2,but 2 (x) = [f (x)]2 = (X +1)% =x24+2x+1.
True. (ho(go f))(xX) =h((go f)(x)) =h(g(f (x)))and ((hog)o f)(x) = (hog) (f (X)) =h(g(f(x))).

False. Take h(x) = /X, g(X) = x, and f (x) = x? Then
(ho(@+ 1)) =h(x +x2) =X +x2 £ ((hog) + (o F) (x) =h (g () +h (f (X)) = VX + V52

2.3 Functions and Mathematical Models

Concept Questions page 88

1.

2.

3.

See page 78 of the text. Answers will vary.

a. P (X) = anx" 4+ an_1x""1 4 .- + ag, where a, # 0 and n is a positive integer. An example is
P (x) = 4x3 —3x2 4 2.
P () o ) x4 —2x2 +1
b. R (x) = ——=, where P and Q are polynomials with Q (x 0. AnexampleisR (X) = —5————.
(x) ) Q are poly Q) # p (x) 21315
a. A demand function p = D (x) gives the relationship between the unit price of a commodity p and the quantity x
demanded. A supply function p = S (x) gives the relationship between the unit price of a commodity p and the
quantity x the supplier will make available in the marketplace.

b. Market equilibrium occurs when the quantity produced is equal to the quantity demanded. To find the market
equilibrium, we solve the equations p = D (x) and p = S (x) simultaneously.
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Exercises page 88

1

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22

. Yes.2x +3y =6andsoy = —3x + 2. 2. Yes.dy =2x +7andsoy = $x + 1.
. Yes. 2y =x +4andsoy = 3x + 2. 4. Yes.3y =2x —8andsoy = 3x — §.
. Yes. 4y =2x +9andsoy = $x + 3. 6. Yes. 6y =3x +7andsoy = $x + .
. No, because of the term x2. 8. No, because of the term /X.

. f is a polynomial function in x of degree 6. 10. f is a rational function.

. Expanding G (x) = 2 (x* — 3)3, we have G (x) = 2x% — 18x* + 54x? — 54, and we conclude that G is a
polynomial function of degree 6 in x.

5 . 245x+6x3

. 2 . . .
We can write H (x) = 3 + 2 +6 3 and conclude that H is a rational function.

f is neither a polynomial nor a rational function.
f is a rational function.
f (0)=2gives f (0) =m(0)+b=b=2. Next, f (3) =—1gives f (3) =m (3) + b = —1. Substitutingb = 2
in this last equation, we have 3m + 2 = —1, or 3m = —3, and therefore, m = —land b = 2.
f (2) =4 gives f (2) = 2m +b = 4. We also know that m = —1. Therefore, we have 2(—1)+b =4andsob = 6.
a. C (x) = 8x + 40,000. b. R(x) = 12x.
c. P(x) = R(x) —C (x) =12x — (8x + 40,000) = 4x — 40,000.
d. P (8000) = 4(8000) — 40,000 = —8000, or a loss of $8000. P (12,000) = 4 (12,000) — 40,000 = 8000, or a
profit of $8000.
a. C (x) = 14x + 100,000. b. R (x) = 20x.
c. P(x) = R(x) — C (x) = 20x — (14x + 100,000) = 6x — 100,000.
d. P (12,000) = 6(12,000) — 100,000 = —28,000, or a loss of $28,000.
P (20,000) = 6 (20,000) — 100,000 = 20,000, or a profit of $20,000.
The individual’s disposable income is D = (1 — 0.28) - 60,000 = 43,200, or $43,200.
. . 0.4) (500 .
The child should receive D (0.4) = % ~2 117.65, or approximately 118 mg.
. . 4+1 .
The child should receive D (4) = (7) (500) ~ 104.17, or approximately 104 mg.
. . 103-175
. a. The graph of f passes through the points P; (0, 17.5) and P, (10, 10.3). Its slope is oo - -0.72.

An equation of the lineisy — 17.5 = —0.72(t — 0) or y = —0.72t 4+ 17.5, so the linear function is
f (t) = —-0.72t + 17.5.
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b. The rate was decreasing at 0.72% per year.

¢. The percentage of high school students who drink and drive at the beginning of 2014 is projected to be
f (13) = —0.72(13) + 17.5 = 8.14, or 8.14%.

a. The slope of the graph of f is a line with slope —13.2 passing through the point (0, 400), so an equation of the
lineisy — 400 = —13.2(t — 0) or y = —13.2t 4 400, and the required function is f (t) = —13.2t 4 400.
b. The emissions cap is projected to be f (2) = —13.2(2) 4 400 = 373.6, or 373.6 million metric tons of carbon
dioxide equivalent.
1.2-07

a. The graph of f is a line through the points P; (0, 0.7) and P, (20, 1.2), so it has slope ﬂ = 0.025. Its

equationisy — 0.7 = 0.025 (t — 0) or y = 0.025t + 0.7. The required function is thus f (t) = 0.025t + 0.7.
b. The projected annual rate of growth is the slope of the graph of f, that is, 0.025 billion per year, or 25 million
per year.
¢. The projected number of boardings per year in 2022 is f (10) = 0.025 (10) + 0.7 = 0.95, or 950 million
boardings per year.

a. b. The projected revenue in 2010 is
40 f (6) = 2.19(6) + 27.12 = 40.26, or $40.26 billion.
30‘/ ¢. The rate of increase is the slope of the graph of f, that s,
20 2.19 (billion dollars per year).
10
o 1 2 3 4 5 6t
Two hours after starting work, the average worker will be assembling at the rate of

f (2) = -3 (2 + 6(2) + 10 = 16, or 16 phones per hour.
P (28) = —1 (28)2 + 7 (28) + 30 = 128, or $128,000.

a. The amount paid out in 2010 was S (0) = 0.72, or $0.72 trillion (or $720 billion).

b. The amount paid out in 2030 is projected to be S (3) = 0.1375 (3)2 + 0.5185 (3) + 0.72 = 3.513, or
$3.513 trillion.

a. The average time spent per day in 2009 was f (0) = 21.76 (minutes).

b. The average time spent per day in 2013 is projected to be
f (4) = 2.25(4)? + 13.41 (4) + 21.76 = 111.4 (minutes).

a. The GDP in 2011 was G (0) = 15, or $15 trillion.
b. The projected GDP in 2015 is G (4) = 0.064 (4)> + 0.473 (4) + 15.0 = 17.916, or $17.916 trillion.

a. The GDP per capita in 2000 was f (10) = 1.86251 (10)2 — 28.08043 (10) + 884 = 789.4467, or $789.45.

b. The GDP per capita in 2030 is projected to be f (40) = 1.86251 (40)? — 28.08043 (40) + 884 = 2740.7988, or
$2740.80.
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32. a. The number of enterprise IM accounts in 2006 is given by N (0) = 59.7, or 59.7 million.

b. The number of enterprise IM accounts in 2010, assuming a continuing trend, is given by
N (4) = 2.96 (4) + 11.37 (4) + 59.7 = 152.54 million.

33. 5(6) = 0.73(6)% + 15.8(6) + 2.7 = 123.78 million kilowatt-hr.
S(8) = 0.73(8)? + 15.8(8) + 2.7 = 175.82 million kilowatt-hr.

34. The U.S. public debt in 2005 was f (0) = 8.246, or $8.246 trillion. The public debt in 2008 was
f (3) = —0.03817 (3)° + 0.4571 (3)? — 0.1976 (3) + 8.246 = 10.73651, or approximately $10.74 trillion.

35. The percentage who expected to work past age 65 in 1991 was f (0) = 11, or 11%. The percentage in 2013 was
f (22) = 0.004545 (22)% — 0.1113 (22) + 1.385 (22) + 11 = 35.99596, or approximately 36%.

36. N (0) = 0.7 per 100 million vehicle miles driven. N (7) = 0.0336 (7)® — 0.118 (7)? +0.215 (7) + 0.7 = 7.9478 per
100 million vehicle miles driven.

37. a. Total global mobile data traffic in 2009 was f (0) = 0.06, or 60,000 terabytes.
b. The total in 2014 will be f (5) = 0.021 (5)% 4 0.015 (5)? + 0.12 (5) + 0.06 = 3.66, or 3.66 million terabytes.

1+ 0.05D 1 + 0.05 (20)

= = y = = VuU. ) 0 .
38. L 5 If D =20, then L 0 0.10, or 10%

39. a. We first construct a table.

N (million)
t | N(t) t | N
180
1 52 6 | 135 160
2| 75 7| 146 120
3| 93 8| 157 50
4 | 109 9| 167 40
51| 122 10 | 177 ——— >
0 2 4 6 8 10 1(years)

b. The number of viewers in 2012 is given by N (10) = 52 (10)*5%1 ~ 176.61, or approximately 177 million

viewers.
40. a. R R (1) = 162.8(1)~30%5 = 162.8, R (2) = 162.8 (2) >9% ~ 20.0,
160 and R (3) = 162.8 (3) 398 ~ 5.9
120 b. The infant mortality rates in 1900, 1950, and 2000 are 162.8, 20.0,
80 and 5.9 per 1000 live births, respectively.
40
0 1 2 301

41. N (5) = 0.0018425 (10)>5 s 0.58265, or approximately 0.583 million. N (13) = 0.0018425 (18)%® ~ 2.5327, or
approximately 2.5327 million.

42. a. S (0) = 4.3 (0 + 2)%9 ~ 8.24967, or approximately $8.25 billion.
b. S (8) = 4.3 (8 + 2)°%* ~ 37.45, or approximately $37.45 billion.
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a. We are given that f (1) = 5240 and f (4) = 8680. This leads to the system of equations a + b = 5240,
1la + b = 8680. Solving, we find a = 344 and b = 4896.

b. From part (a), we have f (t) = 344t + 4896, so the approximate per capita costs in 2005 were
f (5) = 344 (5) + 4896 = 6616, or $6616.

. . . 100 (40
a. The given data imply that R (40) = 50, that is, 5 +(40) = 50, so0 50 (b + 40) = 4000, or b = 40. Therefore, the
100x
ired functionis R (x) = .
required response function is R (x) 20+ x
100 (60)

b. The response will be R (60) =

= 60, or approximately 60 percent.
40+ 60 PP youp

a. f (0) =6.85,g(0) = 16.58. Because g (0) > f (0), we see that more film cameras were sold in 2001 (when
t =0).

b. We solve the equation f (t) = g (t), that is, 3.05t + 6.85 = —1.85t 4+ 16.58,504.9t =9.73andt = 1.99 ~ 2.
So sales of digital cameras first exceed those of film cameras in approximately 2003.

a oy b. 5x2 + 5x + 30 = 33x + 30, 0 5x% — 28x = 0, x (5x — 28) =0,
160 andx =0orx = % = 5.6, representing 5.6 mi/h.
120 ! g (x) =11(5.6) + 10 = 71.6, or 71.6 mL/lb/min.
80 g . The oxygen consumption of the walker is greater than that of the
runner.
40
o s 10 x
a. We are given that T = aN + b where a and b are constants to be determined. The given conditions imply that

70 = 120a + b and 80 = 160a + b. Subtracting the first equation from the second gives 10 = 40a, ora = %.
Substituting this value of a into the first equation gives 70 = 120 (%) + b, or b = 40. Therefore, T = <N + 40.

b. Solving the equation in part (a) for N, we find %N =T —40,0or N = f (t) =4T — 160. When T = 102, we
find N = 4 (102) — 160 = 248, or 248 times per minute.

a. f (0) =3173 givesc = 3173, f (4) = 6132 gives 16a + 4b + ¢ = 6132, and f (6) = 7864 gives
36a + 6b + ¢ = 1864. Solving, we find a ~ 21.0417, b ~ 655.5833, and ¢ = 3173.

b. From part (a), we have f (t) = 21.0417t% 4+ 655.5833t 4 3173, so the number of farmers’ markets in 2014 is
projected to be f (8) = 21.0417 (8)% + 655.5833 (8) + 3173 = 9764.3352, or approximately 9764.

a. We have f (0) =c = 1547, f (2) =4a +2b+ ¢ = 1802, and f (4) = 16a + 4b + ¢ = 2403. Solving this
system of equations gives a = 43.25, b = 41, and ¢ = 1547.

b. From part (a), we have f (t) = 43.25t2 + 41t + 1547, so the number of craft-beer breweries in 2014 is projected
to be f (6) = 43.25 (6)? + 41 (6) + 1547 = 3350.

o S-C . o S-C .
The slope of the lineism = — Therefore, an equation of the lineisy — C = 0 (t — 0). Letting

y =V (t),wehave V (t) =C — %t.
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51. Using the formula given in Exercise 50, we have

52.

V (2) = 100,000 —

a.

160

120

40

A

100,000 — 30,000
5

70,000

(2) = 100,000 — —=— (2) = 72,000, or $72,000.

b. f (0) = 8.37 (0) + 7.44 = 7.44, or $7.44/kilo.
f (20) = 2.84 (20) + 51.68 = 108.48, or $108.48 /kilo.

53. The total cost by 2011 is given by f (1) = 5, or $5 billion. The total cost by 2015 is given by
f (5) = —0.5278 (53) +3.012 (52) +49.23 (5) — 103.29 = 152.185, or approximately $152 billion.

