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CHAPTER 2
Differentiation

Section 2.1 The Derivative and the Slope of a Graph

Skills Warm Up

L P(3,1), 03, 6) 3x%Ax + 3x(Ax) + (Ax)’
6. lim
6 —1 Ax—0 Ax
m = ——; m is undefined. )
3-3 {33 + 3xAx + (Av)]
X =3 = lim
Ax—0 Ax
2. P(2,2), 0 = (-5, 2) = lim 3x* + 3xAx + (Ax)°
m = 2-2 -0 = 3x2
-5-2
~2=0(x - 2) 7 fm —— =L
Y - T a0 x(x + Ax) o
y=2
Ax)2 - x?
3. P(L,5), 0(4, -1 - gim OF
( ),IQ( ; ) 6 s pim 208
= -T2 _ 2 2 2
m 11 3 ~ tim © + 2xAx + (Ax)” — x
Ax—0 Ax
-5==22(x-1
4 (x=1) 2xAx + (Ax)’
y-5=-2x+2 = lim Ax
y=-2+7  Axv(2x + AX)
= lim ——~=
4. P(3,5), 0(-1, -7) a0 Ax
_-7=5_ ;12 =3 -
-1-3 -4 9. f(x) =3x
y—-5=3(x-3) Domain: (—eo, o)
y=3x—-4 |
10. f(x) =
5 gy 2 (Ax)” i (23 + AY) x-1
) A:r—r}oT - A:TOT Domain: (_°°’ 1) o (1’ °°)
= AlimO 2x + Ax . _—
= 11. f(x)zgx - 2x" +3x -1
= 2x
Domain: (—ee, o)
6x
12. = —
/%) X+ x
Domain: (—ee, 0) U (0, <)
1 y 2. ’
/
\ ]
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. Theslopeis m = 1.
. The slopeis m = 3.

. The slope is m = 0.

The slope is m =

EN

The slope is m = —

W=

The slope is m = 3.
2009: m = 118
2011: m = 375

The slope is the rate of change in millions of dollars
per year of revenue for the years 2009 and 2011 for
Under Armour.

Section 2.1

14

15.

16.
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18.

The Derivative and the Slope of a Graph 73

. 2010: m
2012: m

The slope is the rate of change in millions of dollars
per year of sales for the years 2010 and 2012 for Fossil.

500
500

0

N

t=3m=38
t=Tm=1

t =10:m = -10

The slope is the rate of change of the average
temperature in degrees Fahrenheit per month in Bland,
Virginia, for March, July, and October.

(@ At g, f(1) > g'(#)), so the runner given by fis
running faster.

(b) At 1, g'(t) > f(1,), so the runner given by g is
running faster. The runner given by fhas traveled
farther.

(c) At t;, the runners are at the same location, but the
runner given by g is running faster.

(d) The runner given by g will finish first because that
runner finishes the distance at a lesser value of 7.

£(x) = ~1at (0, 1)
o = 028910
1 - (-1
Ax
_ 0
CAx
=0
m = lim my, = lim 0 =
Ax -0
£(x) = 6at (-2, 6)
SICLIUEY
_6-6
T A
_ 0
T Ax
=0
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74  Chapter 2 Differentiation

19. f(x) = 13 - 4xat(3,1)
_f(3+Ax) - f(3)

Mhee = Ax
C[13-4(3+Ax)] -1
Ax
13 -12 - 4Ax -1
Ax
—4Ax
Ax

= -4

m= lim mg, = lim (-4) = —4

Ax—0 Ax—0
20. f(x) = 6x+3at(L,9)
_ S0+ A - ()
sec Ax
[6(1+ Ax) +3] -9
Ax

6 +6Ax +3 -9
Ax

m,

6Ax
Ax
=6
"= Alxlglo e = AIXITO 6=56

21. f(x) = 2x* —3at(2,5)

f(2+ Ax) - f(2)
Ax

Msee =

[2(4 + 4Ax + (Ax)7) - 3} -5
Ax

[8+ 8ax + 2(Ax)" = 3] -5
Ax

2Ax(4 + Ax)
Ax

= 2(4 + Ax)

m = AIETO Mo = Al;zlo (2(4 + Ax)) =8

22, f(x) =11-x*at(3,2)

sec

m = lim m,

B+ Ax) - f(3)

Ax
-G+ Ay -[11- ()]
- Ax
11 = (9 + 6Ax + Ax?) - 2
- Ax
11-9 - 6Ax + (Ax)’ -2
- Ax
—6Ax — (Ax)’
B Ax
Ax(=6 — Ax)
T A
= —6 - Ax

w = lim (=6 — Ax) = =6

Ax—0 Ax—0

23. f(x) = x* —4xat (-1, 3)

Msee =

_ S+ A - /()