54. a. y b. At the beginning of 2005, the ratio will be
5 f (10) = —0.03 (10) + 4.25 = 3.95. At the beginning of
4 2020, the ratio will be f (25) = —0.075 (25) + 4.925 = 3.05.
z \ c. The ratio is constant from 1995 to 2000.
1 d. The decline of the ratio is greatest from 2010 through 2030. It
0 10 20 30 1 (years) f (3:2 _ 15(15) = 2'32_03'8 = —0.075.
55. a v (%) 4 b. f(5) = % 6)+12 = 1—70 + 12 ~ 13.43, or approximately
20 13.43%. f (25) = 1 (25) + 4 = 22, or 22%.
15
10
5
0" 10 20 i(years)

56. a. f (0) =5.6and g (0) = 22.5. Because g (0) > f (0), we conclude that more VCRs than DVD players were sold
in 2001.

b. We solve the equations f (t) = g (t) over each of the subintervals. 5.6 + 5.6t = —9.6t +22.5for0 <t < 1. We
solve to find 15.2t = 16.9, so t ~ 1.11. This is outside the range for t, so we reject it. 5.6 4+ 5.6t = —0.5t + 13.4
forl <t <2,506.1t = 7.8, and thus t ~ 1.28. So sales of DVD players first exceed those of VCRs att ~ 1.3,
or in early 2002.
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If p=7,wehave 7= —x% + 16, or x2 = 9, so that x = +3.
Therefore, the quantity demanded when the unit price is $7 is

b.
- l()—
T \ 3000 units.
7
’ 8
4
’ 4
/
{ t t t >
1 2 3 4%x

5 5 0
Units of a thousand

57. a. (94

58. a. (94 b. If p =11, we have 11 = —x? + 36, or x2 = 25, so that

R x = £5. Therefore, the quantity demanded when the unit price
. .7 30 \ is $11 is 5000 units.
‘ 20
V4
/
’ 10
/
7
2 4 6 x

-6 -4 —2 0
Units of a thousand

59. a. ) b. If p=3,then3 = v18 — xZ,and 9 = 18 — x2, so that x2 = 9
5 and x = + 3. Therefore, the quantity demanded when the unit
- = 4] price is $3 is 3000 units.
e - 3
V4
I/ 2
/ 1
1
R

Units of a thousand

60. a. )/ b. If p=2then2=+9—x2,and4 =9 —x? sothatx> =5

_ - -3 and and x = ++/5, or x & 42.236, Therefore, the quantity
L7 . ) demanded when the unit price is $2 is approximately
/ 2236 units.
, 1
1
1 2 3 x

-3 =2 -1 0
Units of a thousand

61. a. p($) 4 62. a. P ($)4
\ N
‘\ \ 40
\ 80 AN
\ S 30
Y 40 el
. , ~ 20;
\ /7
o 10
=20 —15 ~10 4 5x
~_-
Units of a thousand -3 -2 -1 0 1 2 3 x

Units of a thousand

b. If x = 2, then p = 22 + 16 (2) + 40 = 76, or
$76. b. If x = 2, then p = 2(2)% 4 18 = 26, or $26.
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63. a. p©) 64. a. p($)4
30 80
20 60
40
10
i 20
AN SO0 1 2 5 4
’ —10 4 =20
Units of a thousand Units of a thousand
b. p=23+2(2)+3=15,or$15. b. p=2%+42+ 10 = 20, or $20.
65. a. P ($) 4 b. Substituting x = 10 into the demand function, we have
30 0
30 p=—""— = =10, 0r$10.
] 0.02(10)c+1 3
201
101
0 5 4 6 8«
Units of a thousand
66. Substituting x = 6 and p = 8 into the given equation gives 8 = /—36a + b, or —36a + b = 64. Next,
substituting x = 8 and p = 6 into the equation gives 6 = v/—64a + b, or —64a + b = 36. Solving the system
—36a + b = 64 i .
642+ b — 36 for a and b, we find a = 1 and b = 100. Therefore the demand equation is p = ~/—x2 + 100.
—64a+b =

67.

68.

When the unit price is set at $7.50, we have 7.5 = +/—x2 + 100, or 56.25 = —x? 4 100 from which we deduce that
X &~ £6.614. Thus, the quantity demanded is approximately 6614 units.

b. If x =5, then
p =0.1(5)2 +0.5(5) + 15 = 20, or $20.

a. \ P ($)4
\
\ 60<
\
\
\ 404
\
Y 204
30 —20 —10 0] 10 20 x(000)

Substituting x = 10,000 and p = 20 into the given equation yields P ()4

20 = a4/10,000 + b = 100a + b. Next, substituting x = 62,500 30+
and p = 35 into the equation yields

35 = a4/62,500 + b = 250a + b. Subtracting the first equation
from the second yields 15 = 150a, or a = 5. Substituting this 10
value of a into the first equation gives b = 10. Therefore, the

required equation is p = 1—10ﬁ + 10. Substituting x = 40,000 into

20

0 20 40 60 x
Units of a thousand

the supply equation yields p = -./40,000 + 10 = 30, or $30.
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a. We solve the system of equations p = cx +d and p = ax + b. Substituting the first equation into the
. b—-d
second givescx +d = ax +d,so(c—a)x =b—dand x = —a Becausea < 0O0andc > O,

¢ —a # 0and x is well-defined. Substituting this value of x into the second equation, we obtain

p:a(b—d)ijzab—ad+bc—ab:bc—ad b—dandthe

. Therefore, the equilibrium quantity is
c—a c—a c—a

I .. bc—ad
equilibrium price is c .

b. If ¢ is increased, the denominator in the expression for x increases and so x gets smaller. At the same time, the
first term in the first equation for p decreases and so p gets larger. This analysis shows that if the unit price for
producing the product is increased, then the equilibrium quantity decreases while the equilibrium price increases.

c. If b is decreased, the numerator of the expression for x decreases while the denominator stays the same.
Therefore, x decreases. The expression for p also shows that p decreases. This analysis shows that if the
(theoretical) upper bound for the unit price of a commodity is lowered, then both the equilibrium quantity and the
equilibrium price drop.

We solve the system of equations p = —x2? — 2x + 100 and p = 8x + 25. Thus, —x2 — 2x + 100 = 8x + 25,

or x? 4+ 10x — 75 = 0. Factoring this equation, we have (x + 15) (x — 5) = 0. Therefore, x = —15 or x = 5.
Rejecting the negative root, we have x = 5, and the corresponding value of p is p = 8 (5) + 25 = 65. We conclude
that the equilibrium quantity is 5000 and the equilibrium price is $65.

We solve the equation —2x2 + 80 = 15x + 30, or 2x? 4+ 15x — 50 = 0 for x. Thus, (2x — 5) (x 4+ 10) = 0,
and so x = % or x = —10. Rejecting the negative root, we have x = % The corresponding value of p is

2
p=-2 (%) + 80 = 67.5. We conclude that the equilibrium guantity is 2500 and the equilibrium price is $67.50.

p = 60 — 2x2

p =x%49x + 30
s03x24+9x —30 =0, x?+3x —10 =0, and (x +5) (x — 2) = 0, giving x = —5 or x = 2. We take x = 2. The
corresponding value of p is 52, so the equilibrium quantity is 2000 and the equilibrium price is $52.

We solve the system [ Equating the right-hand sides, we have x? 4+ 9x + 30 = 60 — 2x?,

Solving both equations for x, we have x = —% p+ 22 and x = 2p? + p — 10. Equating the right-hand sides, we
have —4 p 422 = 2p? + p — 10, or —11p + 66 = 6p? + 3p — 30, and s0 6p? + 14p — 96 = 0. Dividing this
last equation by 2 and then factoring, we have (3p + 16) (p — 3) = 0, so p = 3 is the only valid solution. The
corresponding value of x is 2 (3)2 + 3 — 10 = 11. We conclude that the equilibrium quantity is 11,000 and the
equilibrium price is $3.

Equating the right-hand sides of the two equations, we have 0.1x% + 2x + 20 = —0.1x% — x + 40, s0

0.2x%2 +3x — 20 = 0, 2x? 4+ 30x — 200 = 0, X 4 15x — 100 = 0, and (x + 20) (x — 5) = 0. Therefore the only
valid solution is x = 5. Substituting x = 5 into the first equation gives p = —0.1 (25) — 5 + 40 = 32.5. Therefore,
the equilibrium quantity is 500 tents (x is measured in hundreds) and the equilibrium price is $32.50.

Equating the right-hand sides of the two equations, we have 144 — x2 = 48 + %xz, S0 288 — 2x2 = 96 + X2,
3x2 = 192, and x2 = 64. Therefore, x = +8. We take x = 8, and the corresponding value of p is 144 — 82 = 80.
We conclude that the equilibrium quantity is 8000 tires and the equilibrium price is $80.
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Because there is 80 feet of fencing available, 2x + 2y = 80, so x + y = 40 and y = 40 — x. Then the area of the
garden is given by f = xy = x (40 — x) = 40x — x2. The domain of f is [0, 40].

. . 250 . -
The area of Juanita’s garden is 250 ft2. Therefore xy = 250 and y = =~ The amount of fencing needed is given
2
by 2x + 2y. Therefore, f =2x 42 (—)5(0) =2X + —520. The domain of f isx > 0.

The volume of the box is given by area of the base times the height of the box. Thus,

V =f ()= (15-2x) (8 —2x)X.

Because the volume of the box is the area of the base times the height of the box, we have V = x2y = 20. Thus, we
20 . . . L

have y = 2 Next, the amount of material used in constructing the box is given by the area of the base of the box,

plus the area of the four sides, plus the area of the top of the box; that is, A = x2 + 4xy + x2. Then, the cost of

. L 20 8 . .
constructing the box is given by f (x) = 0.30x2 + 0.40x - 2 +0.20x% = 0.5x2 + < where f (x) is measured in

dollarsand f (x) > 0.

Because the perimeter of a circle is 27tr, we know that the perimeter of the semicircle is 7rx. Next, the perimeter of
the rectangular portion of the window is given by 2y + 2x, so the perimeter of the Norman window is 7wx + 2y + 2x
and wx + 2y +2x = 28,0ry = % (28 — wx — 2x). Because the area of the window is given by 2xy + %n-xz, we
see that A = 2xy + %ﬂ'XZ. Substituting the value of y found earlier, we see that

A=f(x)=x(28—mx —2X) + 3mx? = Jmx? + 28x — wx% — 2x? = 28x — Fx? — 2x?
_ (T 2
= 28X (2 + 2) X<,
The average yield of the apple orchard is 36 bushels/tree when the density is 22 trees/acre. Let x be the

unit increase in tree density beyond 22. Then the yield of the apple orchard in bushels/acre is given by
(22 + x) (36 — 2x).

50 50 50

Xy =50andsoy = = The area of the printed pageisA=(x —1)(y—2) = (x — 1) (7 — ) = —2x+52—7,
. _ 50 50

so the required function is f (x) = —2x + 52 — = We must have x > 0,x —1 > 0, and and =~ 2 > 2. The last
inequality is solved as follows: - > 4,50 =0 < T S0 X < % = 5. Thus, the domain is [1, ?].

a. Let x denote the number of bottles sold beyond 10,000 bottles. Then
P (x) = (10,000 + x) (5 — 0.0002x) = —0.0002x? + 3x + 50,000.

b. He can expect a profit of P (6000) = —0.0002 (60002) + 3(6000) + 50,000 = 60,800, or $60,800.

a. Let x denote the number of people beyond 20 who sign up for the cruise. Then the revenue is
R (X) = (20 4 x) (600 — 4x) = —4x? 4 520x + 12,000.

b. R (40) = —4 (402) + 520 (40) + 12,000 = 26,400, or $26,400.
c. R(60) = —4 (602) + 520 (60) + 12,000 = 28,800, or $28,800.

False. f (x) = 3x%/4 4+ x%/2 + 1 is not a polynomial function. The powers of x must be nonnegative integers.
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. . . P (x - . . .
86. True. If P (x) is a polynomial function, then P (x) = i ) and so it is a rational function. The converse is false.

X+1. . . . .
For example, R (x) = 1 is a rational function that is not a polynomial.
87. False. f (x) = x%2 is not defined for negative values of x.
88. False. A power function has the form x", where r is a real number.

Using Technology page 98

1. (—3.0414, 0.1503), (3.0414, 7.4497). 2. (—5.3852,9.8007), (5.3852, —4.2007).

3. (—2.3371, 2.4117), (6.0514, —2.5015). 4. (—2.5863, —0.3585), (6.1863, —4.5694).
5. (—1.0219, —6.3461), (1.2414, —1.5931), and (5.7805, 7.9391).

6. (—0.0484,2.0609), (2.0823, 2.8986), and (4.9661, 1.1405).

7. a. 100 " 8. a. 100 A
50 T+ 50 T T+
0 — 0 +————F——+—
0 5 10 15 0 5 10 15 20
b. 438 wall clocks; $40.92. b. 1000 cameras; $60.00.
9. a f(t)=1.85t+ 16.9. c.
t y
b. 30 I — 1 1 1] 18.8
T T 3| 225
T 1 4| 243
0 — 51 26.2
1 2 3 4 5 6
6 | 28.0

These values are close to the given data.

d. f (8) = 1.85(8) + 16.9 = 31.7 gallons.
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10. a. f (t) = 0.0128t2 4+ 0.109t + 0.50.

b. 2

o

b. 80 /_.

60 T T
40T T

20T T

0 + + + +
0 1 2 3 4

c. 77.8 million

13. a. f (t) = 2.4t2 + 15t + 31.4.

b. _-=I=I=I

100 T

o

15. a. f (t) = —0.00081t%+0.0206t%+0.125t +1.69.

o

b.

y

D W O+

0.50
0.94
1.61
1.89

These values are close to the given data.

12. a. f (t) = 2.25x? + 13.41x + 21.76.

100 + f

50

o

14. a. f (t) = —0.038167t3 4 0.45713t2

— 0.19758t 4 8.2457.

0 I ——
0 2 4 6
t|ly
1.8
5|27
10 | 4.2

The revenues were $1.8 trillion in 2001,
$2.7 trillion in 2005, and $4.2 trillion in 2010.



16. a. y = 44,560t — 89,394t2 + 234,633t + 273,288.

b. 1.5e+6 + f + f

le+6

5e+5

0

0 1 2 3

10.4 | 13.9

U]

19. a. f (t) = 0.00125t* — 0.0051t3

—0.0243t2 +0.129t + 1.71.

b. 2+ttt

18.
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f

W N P O

273,288
463,087
741,458
1,375,761

a. f(t)=0.2t3 —0.45t%2 4 1.75t + 2.26.

b 15 T
10 T
5_ —
0 I I F—+—
o 1 2 3 4 5
C.
t o |1 (2 |3 4
f(t)|23]|38]|56]89]|149
C.
t 0 |1 (2 (3 |4 |5
f(t)|1.7111.81(1.85(1.84|1.83|1.89

d. The average amount of nicotine in 2005 is
f (6) = 2.128, or approximately

2.13 mg/cigarette.

20. A(t) = 0.000008140t* — 0.00043833t3 — 0.0001305t2 + 0.02202t + 2.612.

24

Limits

Concept Questions page 115

1. The values of f (x) can be made as close to 3 as we please by taking x sufficiently close to x = 2.

2. a. Nothing. Whether f (3) is defined or not does not depend on Iim3 f ().
X—>

b. Nothing. Iim2 f (x) has nothing to do with the value of f at x = 2.
X—
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- 2 _ - - 2
3. a Jmﬁ (2x*+1) = xIin4 (VX) )!@4 (2x* +1) (Property 4)
= V4[2(4)? +1] (Properties 1 and 3)
=66
(224 x +5\? X2 4+x+5\?
.I _— = _— P 1
b xinl( x4 +1 ) (x—>1 x4+ 1 ) (Property 1)
2+145)\%2 .
= (ﬁ) (Properties 2, 3, and 5)
=432 -8
- _f 0 X2 -
4. A limit that has the form lim ﬂ = —. For example, lim X
x>ag(x) O x—3 X —

5. XIl)m f (x) = L means f (x) can be made as close to L as we please by taking x sufficiently large.
o0
Xlim f (xX) = M means f (x) can be made as close to M as we please by taking negative x as large as we please
—00

in absolute value.
Exercises page 115
1. lim f ) =3.
X——2
2. lim f (x) =2.
x—1
3. lim f (x) =3.
Xx—3

4. Iiml f (x) does not exist. If we consider any value of x to the right of x = 1, we find that f (x) = 3. On the other
X—>

hand, if we consider values of x to the left of x = 1, f (x) < 1.5, and we conclude that f (x) does not approach a
fixed number as x approaches 1.

5 lim fx)=3.
X——2

6. lim f(x)=3.
X——2

7. The limit does not exist. If we consider any value of x to the right of x = —2, f (x) < 0. If we consider values of x
to the left of x = —2, f (x) > 0. Because f (x) does not approach any one number as x approaches x = —2, we
conclude that the limit does not exist.

8. The limit does not exist.

X 19 | 1.99 1.999 | 2.001 | 2.01 2.1
f(x) | 461 | 49601 | 4.9960 | 5.004 | 5.0401 | 5.41

lim (x? +1) =5.

X—2



10.

12.

13.

14.

15.

16.

17.

2.4 LIMITS
X 0.9 0.99 0.999 1.001 1.01 11
f(x) | 0.62 | 0.9602 | 0.996002 | 1.004002 | 1.0402 | 1.42
lim (2x2 — 1) = 1.
x|—>1(x )
X —0.1| —0.01 | —0.001 | 0.001 | 0.01 | 0.1
f(x)| -1 -1 -1 1 1 1
The limit does not exist.
X 0.9 0.99 0.999 | 1.001 | 1.01 | 11
fx)| -1 -1 -1 1 1 1
The limit does not exist.
X 0.9 0.99 0.999 1.001 1.01 11
f (x) | 100 | 10,000 | 1,000,000 | 1,000,000 | 10,000 | 100
The limit does not exist.
X 1.9 1.99 1.999 | 2001 | 201 | 21
f(x)| —10 | —100 | —1000 | 1000 | 100 | 10
The limit does not exist.
X 09099 | 0999 | 1.001 | 1.01 | 1.1
f(x)|29]299 | 2999 | 3.001 | 3.01 | 3.1
2 _
li szzg_
x»1 x-=1
X 09099 | 0999 | 1.001 | 1.01 | 1.1
f (x) 1 1 1 1 1
x—1
lim =1
xI—>1X—1
Y A 18.
1 é X 0 /\ X
2 4 8 x

lim f (x) = —1.
x—0

s

-8

lim f (x) =2.
Xx—3

69
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19.

21.

23.

25.

27.

29.

3L

33.

35.

37.

39.
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V4
2]
-2 (R 4 x
-2
—4
lim f (x) =1.
Xx—1
Yy
2
14
3 2 10 1 2 X
-1
lim f (x) =0.
x—0
lim3=3.
X—2
limx = 3.
X—3

lim (1 —2x?) =1-2(1)% = -1.

x—1

lim (2x3 - 3x2 +x +2) =2(1)° —3(1)? +1+2

x—1

=2
lim (2s2—1)(2s+4) = (1) (4) = —4.

i 21 2@ +1 5
x=2 X+2 242 4

Iimza/x +2=J2+2=2.
X—

Iim3«/2x4 +x2 =/2(=3)* 4+ (=3)> = /162 + 9
X——
= /171 = 3/19.
VX248 V(D48 V9
xo>—-1 2X+4 — 2(=1)+4 2

3
.

20. YA
\i
2 - o 1 2 3 &
lim f (x) =2.
x—1
22.
-2 -1 0 1 2 3 «x
-1
lim f (x) =0.
x—1
24, lim —3=-3.
X——2
26. lim —3x = —3(=2) =6.
X—>—2
28. tlirré(4t2—2t+1)=4(3)2—2(3)+1=31.
-
30. lim (4x5 —20x2 + 2x + 1)
x—0
—4(00°=2002+20)+1=1.
32. lim (x2+1) (x2—4) = (22+1) (22 -4) =0.
X—2
3 3
a1 fim Xt 1 P¥+1 2 1

36.

40.

-123+2 2(18)+2 4 2

|im23/5x +2=¥5(=)+2=v-8=-2.
X——

2¢+4 _ 2@ +4 _,
x24+1 V441 7
xVx2+7 33 +7 12

lim =

x>32X —V2X+3 2B —v2(3) +3 3
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41. XI|_r31a[f x)—gX)]= XI|_r31a f(x) —Xll_rgg(x) 42, XI|_r;r}j‘2f (x) =2(3) =6.
=3-4=-1.
43, XI|_r>na[2f (x) =39 (x)] = lim 2f (x) — lim 39 (x) 44, XI|_r)r;1[f (x)g ()] = lim £ () limg(x)=3-4
=2(3)—3(4) = —6. —12.
45. lim g (x) = lim V4 = 2. 46. lim ¥5F (X)+3g(x) = I53) +3@) = /27 =3.
X—a X—a X—a
2f(x)—g(x) 2@)—@4) 2 1 g -fx)  4-3 1
47. 1 = =—=-. 48. | = = —.
M Fog0 T @@ 1276 Moo rvee0  3+2 5
2 _ _ 2 _ —
29, tim 7 i ¥EDEFD b1y w00 dim 2 o i X 2D FD)
x=1Xx—1 x—1 x—=1 x—1 Xx=>-2 X+2 x--2 X+2
=1+1=2 = lim x-2)=-2-2=-4
X——2
2 _ _ 2 _ _
51 1im =% —jim 2% =Y _jim x -1 52. 1im 22 =3 _im X2 =3 _ jim 2x - 3)
x—0 X x—0 X x—0 x—0 X x—0 X x—0
—0-1=-1. - _3.
2 _ _
53. lim X =2 = lim W 54. lim udoes not exist.
x=-5 X+5 x——5 X+5 b—-3b+3

lim (x —5) =-10.
X——=5

X+2
55. lim does not exist. 56. lim + does not exist.
x—1X—1 Xx—2 X — 2
2_x—6 -3 2 -3 —-2-3 5
57. lim == X=6 _ jiy ¥=DC+2D o x=3 _2
x5>-2X24+X—2 x5-2(X+2)(x—-1) x--2x—-1 -2-1 3
5_8 7-2) (2242244
58. Iimz—=lim( ) )=Iim (22+224+4)=22+2Q2)+4=12.
752 7 —2 72 z—2 72
50, lim Y"1 _ jim XL VXL x-1 _ymt -t
x>1 X—=1  x51 x=1 /X4+1 x51(x-1)(/X+1) xo1x+1 2
X = x—4 JX+2
60. lim —— = lim . =lim./x+2=2+2=4.
x—>4\/_—2 x—>4\/_—2 ﬁ—l—Z x—>4\/_+ +
x—1 x—1 1 1
6l. im ———=Iim —— = lim — = =,
xI—>1X3+X2—2X xI—>lX(X—1)(X+2) xI—>lX(X—I—2) 3
4 —x2 2-x)(2 2 — 2— (-2
62. lim —X= i MZ i X: ( ):1_
x>-22x2 4+ %3  x>-2 X2(2+4Xx) x—>-2 X2 (-2)?
63. lim f (x) = oo (does not exist) and lim f (x) = oo (does not exist).
X—00 X— —00
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64.

65.

66.

67.

68.

69.

70.

71.

72.

73.
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lim f (xX) = oo (does notexist)yand lim f (x) = —oo (does not exist).
X— 00 X—>—00

lim f (x)=0and lim f (x)=0.
X—00 X——00

lim f(x)=1and lim f () =1
X—00 X——00
lim f (x) = —oo (does not exist) and lim f (x) = —oo (does not exist).
X—00 X——00
lim f (x)=21and lim f (x) = oo (does not exist).
X—00 X——00
1
f = :
) x2+1
X 1 10 100 1000 X -1 -10 —100 —1000
f (x) | 0.5 | 0.009901 | 0.0001 | 0.000001 f (x) | 0.5 | 0.009901 | 0.0001 | 0.000001

x|l>nclo Fo) = xl!rl]oo PO =0.

2X
f(x)= :
x) = 1
X 1| 10 100 | 1000 X -5 | —10 | —100 | —1000
f(x)|1] 1818 | 1.980 | 1.998 f(x)| 252222 | 2020 | 2.002
x|l>nclo Fx) = xl!rl]oo F)=2
f (x) = 3x% — x2 + 10.
X 1|5 10 100 1000
f(x) |12 | 360 | 2910 | 2.99 x 10°% | 2.999 x 10°
X -1| -5 —10 —100 —1000
f(x)| 6 | =390 | —3090 | —3.01 x 108 | —3.0 x 10°
lim f (x) = oo (does notexist)yand lim f (x) = —oo (does not exist).
X— 00 X——00
|X]
f(x)=—
x) ==
X 1|10 | 100 X —1| —10 | —100
fx)y|1]| 1 1 fox)|-1]| -1 -1

lim f (x)=1and lim f(x)=-1
X— 00 X——00

2
342 . 8ty 3
lim = lim =- =3
X—00 X — x—>ool_§ 1
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1
4x2 — 1 ax ==
lim = lim X — _oo; that is, the limit does not exist.
X—>—00 X 42 X——00 142
1 1
xd4x241 . 3t F3
| = lim =3
X— —00 x3 4+ 1 X— —00 1
1+
X
2x2 +3x 41 2teta
x—oo X4 —x2 X— 00 1
1-2
X
X 4+ !
4 Bl
X 1 3
I 3+ = lim X2 — —oo; that is, the limit does not exist.
Xxo>—00 X3 —1 x—>—-00 1
X3
3 1
. 4x4 —3x2 41 _ i-ztsa
'xirgozx4+x3+x2+x+1:xll>rgo T 1 1 1 °
24—+ Sttt
x2  x3  x
1 1 1 1
x5 —x34x—-1 . YTt e
li = lim =0
x—oo X6 42x2 41 X—00 2 1
1+—=+ %
x4 X
2 1
. 2x2 -1 . X3
LSy R s s W
o0 0
I1+-+=
X X
. . 0.5 (50) - .
. a. The cost of removing 50% of the pollutant is C (50) = 100 —50 — 0.5, or $500,000. Similarly, we find that the

cost of removing 60%, 70%, 80%, 90%, and 95% of the pollutant is $750,000, $1,166,667, $2,000,000,
$4,500,000, and $9,500,000, respectively.

0.5x

b. lim
x—100 100 — X
remove almost all of the pollutant.

= 0o, which means that the cost of removing the pollutant increases without bound if we wish to

o 72
. a. The number present initially is given by P (0) = 9-0" 8. c. »p
500 :

b. Ast approaches 9 (remember that 0 < t < 9), the denominator 400 i
approaches 0 while the numerator remains constant at 72. 200 |
Therefore, P (t) gets larger and larger. Thus, 200

72 !

limP (t) = lim —— = co. 100 i

t—9 ® t—599 —t o E
0 2 4 6 8 10 ¢(mo)
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83.

84.

85.

86.

87.

88.

89.

90.

91.
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_— . 2500 .
lim C (x) = lim (2.2 + —) = 2.2, or $2.20 per DVD. In the long run, the average cost of producing
X— 00 X— 00 X

x DVDs approaches $2.20/disc.

0.2
. . 0.2t . t . ) .
lim C (t) = lim = lim = 0, which says that the concentration of drug in the bloodstream
t—oo t—o0 t2 +1 t—oo 1
It
eventually decreases to zero.
120 . 120 (2)? . 120 (3)?
aT@= T14° 24, or $24 million. T (2) = @ = 60, or $60 million. T (3) = @) = 83.1, or
$83.1 million.
- _120x2 120 .
b. In the long run, the movie will gross lim — X< _ lim = 120, or $120 million.
x—>00 X2 +4 x>0 4
x2
I 200
a. The current population is P (0) = 0 5, or 5000.
, 25 1 125 n 200
25t + 125t + 200 T T2
b. The population in the long run will be lim =t =20 iy = € 2 o5 o 25,000,
tooo  t24 5t +40 t—=o00 5 40
1+-+=
t t
a. The average cost of driving 5000 miles per year is b. 4 C (cents per mile)
2410
C (5) = g +32.8 ~ 137.28, or 137.3 cents per 400

mile. Similarly, we see that the average costs of driving 300

10, 15, 20, and 25 thousand miles per year are 59.8, 200

45.1, 39.8, and 37.3 cents per mile, respectively. 100

c. It approaches 32.8 cents per mile.

0 5 10 15 20 25 x(thousand
miles)

a. R(l)= c
( ) 1+ |2 R 4
| 1123|415 0.4
R (I 11213 ]|4|5
) Iz 517 | 17| 2 0.2
b |Il>ngoR(|) - |Il>n;om =0
ol 1 2 3 4 5
-1 ifx <0 . . .
False. Let f (x) = ) Then lim f (x) =1, but f (1) is not defined.
1ifx>0 x—0
True.
True. Division by zero is not permitted.



92.

93.

94.

95.

96.

97.

98.
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False. Let f (x) = (x —3)2and g(x) = x — 3. Then lim f (x) = 0and lim g (x) = 0, but
Xx—3 X—3

Y

FO0 _ o (x=3)

lim —= =
x=30(X) x-3 x—3

= lim (x —=3) =0.
x—3

X 3 3 2 3 1
True. Each limit in the sum exists. Therefore, lim + = lim + lim ==+ -=—.
x—»2\X+1 x-1 x»2X+1 x-2x—-1 3 1 3
. o . 2 .
False. Neither of the limits lim and lim exists.
x—1X—1 x—1X—1

lim = lim = a. As the amount of substrate becomes very large, the initial speed approaches the
x—00 X + b Xx—00 1 4 %
constant a moles per liter per second.

Consider the functions f (x) = 1/x and g (x) = —1/x. Observe that IimO f (x) and Iimog (x) do not exist, but
X— X—
Iim0 [f xX)+9 (x)] = IimOO = 0. This example does not contradict Theorem 1 because the hypothesis of
X— X—
Theorem 1 is that Iim0 f (x) and IimO g (x) both exist. It does not say anything about the situation where one or both
X— X—

of these limits fails to exist.

. . -1 ifx <0 1 ifx<0 . .
Consider the functions f (x) = ) and g (x) = ) Then lim f (x) and lim g (x)
1 ifx>0 -1 ifx>0 x—0 x—0
do not exist, but Iimo[f x)g (x)] = Iim0 (—=1) = —1. This example does not contradict Theorem 1 because the
X— X—

hypothesis of Theorem 1 is that Iim0 f (x) and Iim0 g (x) both exist. It does not say anything about the situation
X— X—

where one or both of these limits fails to exist.

1 1
Take f (x) = " gx) = 2 anda = 0. Then XIi_r)n0 f (x) and )!i_r)nog (x) do not exist, but

. f(x 1 ox2 . . ) .
lim L = lim — - — = lim x = a exists. This example does not contradict Theorem 1 because the hypothesis
x=0g(X) x=0X 1 x-0

of Theorem 1 is that IimO f (x) and IimO g (x) both exist. It does not say anything about the situation where one or
X— X—

both of these limits fails to exist.