Ax
(=1 + Ax)® — 4(=1 + Ax) - [(—1)3 - 4(—1)}
Ax
_—1+ 3Ax - 3(Ax) + (Ax)' + 4 - 4Ax - 3
Ax
_ A - 3(A0)” + (A
Ax
Ax(-1 = 38x + (Ax)?)
Ax
= -1 - 3Ax + (AY)

m = lim my, = lim (—1 ~ 3Ax + (Ax)z) = -1

Ax—0 Ax—0

24, f(x) = 7x — x* at (-3, 6)

Mgee =
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_ S(=3+ A0 - f(=3)
Ax

(=3 + Ax) - (=3 + Ax)’ — [7(—3) - (—3)3}
Ax
=21+ 7Ax - (=27 + 27Ax - 9(Av)” + (Ax)') - 6

Ax
—20Ax + 9(Ax)” — (Ax)’
Ax
Ax(~20 + 9x - (Ax)’)
Ax
= 20 + 9Ax - (Ax)’

= lim mg, = lim (—20 + 9Ax — (Ax)z) = -20

Ax—0 Ax—0
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Section 2.1 The Derivative and the Slope of a Graph 75

25. f(x) = 2</x at (4, 4) 27. f(x) =3
ST Ay - f(4) ) = tim LA =)
see Ax ' Av—0 Ax
24+ Ax - 244 - i 23
- Ax A—0  Ax
_2Ar A -4 2JIrAc+4 - fim 2
Ax 24+ Ax + 4 Tf“ (?"
— 4(4 + Ax) - 16 B mlr—I}o
Ax(2/4 + Ax + 4) =0
16+ 4Ax - 16 28. f(x) = -2
Ax(24/4 + Ax + 4) ) = tim fx + Ax) - f(x)
— 4Ax Ax—0 Ax
Ax(2«/4 + Ax + 4) T (-2)
4 Ax—0 Ax
_ .0
N4+ Ax + 4 _AllinoE
4 = Ahn’l0 0
m = lim mg, = lim —— —— ¥
Ax—0 A—=02/4 + Ax + 4 =0
4 1
Wa+4 2 29. f(x) = —5x
N f(x+Ax)—f(x)
26. f(x) = /x + 1at (8, 3) ) = Jim, Ax
S+ - f() o S AY) - (=5)
sec ™ Ax Ax—0 Ax
VB8 A 41 -/8+1 _ i DOX = SAx + 5x
= Ax Ax—0 Ax
9+ Ax -3 o A
= 7& A—0  Ax
= lim -5
CV9r A -3 T A+l frat!
Ax V9 + Ax +3 =-5
9+ A -9 0. f(x) = dx +1
= — . = 4x +
A(V/9 + Ax +3) ¥ = ( .
oy g S+ Ax) = fx
. 70 = fim, I
(O + Ax +3) i At A 1 (4x 4 )
. e Ax
9+ Ax +3 g At AAT - dx -
m = lim mg, a0 Ax
Ax—0
1 = lim —
= hm Ax—0 Ax
A"_>()\/9+AXI+3 = lim 4
1 Ax—0
NG =4
-1
6
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76  Chapter 2 Differentiation

31. g(s) = %s + 2 32. h(t) = 6 - %t
, . g(s + As) — g(s)
= Lim S22 7 8B
gls) = lim ~ #0) = im h(t + AAt) 0
f
; Ws+as)+2-(ds+2) - 1 ! 1
=l i SN 8) (0= 4
R R Rt R 1At 1
= a5 As T Sl Ll Lol il U
lAS At—0 At
= 1 37 1
AIsITO As = lim _EAt
1 At—=0 At
= lim —
mlTo 3 = lim ——
1 At—0 2
™3 .
2

33. f(x) = 4x* — 5x
S(x + Ax) = f(x)

) = Jim, Ax
{4()( + Ax)2 - 5(x + Ax)} - (4x2 - Sx)
= lim
Ax—0 Ax

[4()(2 + 20A% + (A%)") - 5% - SAx} — 4x? + 5x

= lim

Ax—0 Ax
_ i A SxAx 4(Ax)" = 5x — 5Ax — 4x* + 5x
- A;TO Ax

4Ax(2x + Ax — %)

= lim
Ax—0 Ax

= lim 4(2x+Ax—§j =8x-5
Ax—0 4

34. f(x) = 2x* + Tx
f(x + Ax) = f(x)

1) = Jim, Ax
[Z(x + Ax)2 +7(x + Ax)} - (2x2 + 7x)
= lim
Ax—0 Ax

[2(x2 + 20A% + (%)) + 7x + 7Ax] - 2% —7x
= lim
Ax—0 Ax

iy 20 4y 2(Ax)" + 7x + TAx — 2x> — Tx
= Im

Ax—0 Ax

2Ax(2x + Ax + %j

= lim
Ax—0 Ax

= lim 2[2x+Ax+%j=4x+7

Ax—0
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Section 2.1 The Derivative and the Slope of a Graph 77

35. h(t) =/t -3
, . h(t + At) — h(7)
= lm T
o Nt+ A -3 -t -3
= lim
At—0 At
Nt +A -3 -~t=3 i+ A -3+-Jt-3
= lim .
Ar—0 At Nt+Ar-3+t-3