Using Technology page 121

5 2. 11 3.3 4.0
2 6. 3 7. % ~ 7.38906 8. In2 ~ 0.693147
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9. 10. L e
“1 K_/__
20 T T
0
20T T
A1 -40 —
0 1 2 3 4 5 6 0 1 2 3 4
From the graph we see that f (x) does not approach From the graph, we see that f (x) does not approach
any finite number as x approaches 3. any finite number as x approaches 2.
1. a 30 1 12. a. 0.8 + } + }
0.6 T T
04T T
0.2 T, T
0 f f f — 0.0 f f
0 10 20 30 40 50 0 10 20 30
_ 25t2 + 125t + 200 _ ot . 0.8
b. lim + + = 25, s0 in the long b. lim = lim —1 = 0.8.
t=oo 124 5t +40 Dot 44l too, 41
run the population will approach 25,000. t

2.5 One-Sided Limits and Continuity

Concept Questions page 129

1. Iirr31 f (x) =2 means f (x) can be made as close to 2 as we please by taking x sufficiently close to but to the left
X—3~

of x = 3. Iirg+ f (x) =4 means f (x) can be made as close to 4 as we please by taking x sufficiently close to but
X—

to the right of x = 3.

2. a. Iim1 f (x) does not exist because the left- and right-hand limits at x = 1 are different.
X—
b. Nothing, because the existence or value of f at x = 1 does not depend on the existence (or nonexistence) of the
left- or right-hand, or two-sided, limits of f.
3. a. fiscontinuousata if lim f (x) = f (a).
X—a

b. f is continuous on an interval | if f is continuous at each pointin I.
4 f@=L=M.

5. a. f is continuous because the plane does not suddenly jump from one point to another.
b. f iscontinuous.

c¢. f is discontinuous because the fare “jumps” after the cab has covered a certain distance or after a certain amount
of time has elapsed.
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d. f isdiscontinuous because the rates “jump” by a certain amount (up or down) when it is adjusted at certain times.

6. Refer to page 127 in the text. Answers will vary.
Exercises page 130
1. lim f(x)=3and lim f(x)=2,s0 lim f (x) does not exist.
X—2~ Xx—2+ X—2
2. Ilrg f (x) =3and I|m f (x) =5,s0 I|m f (x) does not exist.
X—3~
3. lim f(x)=ococand lim f(x)=2,s0 lim f (x)does notexist.
X—>—1 X— —1+ x——1
4. lim f (x) =3and I|m f (x) =3,s0 I|m f(x)=3.
x—1-
5. I|n11 f (x)=0and I|m f(x)=2,50 I|m f (x) does not exist.
Xx—1~
6. lim f(x)=2and lim f (x) =o00,s0 lim f (x) does not exist.
x—0~ x—0+ x—0
7. lim f(x)=-=2and lim f (x) =2,s0 lim f (x) does not exist.
x—0~ x—0t x—=0
8. Ilim f(x)= lim fx)=Ilimf (x)=2.
x—0~ ( ) x—0+t ( ) x—0 ( )
9. True. 10. True. 1. True. 12. True. 13. False. 14. True.
15. True. 16. True. 17. False. 18. True. 19. True. 20. False
21. lim (2x +4) =6. lim 3x —4) =
x—1t x—1~
23 1im x-3 2-3 1 lim Xx+2 1+2 3
N X¥2 242 & Cxs1tx+1 141 2
1 1
25. lim — does not exist because — — oo as x — 0 from the right.
x—0+ X X
.1 . - .
26. lim — = —oo; that is, the limit does not exist.
x—0~ X
27 tim XL 2ty im <+t 2+l
x—0t X241 1 Cn X2 = 2X+3 4—-443
29. lim /x= /lim x =0. lim 2¢x—-2=2-0=0.
x—0+ [ x—0+ X—2+
31. lim (2x+«/2+x) I|m L 2X+ lim V2+x=-440=—4
X——2 X— —2
32. I|m5+x(1+«/5+x) 5[1+/5+ (5] =
X—
. 14x . . .
33. lim —— = oo, that is, the limit does not exist.

x—1- 1 —
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34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45,

46.

47,

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.
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. 14x

lim = -0
x—1+t 1 —X

2_4 2)(x =2

lim =4 _ i $F2DE =D w24
Xx—2- X —2  xo52- X =2 X—2~

im vx+3 0
x—>—-3+ X24+1 10

lim f(x)= lim x2=0and lim f(x)= lim 2x =0.
x—0+ x—0+ Xx—0~ x—0~

lim f(x)= lim 2x+3)=3and lim f(x)= lim (—x+1)=1.
x—0t x—0+ x—0~ x—0~

The function is discontinuous at x = 0. Conditions 2 and 3 are violated.

The function is not continuous because condition 3 for continuity is not satisfied.

The function is continuous everywhere.

The function is continuous everywhere.

The function is discontinuous at x = 0. Condition 3 is violated.

The function is not continuous at x = —1 because condition 3 for continuity is violated.
f is continuous for all values of x.

f is continuous for all values of x.

f is continuous for all values of x. Note that x2 +1 > 1 > 0.

f is continuous for all values of x. Note that 2x2 +1 > 1 > 0.
f is discontinuous at x = % where the denominator is 0. Thus, f is continuous on (—oo, %) and (% oo).

f is discontinuous at x = 1, where the denominator is 0. Thus, f is continuous on (—oo, 1) and (1, o).

Observe that x? + x —2 = (x +2) (x —1) = 0if x = —2 or x = 1, so f is discontinuous at these values of x.
Thus, f is continuous on (—oo, —2), (—2, 1), and (1, c0).

Observe that x2 +2x —3 = (x +3) (x —1) = 0if x = —3 orx = 1, so, f is discontinuous at these values of x.
Thus, f is continuous on (—oo, —3), (=3, 1), and (1, c0).

f is continuous everywhere since all three conditions are satisfied.
f is continuous everywhere since all three conditions are satisfied.
f is continuous everywhere since all three conditions are satisfied.
f is not defined at x = 1 and is discontinuous there. It is continuous everywhere else.

Because the denominator x2 —1 = (x — 1) (x + 1) = 0if x = —1 or 1, we see that f is discontinuous at —1 and 1.
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The function f is not defined at x = 1 and x = 2. Therefore, f is discontinuous at 1 and 2.

Because x2 —3x +2 = (x —2) (x — 1) = 0 if x = 1 or 2, we see that the denominator is zero at these points and
so f is discontinuous at these numbers.

The denominator of the function f is equal to zero when x2 — 2x = x (x — 2) = 0; that is, when x = 0 or x = 2.
Therefore, f is discontinuous at x = 0and x = 2.

The function f is discontinuous at x = 4,5, 6, ..., 13 because the limit of f does not exist at these points.
f is discontinuous at t = 20, 40, and 60. When t = 0, the inventory stands at 750 reams. The level drops to about
250 reams by the twentieth day at which time a new order of 500 reams arrives to replenish the supply. A similar

interpretation holds for the other values of t.

Having made steady progress up to X = x1, Michael’s progress comes to a standstill at that point. Thenat x = x, a
sudden breakthrough occurs and he then continues to solve the problem.

The total deposits of Franklin make a jump at each of these points as the deposits of the ailing institutions become a
part of the total deposits of the parent company.

Conditions 2 and 3 are not satisfied at any of these points.

The function P is discontinuous att = 12, 16, and 28. Att = 12, the prime interest rate jumped from 3%% to 4%,
att = 16 it jumped to 43%, and at t = 28 it jumped back down to 4%.

YA
2 ifo<x<} 12
. 10 —_
3 |f%<XS1 g o—e
Oo—e
f(x) = o—
: : 6 O=—o
o—e
10 ifx > 4 "
2 +—
f is discontinuous at x = %, 1,13, ..., 4. -
ol 1 2 3 4 5 6x

A y ($thousand)
32 —
@m0
30 —
GO
28 *—0
*=—0
26 *—0
24 —
GO
22—

I

0" 100 200 300 400 500 600 ~ (Bthousand)
f is discontinuous at x = 150,000, at x = 200,000, at x = 250,000, and so on.
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300

-

o T30 40 60 80 x
C is discontinuous at x = 0, 10, 30, and 60.

3
a. Iim+ 0= oo. This reflects the fact that when the speed of the fish is very close to that of the current, the
»—>UT 0 —
energy expended by the fish will be enormous.
_aLo® . : L :
b. lim av” _ oo. This says that if the speed of the fish increases greatly, so does the amount of energy required

v—>00p — U
to swim a distance of L ft.
. . a . . . . .
a. Ilr(r)1+ S({t) = Ilrg)1+ 1 + b = oo. As the time taken to excite the tissue is made shorter and shorter, the electric
t— t—

current gets stronger and stronger.

. a . . . . .
b. tI_|)m n +b = b . As the time taken to excite the tissue is made longer and longer, the electric current gets
o0

weaker and weaker and approaches b.

. . Y-(1-D)R . . .

a. lim L= lim # = 00, s0 if the investor puts down next to nothing to secure the loan, the

D—0+ D—0* D

leverage approaches infinity.

. . Y-(1-D)R . .

b. lim L= lim ————~—— =Y, soif the investor puts down all of the money to secure the loan, the

D—1- D—1- D

leverage is equal to the yield.
We require that f (1) =1+2=3= lim kx? =k,sok = 3.

x—1+
2
. Xc—4 . X—2)(Xx+2 . . .
Because lim = lim w = lim (x —2) = —4, we define f (—2) = k = —4, that is, take
Xx—>—-2 X +2 X——2 X+2 X——2

k =—4.
a. f isapolynomial of degree 2 and is therefore continuous everywhere, including the interval [1, 3].
b. f (1) =3and f (3) = —1andso f must have at least one zero in (1, 3).
a. f isa polynomial of degree 3 and is thus continuous everywhere.
b. f (0)=14and f (1) = —23 and so f has at least one zero in (0, 1).
a. f isapolynomial of degree 3 and is therefore continuous on [—1, 1].
b. f(-1)=(-1)°-2(-1)2+3(-1)+2=-1-2-3+2=—4and f (1) =1 —2+3+2 = 4. Because

f (1) and f (1) have opposite signs, we see that f has at least one zero in (—1, 1).
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f is continuous on [14, 16], f (14) = 2 (14)%® — 5(14)*3 ~ —6.06, and f (16) = 2 (16)%/3 — 5 (16)*° ~ 1.60.
Thus, f has at least one zero in (14, 16).

f (0)=6, f (3) =3,and f is continuous on [0, 3]. Thus, the Intermediate Value Theorem guarantees that there is
at least one value of x for which f (x) = 4. Solving f (x) = x% — 4x + 6 = 4, we find x2 — 4x + 2 = 0. Using the
quadratic formula, we find that x = 2 & /2. Because 2 + +/2 does not lie in [0, 3], we see that x = 2 — v/2 ~ 0.59.

Because f (—1) =3, f (4) =13, and f is continuous on [—1, 4], the Intermediate Value Theorem guarantees that
there is at least one value of x for which f (x) = 7 because 3 < 7 < 13. Solving f (x) = x?> —x + 1 = 7, we find
x2—x—6=(x—23)(x +2) =0, thatis, x = —2 or 3. Because —2 does not lie in [—1, 4], the required solution is
3.

X2 +2x—7=0 82. x3—x+1=0
Step | Interval in which a root lies Step Interval in which a root lies

1 1,2 1 (=2, —-1)

2 (1,1.5) 2 (=15, -1)

3 (1.25,1.5) 3 (=15, -1.25)

4 (1.25, 1.375) 4 (—1.375, —1.25)

5 (1.3125, 1.375) 5 (—1.375, —1.3125)

6 (1.3125, 1.34375) 6 (—1.34375, —1.3125)

7 (1.328125, 1.34375) 7 (—1.328125, —1.3125)

8 (1.3359375, 1.34375) 8 (—1.328125, —1.3203125)
We see that a root is approximately 1.34. 9 | (—1.32421875, —1.3203125)

We see that a root is approximately —1.32.

a.h©0)=4+64(0)—16(0)=4andh(2) =4+64(2) — 16 (4) = 68.

b. The function h is continuous on [0, 2]. Furthermore, the number 32 lies between 4 and 68. Therefore, the
Intermediate Value Theorem guarantees that there is at least one value of t in (0, 2] such that h (t) = 32, that is,
Joan must see the ball at least once during the time the ball is in the air.

c. We solve h (t) = 4 + 64t — 16t%2 = 32, obtaining 16t2 — 64t + 28 = 0, 4t2 — 16t + 7 = 0, and
2t—-1)@2t—7)=0. Thus,t = % ort = % Joan sees the ball on its way up half a second after it was thrown
and again 3 seconds later when it is on its way down. Note that the ball hits the ground when t = 4.06, but Joan
sees it approximately half a second before it hits the ground.

a f(0) = 100(

) —100and f (10) = 100 (100 + 100 + 100) 30,000 _

0+ 0+ 100 _ 25

040+ 100 100 + 200 + 100 400

b. Because 80 lies between 75 and 100 and f is continuous on [75, 100], we conclude that there exists some t in
[0, 10] such that f (t) = 80.

t2 + 10t 4+ 100

t2 + 20t + 100

30+/900—400 30 + /500

2 2
outside the interval of interest, we reject it. Thus, the oxygen content is 80% approximately 3.82 seconds after the

organic waste has been dumped into the pond.

c. We solve f (t) = 80; that is, 100 [ } = 80, obtaining 5 (t% + 10t + 100) = 4 (t? 4 20t + 100),

and t2 — 30t + 100 = 0. Thus, t = A 3.82 or 26.18. Because 26.18 lies
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-1 ifx <2
False. Take f (x) = 4 ifx =2 Then f (2) =4, but Iim2 f (x) does not exist.
X—
1ifx>2
X+3 ifx#£0 .
False. Take f (x) = Then lim f (x) =3, but f (0) = 1.
1 ifx=0 x—0
) 0 ifx <2 . .
False. Consider f (x) = Then lim f (x) = f (2) =3,but lim f (x)=0.
3ifx>2 x—2+ X—2-
2 ifx <3
False. Consider f (x) =4 1 ifx =3 Then lim f (x)=2and lim f (x) =4,so lim f (x) does not exist.
X—3~ x—3+ Xx—3
4 ifx >3
) 2 ifx <5 . . .
False. Consider f (x) = ) Then f (5) is not defined, but lim f (x) = 2.
3ifx>5 X—5-

False. Consider the function f (x) = x2 — 1 on the interval [—2, 2]. Here f (—2) = f (2) = 3, but f has zeros at
Xx=-landx = 1.

False. Let f (x) = X ifx 0 Then lim f (x) = lim f (x),but f (0)=1
. N 1 ifx=0 x—0+ - x—0~ ’ T
X ifx#£1 . .
False. Let f (x) =x and let g (x) = Then lim f (x)=1=L,g(1)=2=M, limg((x) =1,
2 ifx=1 x—1 x—1

and Iim1 fxX)gX) = [Iim1 f (x)} [Iimlg (x)} =)D =1#£2=LM.

1/x ifx #£0 . . .
False. Let f (x) = ] Then f is continuous for all x £ 0 and f (0) = 0, but lim f (x) does not
0 ifx=0 x—0
exist.
. -1 if-1<x<0 1 if-1<x<0
False. Consider f (x) = ) and g (x) = )
1 if0<x<l1 -1 if0<x<l1
. -1 if-1<x<0 1 if-1<x<0
False. Consider f (x) = ) and g (x) = )
1 if0<x<1 -1 if0<x<1
-1 ifx <0 9
False. Let f (x) = ) and g (x) = x“.
1 ifx>0
) -1 ifx <0 x+1ifx <0
False. Consider f (x) = ) and g (x) = )
1 ifx>0 x—1ifx>0
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98. False. There is no contradiction, because the Intermediate Value Theorem says that there is at least one number ¢ in
[a, b] such that f (c) = M if M is a number between f (a) and f (b).
99. a. f isa rational function whose denominator is never zero, and so it is continuous for all values of x.

b. Because the numerator x? is nonnegative and the denominator is x2 + 1 > 1 for all values of x, we see that f (x)
is nonnegative for all values of x.

0 0 . .
c. f(0)= or1-1- 0, and so f hasa zero at x = 0. This does not contradict Theorem 5.

100. a. Both g (x) = x and h (x) = +/1 — x2 are continuous on [—1, 1] and so f (X) = x — +/1 — X2 is continuous on
[—1,1].
b. f(-1)=—-1and f (1) =1, and so f has at least one zero in (-1, 1).

c. Solving f (x) =0, we have x =1 —x2,x? =1—x?%,and 2x? = 1,50 x = iTﬁ

101. a. (i) Repeated use of Property 3 showsthat g (X) = x" =X - X ----- X is a continuous function, since f (x) = x
—
n times
is continuous by Property 1.

(ii) Properties 1 and 5 combine to show that ¢ - x" is continuous using the results of part (a)(i).

(iii) Each of the terms of p (x) = anx" + an_1x"~1 + - .- 4 ag is continuous and so Property 4 implies that p is

continuous.
b. Property 6 now shows that R (x) = % is continuous if g (a) # 0, since p and g are continuous at X = a.
. . . -1 if-1<x<0 )
102. Consider the function f defined by f (x) = ) Then f (=1) = —1and f (1) = 1, but if we
1 if0<x<l1

take the number % which lies between y = —1 and y = 1, there is no value of x such that f (x) = %

Using Technology page 136

10T

-05 00 05 10 15 20 25

The function is discontinuous at x = 0 and x = 1. The function is undefined for x < 0.
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6T T 6T
4+ 4

Pyl 1 ol
The function is discontinuous at x = 0 and % The function is discontinuous at x = —% and 3.
5 f f f f 6. 64 f f f al
N 1
1 1
0 I \\
: IR A
The function is discontinuous at x = —% and 2. The function is discontinuous at x = —% and %
7 o5 B 8 20 —+—f—+—t——t—+—
0.0 I
10T T
05 T
o N T 0. S
3 2 1 0 1 2 1 0 1 2 3 4
The function is discontinuous at x = —2 and 1. The function is discontinuous only at x = —1 and 1.
9 4 : : 10. S —

1
SN
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151 : ! ! - 12. a 20 | :
10T +
05+ +
0.0 } } } 0 } }
0 5 10 15 20 0 10 20 30

b. 4.6%; 8.5%; 15.9%

2.6 The Derivative

Concept Questions page 148

l.am

. a. The average rate of change is

. a. The expression

. Loosely speaking, a function f does not have a derivative at a if y

R+ -
- h

f24h)—f(2)
- .

b. The slope of the tangent line is lim
h—0

f@2+h)—f(2)
- .

f@2+h) —1f(@2
b. The instantaneous rate of change of f at 2 is r!im0 @+ z ( ).
-

c. The expression for the slope of the secant line is the same as that for the average rate of change. The expression
for the slope of the tangent line is the same as that for the instantaneous rate of change.

f(x+h)—fx)
h

(x + h, f (x 4+ h)), and (ii) the average rate of change of f over the interval [x, X + h].

f(x+h)—f(x)
h

(x, f (x)), and (ii) the instantaneous rate of change of f at x.

gives (i) the slope of the secant line passing through the points (x, f (x)) and

gives (i) the slope of the tangent line to the graph of f at the point

b. The expression lim
h—0

the graph of f does not have a tangent line at a, or if the tangent
line does exist, but is vertical. In the figure, the function fails to be
differentiable at x = a, b, and ¢ because it is discontinuous at each

of these numbers. The derivative of the function does not exist at / .
x =d, e, and g because it has a kink at each point on the graph / b
corresponding to these numbers. Finally, the function is not P
differentiable at x = h because the tangent line is vertical at 0 a ,,
(h, £ (h)).

. a. C (500) gives the total cost incurred in producing 500 units of the product.

b. C’ (500) gives the rate of change of the total cost function when the production level is 500 units.

6. a. P (5) gives the population of the city (in thousands) whent = 5.
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b. P’ (5) gives the rate of change of the city’s population (in thousands,/year) when t = 5.

Exercises page 149

1. The rate of change of the average infant’s weight when t = 3 is % or 1.5 Ib/month. The rate of change of the
average infant’s weight whent = 18 is 3—65 or approximately 0.58 Ib/month. The average rate of change over the
infant’s first year of life is 22="2 or 1.25 Ib/month.

2. The rate at which the wood grown is changing at the beginning of the 10th year is 1;42, or % cubic meter per hectare
per year. At the beginning of the 30th year, it is %O or 1.25 cubic meters per hectare per year.

3. The rate of change of the percentage of households watching television at 4 p.m. is %, or approximately

3.1 percent per hour. The rate at 11 p.m. is % = —21.15, that is, it is dropping off at the rate of 21.15 percent
per hour.

4. The rate of change of the crop yield when the density is 200 aphids per bean stem is %, a decrease of

approximately 1.7 kg/4000 m? per aphid per bean stem. The rate of change when the density is 800 aphids per bean

stem is %, a decrease of approximately 0.5 kg/4000 m?2 per aphid per bean stem.

5. a. Car A is travelling faster than Car B at t; because the slope of the tangent line to the graph of f is greater than
the slope of the tangent line to the graph of g at t;.

b. Their speed is the same because the slope of the tangent lines are the same at t;.
c. Car B is travelling faster than Car A.

d. They have both covered the same distance and are once again side by side at t3.

6. a. Atty, the velocity of Car A is greater than that of Car B because f (t1) > g (t1). However, Car B has greater
acceleration because the slope of the tangent line to the graph of g is increasing, whereas the slope of the tangent
line to f is decreasing as you move across t.

b. Both cars have the same velocity at ty, but the acceleration of Car B is greater than that of Car A because the
slope of the tangent line to the graph of g is increasing, whereas the slope of the tangent line to the graph of f is
decreasing as you move across ty.

7. a. P is decreasing faster at t; because the slope of the tangent line to the graph of g at t; is greater than the slope of
the tangent line to the graph of f att;.

b. P is decreasing faster than P, at t,.

c. Bactericide B is more effective in the short run, but bactericide A is more effective in the long run.

8. a. The revenue of the established department store is decreasing at the slowest rate att = 0.
b. The revenue of the established department store is decreasing at the fastest rate at t3.
c. The revenue of the discount store first overtakes that of the established store at t;.

d. The revenue of the discount store is increasing at the fastest rate at t, because the slope of the tangent line to the
graph of f is greatest at the point (tp, f (t2)).
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. f(x)=13.

Stepl f (x+h)=13.
Step2 f(x+h)—f(x)=13-13=0.
fx+h)—f(x) 0

Step 3 =—=0.
°P h h
oy g TOEM —F0
Step4 f (X)_r!ino n _r!inoo_o.
f (x) = —6.

Stepl f (x+h)=—6.
Step2 f(x+h)—f(x)=-6—-(-6)=0.
fx+h)—fx) 0

Step 3 0 _Ezo.

Step4 ' (x) = lim f (XHB_ LY
-

= lim0=0.
h—0

) =2x+ 7.

Stepl f(x+h)y=2x+h)+7.
Step2 f(x+h)—fX)=2(x+h)+7—2x+7) = 2h.
f(x+h)y—f(x) 2h

Step 3 0 _Fzz.
, e FXE) = F () .
Step4 f (X)_r!ino o _moz_z.

f (x) =8 —4x.
Stepl f(x+h)=8—-4(x+h)=8—4x —4h.

Step2 f(x+h)— f(x)=(8—4x —4h) — (8 — 4x) = —4h.
f(x+h)y—f(x) =—ﬁ=—4.
h h
f(x+h)y—f(x)
h

Step 3

Step4 1/ (x) = lim = lim (~4) = —4.
- -

f (x) = 3x2.
Stepl f (x+h)=3(x+h)>=3x2+6xh +3h2

Step2 f (x+h)— f(x) = (3x2 + 6xh + 3h2) — 3x2 = 6xh + 3h2 = h (6x + 3h).

f(x+h)—f(x) h(6x+3h)
h - h

f(x+h)y—f®X
h

Step 3 = 6x + 3h.

/ — h — h —
Step4 ' (x) = r!ino = r!ino (6x + 3h) = 6x.
f(x)=—3x%
Stepl f(x+h)=—3x+h)%
Step2 f(x+h)— f(x)=—3x2—xh—3h?+3x?=-h (x+%h).

f(x+hg—f(><)=_h(xh+%h) =—(x+3h).

fx+h)—f(x) . 1.\
h = lim — (x+ 3h) = —x.

Step 3

Step4d ' (x) = r!im0
-
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87



88

15.

16.

17.

18.

19.

20.
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f (x) = —x2 + 3x.
Stepl f (x+h)=—(x+h)?+3(x+h)=—-x%—-2xh —h?+3x + 3h.
Step2 f(x+h)— f(x)=(—x®—2xh —h?+3x +3h) — (—x? 4 3x) = —2xh —h? + 3h

—h(=2x —h +3).

Step 3 f(x+hg_f(x):h(_th_h+3)=—2x—h+3.

Step4 £/ (x)= lim~CFM =T i Cox—h43) = —2x+3.
h—0 h h—0

f (x) = 2x? + 5x.

Stepl f (x+h)=2(x+h)®+5(x +h) =2x2 + 4xh + 2h? 4 5x + 5h.

Step2 f (x +h) — f (X) = 2x2 + 4xh 4 2h? 4+ 5x + 5h — 2x2 — 5x = h (4x + 2h + 5).

fx+h)y—fxX) h@x+2h+5)
h - h

f(x+h)y—fx
h

Step 3 =4x +2h +5.

Step 4 f’(x):r!im0 :gimo(4x+2h+5) =4xX +5.
- -

fX)=2x+7.

Stepl f(x+h)=2x+h)+7=2x+2h+7.

Step2 f(x+h)— f(X)=2x+2h+7—-2x —7 = 2h.

Stepz S XFM =T _2h

h h

f(x+h)y—f(x)
h

Therefore, f/ (x) = 2. In particular, the slope at x = 2 is 2. Therefore, an equation of the tangent line is

y—11=2(x—-2)ory =2x + 1.

Step4 f/(x) =r!im0 =r!im02=2.
- -

f (x) = —3x + 4. First, we find f’ (x) = —3 using the four-step process. Thus, the slope of the tangent line is
f’(=1) = —3and anequationisy — 7= -3 (x + 1) ory = —3x + 4.

f (x) = 3x2.We first compute f’ (x) = 6x (see Exercise 13). Because the slope of the tangent line is f’ (1) = 6, we
use the point-slope form of the equation of a line and find that an equationisy —3 =6 (x — 1),ory = 6x — 3.

f (x) =3x —x2.

Stepl f (x+h)=3(x+h)—(x+h)®>=3x+3h—x2—2xh —h2

Step2 f(x+h)—f(x)=3x+3h—x?—2xh—h?2—-3x +x2=3h—2xh —h?=h((3—-2x—h).

fx+h)y—fx) h@-=-2x-h)
h - h

f(x+h)y—fx
h

Therefore, f’ (x) = 3 — 2x. In particular, f’ (—=2) = 3 — 2 (—2) = 7. Using the point-slope form of an equation of

aline,wefindy +10=7(x +2),0ry = 7x + 4.

Step 3 =3—-2x —h.

Step 4 f’(x):r!im0 :gim0(3—2x—h):3—2x.
- -
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f (x) = —1/x. We first compute f’ (x) using the four-step process:

1
1 —x+((x+h) h
2 f(x+h)—f()=-—""+== _ _
Step x+h ) X+h X X (x +h) X (X +h)
h
f(X+h)—f(X)_x(x_|_h)_ 1
Step 3 h =T R T Xx+hy
s e P+ =10 1
Step4 1700 = lim, h = T X2

The slope of the tangent line is ' (3) = &. Therefore, an equation is y — (—%) =g(x—3)0ry=4x—

89

2
3

3 . 3 L .
f (x) = —. First use the four-step process to find f/ (x) = 5 (This is similar to Exercise 21.) The slope of

2X
the tangent line is f/ (1) = —3. Therefore, an equationisy — 3 = —3 (x — 1) ory = —3x + 3.

a. f(x)=2x2+1. c.
Stepl f(x+h)=2(xX+h)?2+1=2x2+4xh+2h?+1.
Step2 f(x+h)— f(x)=(2x2+4xh + 2h? + 1) — (2x? + 1)
= 4xh + 2h? = h (4x + 2h).

|
—_
\o| [P » o =®«

f(x+h)—f(x) _h@+2h)

= /o 2 X
Step 3 - - 4x + 2h.
, e FXE) =) .
Step4 f/(x) _M)no ; _hIEPO(A'X_i_Zh) = 4x.
b. The slope of the tangent line is f’ (1) = 4 (1) = 4. Therefore, an
equationisy —3=4(x —1)ory =4x — 1.
a. f (x) = x2 + 6x. Using the four-step process, we find that c. Y
f'(x) =2x +6. 20
b. At a point on the graph of f where the tangent line to the curve is 10
horizontal, f’ (x) = 0. Then 2x + 6 = 0, or x = —3. Therefore,
y = f (=3) = (=3)% 4+ 6 (—3) = —9. The required point is -8 —N 2 /0 2 x
(-3, -9). =10

a. f (x) =x2—2x + 1. We use the four-step process:
Stepl f(x+h) =x+h?—2x+h)+1=x%+2xh+h?—-2x —2h+1.
Step2 f(x+h)—f(x) = (x?+2xh+h?—2x —2h +1) — (x2 —2x + 1) = 2xh + h? — 2h

=h@x +h-2).
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f(x+h)—f(x) h@x+h-2)
h N h

f(x+h)y—fx
h

Step 3 =2x+h -2 C.

Step4 '/ (x) =f!im0 =Aim0(2x+h -2
- -

=2X — 2.

b. At a point on the graph of f where the tangent line to the curve is — 0] 7 4 x
horizontal, f’ (x) = 0. Then 2x — 2 =0, or x = 1. Because

f (1) =1-2+1=0, we see that the required point is (1, 0). d. Itis changing at the rate of O units

per unit change in x.

1
26. a. f(x):x 1

1 1
Step 1 f(x+h):(x+h)—1:x+h—1'
1 1 x—1-(x+h-1) h
Step 2 F o+ = T = T I~ Xsh-Dx-D)  Xih—Dx-D
f(x+h)y—fx) 1
Step 3 = — . . ,
® h X+h—1)(x=1) ¢ ) \
b e Fx+h) = (X) T
Step4 f (X)_r!ino n 3 o 4
li 1 1 \\0 1 X
= lim — =— .
h—0 (X+h—1)(x—1) (x —1)2 —\\
b. The slope is f’ (—1) = —%, so, an equation is ol

y—(—%):—%(x+1)ory=—%x—%.

2 _ (22
27.a. f(x) = x2 4 X, s0 f@-f@ _ (3°+3) - (2*+2)

3-2 1 ’
2 (92 _ 2 _ (92
f25-f@ _ (2.5% +2.5) — (2 +2) _ 55, and fFRH-T@ _ (212 +2.1) — (2 +2) _e1
25-2 0.5 21-2 0.1

b. We first compute f’ (x) using the four-step process.
Stepl f(x+h)=x+h)?+x+h)=x2+2xh+h2+x+h.
Step2 f(x+h)—f(x)=(Xx*+2xh+h?+x+h)— (x2+x)=2xh+h?+h=h@x+h+1).
f(x+h)—f(x) h@x+h+1)
h h

Step4 '/ (x) =r!imo & +hz — T
-

Step 3 =2Xx+h+1

=r!i_r>no(2x+h+1):2x+1.
The instantaneous rate of change of y at x = 2 is f’ (2) = 2 (2) + 1, or 5 units per unit change in Xx.

c¢. The results of part (a) suggest that the average rates of change of f at x = 2 approach 5 as the interval [2, 2 + h]
gets smaller and smaller (h = 1, 0.5, and 0.1). This number is the instantaneous rate of change of f at x =2 as
computed in part (b).

28. a. f (X) = x2 — 4x, so f(4i:;(3) = (16_16)1_(9_12) =3,

(G5-f@ _ @@25-14-0-12) , _ 1GH-1@ _ ©@6-124-0-12
35-3 05 R S 01 =

2.1.




2.6 THE DERIVATIVE 91

b. We first compute f’ (x) using the four-step process:
Stepl f (x+h)=(Xx+h)2—4(x+h)=x2+2xh+h?—4x —4h.
Step2 f(x+h)— f(X)=(x?+2xh+h? —4x —4h) — (x> —4x) = 2xh + h? —4h =h (2x + h — 4).
f(x+h)—f(x) h@x+h-4)
h h

Fx+h)—f
Step4 1 (x) = lim (X+g (X)zr!i_r>no(2x+h—4)=2x—4.

Step 3 =2Xx+h -4

The instantaneous rate of change of y at x = 3is f’ (3) = 6 — 4 = 2, or 2 units per unit change in x.

c. The results of part (a) suggest that the average rates of change of f over smaller and smaller intervals containing
X = 3 approach the instantaneous rate of change of 2 units per unit change in x obtained in part (b).

29. a. f (t) = 2t? + 48t. The average velocity of the car over the time interval [20, 21] is
f(21) - f(20) [2 (21)% + 48 @n] -2 (20)% + 48 (20)]

ft . .
=130 . Its average velocity over [20, 20.1] is

21 —20 1
f(20.1) — f(20)  [2(20.1)2 +48(20.1)] — [2(20)2 + 48 (20)] ft _
20.1 — 20 = 01 = 128.2 . Its average velocity over
_ £(20.01) — f (20)  [2(20.01)2 +48(20.01)] — [2 (20)* + 48 (20)] ft
20, 20.01 - —128.02 —.
[20,20.01) s —557—>5 0.01 s

b. We first compute f’ (t) using the four-step process.
Stepl f (t+h)=2(t+h)?+48(t +h) = 2t 4 4th 4+ 2h? + 48t + 48h.
Step2 f(t+h)— f(t) = (2t2+ 4th + 2h? 4 48t + 48h) — (2t + 48t) = 4th + 2h? + 48h

—h (4t + 2h + 48).
f(t+h)—f(t) h(4t+2h+48)
h - h

Ft+h)—f(t
Step 4 f’(t):tli_%%()

The instantaneous velocity of the car att = 20 is f’ (20) = 4 (20) + 48, or 128 ft/s.

Step 3 = 4t + 2h + 48,

= lim (4t + 2h + 48) = 4t + 48.
t—0

¢. Our results show that the average velocities do approach the instantaneous velocity as the intervals over which
they are computed decreases.

30. a. The average velocity of the ball over the time interval [2, 3] is
s3)—s(2) [128 (3) — 16 (3)2] —[128(2) — 16 (2)2]

= 48, or 48 ft/s. Over the time interval [2, 2.5], it is

3-2 1
_ 21 _ _ 2
S (2;’; : Z(Z) = [128 (25) — 16 (2'5)0]5 [128 (2)-16(2) ] = 56, or 56 ft/s. Over the time interval [2, 2.1],
_ 21 _ 2
it is S (Zéli : 2(2) _ [128 (2.1) — 16 (2.1)0]1 [128 (2) —16(2) ] _ 62.4, 0r 62.4 fts.

b. Using the four-step process, we find that the instantaneous velocity of the ball at any time t is given by
v (t) = 128 — 32t. In particular, the velocity of the ball att = 2 is» (2) = 128 — 32 (2) = 64, or 64 ft/s.

c. Att =5, (5) =128 — 32 (5) = —32, so the speed of the ball att = 5 is 32 ft/s and it is falling.

d. The ball hits the ground when s (t) = 0, that is, when 128t — 16t? = 0, whence t (128 — 16t) = 0,s0t = 0 or
t = 8. Thus, it will hit the ground whent = 8.

31. a. We solve the equation 16t2 = 400 and find t = 5, which is the time it takes the screwdriver to reach the ground.
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32.

33.

34.

35.
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f(5)—f(0) 16(25) -0

b. The average velocity over the time interval [0, 5] is 50 = s = 80, or 80 ft/s.
¢. The velocity of the screwdriver at time t is
ft+h)—ft 16 (t + h)% — 16t2 16t2 + 32th 4 16h% — 16t2
o) = lim L AFV=TO _ o 160+ _ Jim e
h—0 h h—0 h h—0 h
— lim (32t + 16h) h _ 3t
h—0 h

In particular, the velocity of the screwdriver when it hits the ground (att = 5) is v (5) = 32 (5) = 160, or
160 ft/s.

a. We write f (t) = 3t + 3t. The height after 40 seconds is f (40) = 3 (40)? + 3 (40) = 820.

f(40)— f(0) 820-0
40 —0 40

b. Its average velocity over the time interval [0, 40] is = 20.5, or 20.5 ft/s.

c. Its velocity at time t is

fa+m—fo _ %(t+h)2+%(t+h)—(%t2+%t)

t) = lim
D() h—0 h h—0 h
1:2 12 1 1 1:2 1 12 1
ol pth+in?4li+dn—12 -1t th4in24+in
— lim 2 AP TITS ji DI i (14 30+ 3) =t 4
h—0 h h—0 h h—0

In particular, the velocity at the end of 40 seconds is v (40) = 40 + % or 40% ft/s.

f@R)-f@ 3-3

1 1
a. WewriteV = f (p) = 6 The average rate of change of V is =g a decrease of

3-2 1
£ liter/atmosphere.
fo+h—f(p 2t 1
A h _ o Pp+h p . p—(+hH . 1 1

b'V(t)_r!lno h _r!To h _r!L% hp (p+ h) —Af‘o p(p+h) p2'In

particular, the rate of change of V when p =2is V' (2) = —2—12, a decrease of % liter /atmosphere.
C (x) = —10x? + 300x + 130.
a. Using the four-step process, we find

C/(x) = r!imo C(x+h)—Cx) — lim h (—=20x — 10h + 300) — _20x + 300.

5

h h—0 h
b. The rate of change is C’ (10) = —20 (10) + 300 = 100, or $100/surfboard.

a. PXx) = —%xz + 7x + 30. Using the four-step process, we find that
P(x+h)—Px) —3 (x> +2xh +h?) + 7x + 7h + 30 — (—%x2+7x+30)
= lim

P/ (x) = i
) h0b h h—0 h
2 1h2
. —%xh—3zh=+7h .
SIS () = bt

b. P/ (10) = —% (10) + 7 ~2 0.333, or approximately $333 per $1000 spent on advertising.
P’ (30) = —% (30) + 7 = —13, a decrease of $13,000 per $1000 spent on advertising.



36.

37.

38.

39.

40. a

41.

42,
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a. f (x) = —0.1x%2 — x + 40, so
f (5.05)— f(5) [-0.1(5.05)° —5.05+40] — [-0.1(5)> —5+40] .
505_5 = 0.05 = —2.005, or approximately
f(5.01) — f(5) [-0.1(5.01)2—5.01+40] — [—0.1(5)* — 5+ 40]

—$2.01 per 1000 tents.

— _2.001
501-5 0.01 001, or

approximately —$2.00 per 1000 tents.
b. We compute f’(x) using the four-step process, obtaining
f(x+h)—f(x) h(=02x—-0.1h-1)
h - h
of change of the unit price if x = 5000 is f’ (5) = —0.2 (5) — 1 = —2, a decrease of $2 per 1000 tents.

f’(x) = lim = lim (=0.2x — 0.1h — 1) = —0.2x — 1. The rate
h—0 h—0

N (t) = t2 + 2t + 50. We first compute N’ (t) using the four-step process.
Stepl N (t+h) = (t +h)? +2(t + h) +50 = t? 4 2th 4+ h? 4 2t 4 2h + 50.

Step2 N (t+h)—N (t) = (t2 + 2th + h? + 2t 4+ 2h 4 50) — (t? + 2t + 50) = 2th+h2+2h =h 2t + h + 2).
N (t+h) — N ()
h
Step4 N/(t) = lim 2t +h+4+2) =2t +2.

h—0

Step 3 =2t+h+2

The rate of change of the country’s GNP two years from now is N’ (2) = 2 (2) + 2 = 6, or $6 billion/yr. The rate of
change four years from now is N’ (4) = 2 (4) + 2 = 10, or $10 billion/yr.

f(t) = 3t2 + 2t + 1. Using the four-step process, we obtain
) = tim o CFD = TO _ hO+Sh+2) e 6t 3h+2) = 6t + 2. Next,
t—0 h t—0 t—0

f’ (10) = 6 (10) + 2 = 62, and we conclude that the rate of bacterial growth at t = 10 is 62 bacteria per minute.

a. f’(h) gives the instantaneous rate of change of the temperature with respect to height at a given height h, in °F
per foot.

b. Because the temperature decreases as the altitude increases, the sign of f’ (h) is negative.

c. Because f’(1000) = —0.05, the change in the air temperature as the altitude changes from 1000 ft to 1001 ft is
approximately —0.05° F.

f)-1f@)
' b—a
a thousand dollars to b thousand dollars. The units of measurement are thousands of dollars per thousands of
dollars.

measures the average rate of change in revenue as the advertising expenditure changes from

b. f’(x) gives the instantaneous rate of change in the revenue when x thousand dollars is spent on advertising. It is
measured in thousands of dollars per thousands of dollars.

c. Because f’(20) - (21 — 20) = 3 - 1 = 3, the approximate change in revenue is $3000.

f@+h)—f(@)
h

lim f@a+h)y—f(@)

h—0 h

gives the average rate of change of the seal population over the time interval [a, a + h].

gives the instantaneous rate of change of the seal population at x = a.

f(@a+h)—f()
h

i f@th - f@

h—0 h

gives the average rate of change of the prime interest rate over the time interval [a, a + h].

gives the instantaneous rate of change of the prime interest rate at x = a.
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43.

44,

45,

46.

47,

48.

49,

50.

51.

52.

53.
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f@a+h)—f(a)

gives the average rate of change of the country’s industrial production over the time interval

h
f@a+h)y—f
[a,a + h]. r!im0 @+ r: @) gives the instantaneous rate of change of the country’s industrial production at
-
X =a.
f h) — f
@+ g @ gives the average rate of change of the cost incurred in producing the commodity over the

fa+h —f@)
h

production level [a, a + h]. r!im0 gives the instantaneous rate of change of the cost of producing
-

the commodity at x = a.

f@a+h)—f ()

0 gives the average rate of change of the atmospheric pressure over the altitudes [a, a + h].
r!i_r}n0 f@a+ hﬁ — @ gives the instantaneous rate of change of the atmospheric pressure with respect to altitude at
X =a.
f@a+ hz — @ gives the average rate of change of the fuel economy of a car over the speeds [a, a + h].
r!Lmo fa+ hg — @ gives the instantaneous rate of change of the fuel economy at x = a.
a. f hasalimitatx = a.

b. f isnot continuous at x = a because f (a) is not defined.

c. f isnot differentiable at x = a because it is not continuous there.

a. f hasalimitat x = a.
b. f iscontinuous at x = a.

c. f isdifferentiable at x = a.

a. f hasalimitatx = a.
b. f iscontinuous at x = a.

c. f isnot differentiable at x = a because f has a kink at the point x = a.

a. f does not have a limit at x = a because the left-hand and right-hand limits are not equal.
b. f isnot continuous at x = a because the limit does not exist there.

c. f isnot differentiable at x = a because it is not continuous there.

a. f does not have a limit at x = a because it is unbounded in the neighborhood of a.
b. f isnot continuous at x = a.

c. f isnot differentiable at x = a because it is not continuous there.

a. f does not have a limit at x = a because the left-hand and right-hand limits are not equal.
b. f is not continuous at x = a because the limit does not exist there.
c. f is not differentiable at x = a because it is not continuous there.

s (t) = —0.1t2 + 2t2 4 24t. Our computations yield the following results: 32.1, 30.939, 30.814, 30.8014, 30.8001,
and 30.8000. The motorcycle’s instantaneous velocity at t = 2 is approximately 30.8 ft/s.
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. C (x) = 0.000002x3 + 5x + 400. Our computations yield the following results: 5.060602, 5.06006002, 5.060006,
5.0600006, and 5.0600001. The rate of change of the total cost function when the level of production is 100 cases a

55.

56.

57.

58.

59.

60.

day is approximately $5.06.

False. Let f (x) = |x]. Then f is continuous at x = 0, but is not differentiable there.

True. If g is differentiable at x = a, then it is continuous there. Therefore, the product fg is continuous, and so

lim 100900 = Jim f 0] [lmg0] = f @g@.

Observe that the graph of f has a kink at x = —1. We have
f(=14+h)—f (-1

Yy

- =1ifh > 0,and —1ifh < 0, so that /
2
. f(=1+h)—f (-1 .
lim (=1+h) ) does not exist. 1
h—0 h
4 3 2 -1 [0 1 X
-1
f does not have a derivative at X = 1 because it is not continuous 1y
there. 4 |
o4
0 :
- 1 2 x
_2 ;
4 ;
For continuity, we require that y
fH=1= Iirr11+ (ax +b) =a+b, ora+b = 1. Next, using the 6
X—
2x ifx <1 4
four-step process, we have f/(x) = ) In order that
a ifx>1 2
the derivative exist at x = 1, we require that XI_|)rrl1_ 2X = XI_|)rrl1+ a,or = o ; T
x2 ifx <1
2 =a. Therefore, b= —1andso f (x) = .
2x =1 ifx>1

f is continuous at x = 0, but f’ (0) does not exist because the
graph of f has a vertical tangent line at x = 0.

YA
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61. We have f (x) = x if x > 0Oand f (x) = —x if x < 0. Therefore, when x > 0,

F 0 = lim S EEM =100 XHh =X i D and when x < o,
h—0 h h—0 h h—0h

f/(x) = lim POFM = T00 _ j X =0 i =N ) Because the right-hand limit does not
h—0 h h—0 h h—0 h

equal the left-hand limit, we conclude that r!m}) f (x) does not exist.
-

f(x)—f @)

X—a

f(x)—f (@)
e

62. From f (x) — f (@) = [ }(x —a), we see that

XIl_%[f x)—f@]= )!E}T:la[ Jim (x —a) = f/(@)-0=0,andso lim f (x) = f (). This shows

that f is continuous at x = a.

Using Technology  page 155

l.a9 2. a0
b e b C
T T 4__ \ ~+
10 T 27
0
2+ +
0 ¥
\'// Il + Il -4_ﬂ + Il + Il T
1 0o 1 2 3 4 2 1 0 1 2 3
c.y=9%-11 c.y=2
3. a. 0.08 4. a. —0.06
b. 3 T R b.
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5.a. 4 6. a. —0.25
b. b. 3 } }
5T 2T 1
l-\\ I
0
0 v ]
; -1 } }
-1 -1 0 1 2 3
c.y=4x-1 c,y:—%x+%
7. a. 4.02 8. a. 0.35
b et b ——t
10+ T 1+ 1
5__ -
0
0
; -/ : : : S —t——t
14 0 1 2 3 4 -1 0 1 2 3
c. y=4.02x —3.57 c. y=0.35x 4+ 0.36

9. a 10. a. S(t) = —0.000114719t2+0.144618t+2.92202

b. } } }

2 - -
0 f } }
0 1 2 3 4
0 —t 1
b. f’(3) = 2.8826 (million per decade) 0 2 4 6 8
c¢. $3.786 billion

d. $143 million/yr

CHAPTER 2 Concept Review Questions  page 156

1. domain, range, B 2. domain, f (x), vertical, point

3. f(xX) g (X)), f(x)g(x),%,Aﬁ B,ANnB,0 4. g(fx), f, f (), g
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5.a. P (X) =anx" +an_1x""1 4+ ... +a;x + ap, where a, = 0 and n is a positive integer

b. linear, quadratic, cubic c. quotient, polynomials d. x", where r is a real number
6. f(x),L,a
L
7.a L' b. L+M c. LM d. M,M;AO
8.a. L,x b. M, negative, absolute
9. a. right b. left c. L, L
10. a. continuous b. discontinuous C. every
1. a aag@) b. everywhere c. Q
12. a. [a,b], f (c) =M b. f(x)=0,(a,b)
13. a. f'(a) b.y—f@=m(x-a)
14 a fa@a+h)y—f(@ b. Iimf(a+h)—f(a)
h h—0 h
CHAPTER 2 Review Exercises  page 157

1. a. 9—x >0givesx < 9, and the domain is (—oo, 9].

b.2x? = x =3 =(2x —=3)(x +1),and x = % or —1. Because the denominator of the given expression is
zero at these points, we see that the domain of f cannot include these points and so the domain of f is

(=00, —n U (-1.3) U (3. ).

2. a. We must have 2 — x > 0 and x + 3 # 0. This implies x < 2 and x # —3, so the domain of f is
(=00, =3) U (=3,2].

b. The domain is (—oo, 00).
3.a f(=2)=3(-2)2+5(-2)—2=0.
b. f(@a+2) =3@+2)2+5(@+2) —2=3a%+12a+ 12+ 5a+ 10 — 2 = 3a% + 17a + 20.
c. f(2a) =3(2a)®+5(2a) — 2 = 12a% + 10a — 2.
d. f(@a+h)=3(@+h)>+5(@+h)—2=23a? +6ah + 3h? + 5a + 5h — 2.
da fx-D+fx+D)=2x-1?-x -1 +1]+[2(x+1)? - (x+1) +1]

=@2x2=4x+2-x+1+1)+ (X2 +4x +2—x —1+1) = 4x? - 2x + 6.
b. f (x+2h) =2 (x +2h)? — (x +2h) + 1 = 2x% + 8xh +8h? —x —2h + 1.
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b. For each value of x > 0, there are two values of y. We conclude

29

that y is not a function of x. (We could also note that the function

fails the vertical line test.)

c. Yes. For each value of y, there is only one value of x.

7. a f(xX)gXx) = 2x;—3.

fx) 1
Tg(X)  x(2x+3)’

c. F@@(x)=

2X +3°
1 2
d. g(f(x))=2(;>+3:;+3.

8.a (fog)(x) = f(g(x) =29(x) =1 =2(x2+4) —1 = 2x2 + 7 and
(gof)(x):g(f(x)):[f(x)]2+4=(2x—1)2+4=4x2—4x+5.

10.

12.

13.

14.

15.

16.

b.(fog)(x) = f(g(x) =1-9gKx)=1-
Qo H)yx¥)=g(f (x)) =
Cc.(fog(x) = f(@X) =gx) -3 =

o H ) =g(f () =

.a Take f (x) =2x? +x+land g (x) =

1 _ 343 _3(+D

X+d wid - axga
B 1 1
3fF(X)+4 3(1—-x)+4 7-3x
1
—— —3and
VX +1
1 1 1
JIO+I JX=-3)+1 -2

1
g.

b. Take f (x) =x%2+x +4and g (x) = V/X.

6
We have ¢ (4)?> +3(4) —4=2,5016c+12—4=2,0C = —— = ——.

lim (5x —3) =5(0) ~3= 3.

x—3_3—3_0
x>3X+4 344

lim

lim

X2 —2x —

X+ 3 _2+3

L |

xs2X2—9  4-—-9

lim (x> +1) =(1)?+1=1+1=2
x—1

16 8

lim (3x2+4) (2x —1) = [3(-1)2 +4][2(-1) — 1] = —21.

. 3 . . .
lim ———— does not exist. (The denominator is 0 at x = —2.)
x—>—2X2 +5X + 6
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17. Iim3«/2x3 —-5=2@27-5=T.
X—>

4x-3 12-3 9

lim = = —.
x=3 /X +1 V4 2

x—1 .1

18.

19, Iim ——— = lim — =1.
x—>1t X (X —1)  x51+X
. -1 . Xx—=1) (Vx+1 . -1 . 1 1
20. “mﬁ = lim (‘/— )(\/_"‘):hm X—:Ilmiz—.
x»1= X=1  x51- x=1)(VX+1) x=>1-(x=1)(VX+1) x-1-x+1 2
2
21, lim —— = lim —1
Xx—00 X¢ — 1 X— 00
X2
1 1
22. lim 22— lim (1+—>=1.
X——00 X X——00 X
2 4
23, lim X2+ 2x+4 lim 3+t 3
'xLoozxz_ng—xLooz 3 17
X X2
X2
24. lim = lim |x- = —00, S0 the limit does not exist.
x=-00X+1 x->-00 1
1+ -
X
25. lim f(x)= lim (—x+3)=-2+3=1and Y
x—2+ x—2+

lim f(x)= lim 2x-3)=2(2)—-3=4—-3=1.
X—2~ X—2~

Therefore, lim f (x) = 1. -1 0 1/ 2 3\4
X—2

26. lim f(x)= lim (x+2)=4and
x—2+ Xx—2+

lim f(x)= lim (4 —x) = 2. Therefore, lim f (x) does not 6 /
X—2~ X—2~ X—2
exist. S

27. The function is discontinuous at x = 2.

28. Because the denominator 4x? — 2x —2 =2 (2x2 - X - 1) =22x+1)(x—=-1)=0ifx = —% or 1, we see that f
is discontinuous at these points.



29.
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. . 1 . - .
Because lim f (x) = lim ——— = oo (does not exist), we see that f is discontinuous at x = —1.
x——1 Xx——1 (x + 1)

30. The function is discontinuous at x = 0.

31. a. Let f (x) = x? + 2. Then the average rate of change of y over [1, 2] is

32.

33.

34.

fQ-fQ) (“G+2-1+2)
2-1 - 1 -

= 2.5. Over [1,1.1], itis

3.

over [L.15], itis LD =D _ 225+2-1+2)
15-1 0.5

fAD-—f@) (12142 —(1+2) a1
11-1 - 0.1 T

b. Computing f’ (x) using the four-step process., we obtain
£ (x) = lim f(x+h)—f®x — lim h (2x +h)
h—0 h h—0 h

change of f at x = 1is f’ (1) = 2, or 2 units per unit change in x.

= r!imo (2x 4+ h) = 2. Therefore, the instantaneous rate of
>

f (x) = 4x 4+ 5. We use the four-step process:

Stepl f(x+h)=4(x+h)+5=4x+4h +5.

Step2 f(x+h)—f(X)=4x+4h+5—4x —5=4h.
f(x+h)—f(x) 4h

Step 3 oy
ep h h

f(x+h)y—fx
h

Step4 f'(x) = r!im0 = r!imo(4) =4,
- -

f(x)= %x + 5. We use the four-step process:
Stepl f(x+h)=3x+h)+5=3x+3h+5.
Step2 f(x+h)—f(X)=3x+3h+5-3x-5=3h.
fx+h)y—fx) 3

h :hi'
f(x+h)y—"f(x) .3

h =Mz
Therefore, the slope of the tangent line to the graph of the function f at the point (-2, 2) is % To find the equation
of the tangent line to the curve at the point (—2, 2), we use the point-slope form of the equation of a line, obtaining

y—2=3[x—(=2)Jory=3x+5.

Step 3

Step4 f'(x) = r!im0
-

f (x) = —x2. We use the four-step process:

Stepl f (x+h)=—(x+h)?=—-x%—2xh—h2

Step2 f (x +h)— f(x) = (—x2—2xh —h?) — (=x?) = —2xh —h? = h (—2x — h).

f(x+h)—fx)
h

Step4d f'(x) = r!im0
-

—2x — h.

f(x+h)y—fx
h

The slope of the tangent line is f’ (2) = —2(2) = —4. An equation of the tangent line is y — (—4) = —4 (x — 2),

ory = —4x + 4.

Step 3

= rm)no (—=2x — h) = —2x.
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35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45,

46.

f(x)= —%. We use the four-step process:
1
Stepl f h)=— .
P (x+h) X+h
1 1 1 1 h

Step2 f(X+h)_f(X):_X—}—h_(_;):_m_F;:X(Xi—i—h).

f(x+h)y—fx) 1
Step 3 = .
® h X (X +h)

b s FXE) = F 00 1
Stepd f (X)_r!ino h _r!l—>ox(x+h)_x2'

a. f is continuous at x = a because the three conditions for continuity are satisfied at x = a; that is, 1. f (x) is
defined. 2. lim f (x) exists. 3. lim f (x) = f (a).
X—a X—a

b. f is not differentiable at x = a because the graph of f has a kink at x = a.

S (4) = 6000 (4) 4 30,000 = 54,000.

7. A4 .
a. The line passes through (0, 2.4) and (5, 7.4) and has slope m = -0 = 1. Letting y denote the sales, we

see that an equation of the lineisy — 2.4 = 1(t — 0), or y =t + 2.4. We can also write this in the form
St)=t+24.

b. The sales in 2011 are S (3) = 3+ 2.4 = 5.4, or $5.4 million.

a. C (x) = 6x + 30,000.

b. R (x) = 10x.

c. P (x) =R (x) —C (x) = 10x — (6x + 30,000) = 4x — 30,000.

d. P (6000) = 4 (6000) — 30,000 = —6000, or a loss of $6000. P (8000) = 4 (8000) — 30,000 = 2000, or a profit

of $2000. P (12,000) = 4 (12,000) — 30,000 = 18,000, or a profit of $18,000.
Substituting the first equation into the second yields 3x — 2 (%x + 6) +3=0,5s0 %x —12+4+3=0andx = 6.

Substituting this value of x into the first equation then gives y = 2—21 so the point of intersection is (6, %)
The profit function is given by P (x) = R (x) — C (x) = 20x — (12x + 20,000) = 8x — 20,000.

3X+p—-40=0 . . .
We solve the system Adding these two equations, we obtain 5x — 30 = 0, or x = 6. Thus,
2x—p+10=0

p = 2x + 10 = 12 + 10 = 22. Therefore, the equilibrium quantity is 6000 and the equilibrium price is $22.

500 (35)
150

The child should receive D (35) = a2 117, or approximately 117 mg.

When 1000 units are produced, R (1000) = —0.1 (1000)? + 500 (1000) = 400,000, or $400,000.
R (30) = —3 (30) + 30 (30) = 450, or $45,000.

N (0) = 200 (4 + 0)'/2 = 400, and so there are 400 members initially. N (12) = 200 (4 + 12)'/2 = 800, and so
there are 800 members after one year.
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47. The population will increase by P (9) — P (0) = [50,000 +30(9)%? 420 (9)] — 50,000, or 990, during the next
9 months. The population will increase by P (16) — P (0) = [50,000 +30(16)%/2 4+ 20 (16)] — 50,000, or

48

49

50

51

52

53

54

55

2240 during the next 16 months.

.T=f(M=4n/n—4 (@) =0, f (5 =20/1=20, T4
f (6) = 24/2 ~ 33.9, f (7) = 283 ~ 48.5, 120]

f (8) =324 =64, f (9) = 36+/5~ 80.5, f (10) = 40/6 ~ 98,
f (11) = 44/7 ~ 116, and f (12) = 48,8 ~ 135.8.

80+

40/

o] 2 4 6

10 12 n

. We need to find the point of intersection of the two straight lines representing the given linear functions. We solve
the equation 2.3 + 0.4t = 1.2 4 0.6t, obtaining 1.1 = 0.2t and thus t = 5.5. This tells us that the annual sales of

the Cambridge Drug Store first surpasses that of the Crimson Drug store 5% years from now.

. We solve —1.1x? + 1.5x + 40 = 0.1x2 4 0.5x + 15, obtaining 1.2x%2 — x — 25 = 0, 12x% — 10x — 250 = 0,
6x2 — 5x — 125 = 0, and (x — 5) (6x + 25) = 0. Therefore, x = 5. Substituting this value of x into the second
supply equation, we have p = 0.1 (5)? + 0.5 (5) 4 15 = 20. So the equilibrium quantity is 5000 and the equilibrium

price is $20.

. The life expectancy of a female whose current age is 65 is
C (65) = 0.0053694 (65)? — 1.4663 (65) + 92.74 ~ 20.12 (years).
The life expectancy of a female whose current age is 75 is
C (75) = 0.0053694 (75)? — 1.4663 (75) + 92.74 &~ 12.97 (years).

. a. The amount of Medicare benefits paid out in 2010 is B (0) = 0.25, or $250 billion.

b. The amount of Medicare benefits projected to be paid out in 2040 is
B (3) = 0.09 (3)? + (0.102) (3) + 0.25 = 1.366, or $1.366 trillion.

. N (0) = 648, or 648,000, N (1) = —35.8 + 202 + 87.7 + 648 ~ 902 or 902,000,
N (2) = —35.8(2)% + 202(2)2 + 87.8(2) + 648 = 1345.2 or 1,345,200, and
N (3) = —35.8 (3)% + 202 (3)? + 87.8 (3) + 648 = 1762.8 or 1,762,800.

.a. A(0) = 16.4, or $16.4 billion; A (1) = 16.4 (1 +1)%* ~ 17.58,0r  b. y (Sbillion)
$17.58 billion; A (2) = 16.4 (2 + 1)°! ~ 18.30, or $18.3 billion;
A(3) =16.4 (3 +1)°! ~ 18.84, or $18.84 billion; and 18

A (4) = 16.4 (4 + 1)%! ~ 19.26, or $19.26 billion. The nutritional

market grew over the years 1999 to 2003. 16

.a. f(t) =267;g(t) = 2t + 46t + 733.
b.h(t)=(f+9)(t)=f () +g(t) =267+ (2t? + 46t + 733) = 2t2 + 46t + 1000.
c. h (13) = 2 (13)% + 46 (13) + 1000 = 1936, or 1936 tons.

2

3

4 t(year)
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56.

57.

58.

59.

60.

61.

62.

63.
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a. P(0)=59.8, P (1) = 0.3(1) +58.6 = 58.9, b. P )
P (2) =56.79 (2)°% ~ 59.2, P (3) = 56.79 (3)%%® ~ 60.7, and 62
P (4) = 56.79 (4)%% ~ 61.7.
60
c. P (3)~ 60.7, or 60.7%.
58
ol 1 2 3 4 ¢ (year)

a. f(r)=mnre

b. g(t) =2t.
chy=(fog)®=Tf@W)=r[g0O)] =4rt2
d. h (30) = 4 (30?) = 3600, or 3600 ft2.

Measured in inches, the sides of the resulting box have length 20 — 2x and the height is x, so its volume is
V = x (20 — 2x)? i,

. . . 15 .
Let h denote the height of the box. Then its volume is V = (x) (2x) h = 30, so thath = 2 Thus, the cost is
C (x) =30(x) (2x) + 15[2xh + 2 (2x) h] 4+ 20 (x) (2x)

1
= 60x2 + 15 (6xh) + 40x2 = 100x2 + (15) (6) x ( 5)

X2
1350
=100x2 + ——.
5 if 1<x<100 y
9 if 100 < x < 200 20 /
C(x)=1 1250 if200 < x < 300 L
1500  if300 < x < 400 101 o—
| 7+0.02x if X > 400 e
0 200 400 600 800 X

_— . 400 L .
lim C (x) = lim (20 + —) = 20. As the level of production increases without bound, the average cost of
X— 00 X—> 00 X

producing the commaodity steadily decreases and approaches $20 per unit.

a. C’ (x) gives the instantaneous rate of change of the total manufacturing cost c in dollars when x units of a certain
product are produced.

b. Positive

c. Approximately $20.

True. If x < 0, then /X is not defined, and if x > 0, then \/—x is not defined. Therefore f (x) is defined nowhere,
and is not a function.
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105

64. False. Let f (x) = x3 +1. Then f'(x) = $x%3,s0 /(1) = 1 and an equation of the tangent line to the graph

of f at the point (1,2)isy —2 = % x—=21ory= %x + % This tangent line intersects the graph of f at the point

(—8, —1), as can be easily verified.

CHAPTER 2 Before Moving On...  page 160

lLa f(-1)=-2(-1)+1=3.
b. f (0) = 2.
c. f(g):(g)2+z=%

2.a (fF+9)(x) = f(x)+g(x)=x—il+x2+l.

x2+1
X+1°

b. (fg)(x)=f(x)g(x) =
11
gx)+1 x2+2

L@ H=g(f ) =[f O] +1=

o

(fog ) =TF@X) =

o

— + 1
(X + 1)

3. 4x +h =108, so h = 108 — 4x. The volume is V = x2h = x? (108 — 4x) = 108x? — 4x5.

T R BT G O [
Txo-1X2 43X +2  xo-1(X+2)(x+1)

5 a lim f(x)= lim (x2—1)=0.

X—1- X—>1~
b. lim f(x) = lim x3=1.
Xx— 1t x—1t

Because lim f (x) # lim f (x), f isnot continuous at 1.
X—1~ x—1t

6. The slope of the tangent line at any point is

2 _ _(x2_
Iimf(x+h)_f(x)=lim(x+h) 3(x+h)+1—(x*—3x+1)

h—0 h h—0 h
. xX242xh+h?2—3x—3h—x2+3x—1
= lim
h—0 h
h (@2 h—3
im LN Y i ex+h—3) = 2x -3,
h—0 h h—0

Therefore, the slope at 1 is 2 (1) — 3 = —1. An equation of the tangent lineisy — (—1) = =1 (x — 1), or

y+1l=—-x+4+1o0ry=—x.



106 2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

CHAPTER 2 Explore & Discuss

Page 72
Loty =g(f ) = [f0—1] = [(V¥+1) -1 = (V¥ = x and
(fog)()=F@X) =V +1=vVx—12+1=(x—-1)+1=x.

2. Refer to the figure at right. If a mirror is placed along the line
y = X, then the graphs are reflections of each other.

Page 106
1. As x approaches 0 from either direction, h (x) oscillates more and more rapidly between —1 and 1 and therefore
cannot approach a specific number. But this says Iim0 h (x) does not exist.
X—

2. The function f fails to have a limit at x = 0 because f (x) approaches 1 from the right but —1 from the left. The
function g fails to have a limit at x = 0 because g (x) is unbounded on either side of x = 0. The function h here
does not approach any number from either the right or the left and has no limit at 0, as explained earlier.

Page 114
1. XIi)m f (x) does not exist because no matter how large x is, f (x) takes on values between —1 and 1. In other
o0

words, f (x) does not approach a definite number as x approaches infinity. Similarly, Xﬂm f (x) fails to exist.
—0o0

2. The function of Example 10 fails to have a limit at infinity (negative infinity) because f (x) increases (decreases)
without bound as x approaches infinity (negative infinity). On the other hand, the function whose graph is depicted
here, though bounded (its values lie between —1 and 1), does not approach any specific number as x increases
(decreases) without bound and this is the reason it fails to have a limit at infinity or negative infinity.

Page 141

The average rate of change of a function f is measured over an interval. Thus, the average rate of change of f over the
. . f(b)—f(a . .

interval [a, b] is the number % On the other hand, the instantaneous rate of change of a function measures

the rate of change of the function at a point. As we have seen, this quantity can be found by taking the limit of an
f@a+h)y—f(@
" .

appropriate difference quotient. Specifically, the instantaneous rate of change of f at x = a is r!imo
-
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Page 143
Yes. Here the line tangent to the graph of f at P also intersects the y
graph at the point Q lying on the graph of f. 0
/P f
/ 0 x
Page 144
1. The quotient gives the slope of the secant line 2. The limit gives the slope of the tangent line to the
passing through P (x — h, f (x —h)) and graph of f atthe point (x, f (x)). It also gives the
Q (x + h, f (x 4+ h)). Italso gives the average rate instantaneous rate of change of f at the point
of change of f over the interval [x — h, x + h]. (x, f (x)). As h gets smaller and smaller, the secant
V4 lines approach the tangent line T.
'Q(x + h, f(x+ h)) VA
P~ h, flx—h) E
0 x—h X X '+ h x
0

3. The observation in part (b) suggests that this definition makes sense. We can also justify this
f(x+h)—fx)

observation as follows: From the definition of f’ (x), we have f’ (x) = r!imO
—

h
Replacing h by —h gives f/(x) = r!im0 rx- h)h_ Y = r!im0 T _; (x = h). Thus,
- — -
. fx+h)y—fx) fx —-fXx-=h) . f(x+h)y—fx-=nh) .
/ _ / —
2f (X)_r!ino[ 0 + ; ,and so f (x)_rll_r>nO on ,in

agreement with the result of Example 3.

4. Step 1 Compute f (x +h)and f (x —h).
Step 2 Form the difference f (x +h) — f (x — h).
f(x+h)y—fx—=h)
2h '
f(x+h)y—fx=h)
2h '
For the function f (x) = x2, we have the following:
Stepl f(x+h)=(x+h)?>=x%+2xh+h%and f (x —h) = (x —h)? = x2 — 2xh + h2,
Step2 f (x +h) —f (x —h) = (x? +2xh + h?) — (x? — 2xh + h?) = 4xh.
f(x+h)y—fx) 4xh
2h ~2h
f(xX+h)—fx)
2h

Step 3 Form the quotient

Step 4 Compute f’ (x) = r!lmO
5

Step 3 = 2X.

Step4 f'(x) = r!im0 = r!imo 2x = 2x, in agreement with the result of Example 3.
- -
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Page 147

No. The slope of the tangent line to the graph of f at (a, f (a)) is defined by f’ (a) = r!imo
-

FUNCTIONS, LIMITS, AND THE DERIVATIVE

fath-f@

nd

because the limit must be unique (see the definition of a limit), there is only one number f’ (a) giving the slope of the
tangent line. Furthermore, since there can only be one straight line with a given slope, f’ (a), passing through a given

point, (a, f (a)), our conclusion follows.

CHAPTER 2

Page 56
1.

Exploring with Technology

4. The graph of f (x) + c is obtained by translating the graph of f along the y-axis by ¢ units. The graph of f (x +¢)
is obtained by translating the graph of f along the x-axis by c units. Finally, the graph of cf is obtained from that of
f by “expanding”(if ¢ > 1) or “contracting”(if 0 < ¢ < 1) that of f. If ¢ < 0, the graph of cf is obtained from that

of f by reflecting it with respect to the x-axis as well as expanding or contracting it.

Page 86
1l a

The lines seem to be parallel to each other and

10

-10

-10

-5

0

do not appear to intersect.

corresponding y-value is —81.

10

100

-100

-100

-50

0

50

100

They appear to intersect. But finding the point
of intersection using TRACE and zoom with any
degree of accuracy seems to be an impossible
task. Using the intersection feature of the
graphing utility yields the point of intersection
(—40, —81) immediately.
c. Substituting the first equation into the second gives 2x — 1 = 2.1x + 3, —4 = 0.1x, and thus x = —40. The

d. Using TRACE and zoowm is not effective. The intersection feature gives the desired result immediately. The
algebraic method also yields the answer with little effort and without the use of a graphing utility.



10 f f
0
-10 — / f
-0 5 0 5 10
Plotting the straight lines L1 and L, and using
TRACE and zoowm repeatedly, you will see that
the iterations approach the answer (1, 1). Using
the intersection feature of the graphing utility
gives the result x = 1 and y = 1, immediately.
Page 104
I ——
approaches 16 as x approaches 2.
10 T -
g.
0 f f
0 ! 2 3 example.
Page 109 (First Box)
1. 20 —t : 2. 20
10 T T 10 T
0 f f 0
0 1 2 3 0
. o 4(x2—4)
Using TRACE, we find lim ————= = 16.
x—2 X =2

3. No.

4. As we saw in Example 5, the function f is not defined at x = 2, but g is defined there.
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b. Substituting the first equation into the second
yields 3x —2 = —2x + 3,s05x = 5 and
x = 1. Substituting this value of x into either
equation gives y = 1.

c. The iterations obtained using TRACE and zoom
converge to the solution (1, 1). The use of the
intersection feature is clearly superior to the

first method. The algebraic method also yields
the desired result easily.

2. Using TrRAcE and zoowm repeatedly, we find that g (x)

3. If we try to use the evaluation function of the graphing utility to
find g (2) it will fail. This is because x = 2 is not in the domain of

4. The results obtained here confirm those obtained in the preceding

1

2

3

Using TRACE, we find Iirr124 (X +2) = 16. When
X—

X =2,y = 16. The function f (xX) =4 (x +2) is
defined at x = 2 and so f (2) = 16 is defined.
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Page 109 (Second Box)
1.

1.0 * ' f

05T ~— T

0.0 : : } :
-1 0 1 2

Using TRACE and zoom, we see that

V1 -1
lim yotx=2 =0.5.
x—0 X

1.0 * ' f

05T ~— T

0.0 = —
-1 0 1 2
The graph of f is the same as that of g except that
the domain of f includes x = 0. (This is not evident
from simply looking at the graphs!) Using the
evaluation function to find the value of y, we obtain
y = 0.5 when x = 0. This is to be expected since

x = 0 lies in the domain of g.

3. As mentioned in part 2, the graphs are indistinguishable even though x = 0 is in the domain of g but not in the

domain of f.

4. The functions f and g are the same everywhere except at x = 0 and so Iim0
X—

as seen in Example 6.

«/1+x—1_Iim 1 B
X T x0T+ x+1 2

Page 112
1. e 2.
0.4 -
0.2 -
OO T N T N T M ; M
0 50 100 150 200
1 1 .
The results suggest that o goes to zero (as x The results suggest that o goes to zero (as negative
increases) with increasing rapidity as n gets larger, X increases in absolute value) with increasing

as predicted by Theorem 2.

Page 143
1.

'
N

rapidity as n gets larger, as predicted by Theorem 2.

2. Using zoow repeatedly, we find Iimog x) =4.
X—

3. The fact that the limit found in part 2 is f’ (2) is an illustration of
the definition of a derivative.
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Page 144
Page 147
1. 9 — — 2. The graphing utility will indicate an error when you

try to draw the tangent line to the graph of f at
1 (0, 0). This happens because the slope of the tangent
0 line to the graph of f (x) is not defined at x = 0.
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