~ lim t+ At =3—(r-3)
A0 At(\/t + At =3+t -3)
= lim Al
A0 At(\/t + A =3+t -3)
= lim !
a0 1+ At =3+t -3
1
2/t =13
NVt -3

f(x+ Ax) —f(x)

’, :l~
/1) = fim, Ax
o Nx A2 —x+2
= lim
Ax—0 Ax
 oNx A +2 x4 2 x+A+2+x+2
= lim .
A0 Ax Vr+ A +2+/x+2

i x+A+2-(x+2)
= 1m
AHOAx(\/x+Ax+2+\/x+2)
= lim Ax
A’HOAx(\/x+Ax+2+\/x+2)
= lim !
a0 \/x + Ax + 2 +x + 2

1
2Nx + 2
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78  Chapter 2 Differentiation

37. f(t) = £ - 12t
ft+ A — £(2)

J (t) - Alzu—>no At

(e A - 12(r + A - (2 - 120)
= lim

At—0 At
g D30+ 30(A) + (A1) =126 —12A0 — 7 + 121
h Arlglo At

2 2 3 _

_ g A 3t(Ar)” + (Ar)” - 12A¢

At—0 At

A3 + 3+ (A1) - 12)
= lim

At—0 At
T 2 2
= lim (3 + 3¢ + (ar)" - 12
=32 - 12

38. f(t)=F+7
[t + Ar) - f(2)

=t
) N () N ()
= lim
At—0 At
R (A1) + (A1) + 22 + 2t + (M) -7 = P
B Atlglo At
B 3028 + 3t(Ar) + (Ar) + 26t + (Ar)
- At?O At
At(3t2 + 3tAr + (At) + 20 + At)
= lim
At—0 At
= lim (St2 +30Ar + (M) + 20 + At)
At—0
=32+ 2
39. f(x) = !
x+2
o Sl AY) - ()
f (X) Alx~>0 Ax
1
= lim X+ Ax +2 x+2
Ax—0 Ax
1 x+2 1 x+A+2
- lim X+ A +2 x4+2 x+2 x+Ax+2
Ax—0 Ax
x+2-(x+Ax+2)
~ lim (x + Ax + 2)(x + 2)
Ax—0 Ax
. —Ax
= lim
A0 Ax(x + Ax + 2)(x + 2)
. -1
= lim
a0 (x + Ax + 2)(x + 2)
_ 1
(x + 2)2
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Section 2.1 The Derivative and the Slope of a Graph

1 41. f(x) = 1% at(2,2)
s—4
v e fx+ Ax) = f(x)
i £+ 85 = <00 M=l T
As—0 2
o _ g 20 A) -0
im StAs—4 s—4 =0 Ax
As—0 As %(x2 + 2xAx + (Ax)2) - %xz
s—d4—(s+As—4) = lim
Ax—0 Ax
. (s+As—4)(s - 4) 2
Alvlglo As = lim M
S—4—(s+As—4) AHOAXAXAX
) (s +As — 4)(s — 4) 1 = lim M
AISI?O (S A 4)(S - 4) . E Ax—0 Ax
= lim (x + Av)
—As Ax—0
lim _
-0 As(s + As — 4)(s — 4) -
| L m=f12) =2
lim
m—>o(s+As—4)(s—4) y—2:2(x—2)
1 y=2x-2
(s -4 -

A g
-6 6

2. f(x) = —%xz at (-4, -2)
Ax) —
7 = Jim LAV
Ax—0 Ax
“Lx + A)® = (-1x2
e & - ()
Ax—0 Ax
—é(xz + 2xAx + (Ax)z) + g
= lim
Ax—0 Ax
2
~im X7 = dxfAx — H(Ax)T + 4
Ax—0 Ax
o —LaAv - NAx)
= lim ——%——
Ax—0 Ax
Ax(—dx - LAx
Ax—0
- 1 1
= fim, (-3 - 3
= —%x 3
m = f1(-4) = —3(-4) =1 =) ?
y=(-2) =[x - (-4)]
y+2=x+4
y=x+2 9
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80 Chapter 2 Differentiation

43. f(x) = (x—1) at(-2,9)
f(x + Ax) - f(x)

S =T
2 2
~ im (x+Ax-1)" = (x-1)
Ax—0 Ax
. X% 4 20Ax — 2x + (Ax)’ —2Ax + 1 - X% + 2x — 1
= am Ax
_ 2xAx + (Ax)’ - 2Ax
= lim
Ax—0 Ax
_ i A(2x+ Ax - 2)
Ax—0 Ax
= lim (2x + Ax - 2)
Ax—0 1
=2x-2 2.9
m=f(=2)=2(-2)-2=-6
y-9-= —6[)6 _ (_2):| -12 12
y=-6x-3 5
4. f(x) = 2x* - 5at (-1, -3)
yoy S(x + Ax) - f(x)
19 = g H 500
2(x + Ax) =5 - (267 - 5)
= lim
Ax—0 Ax
. 22 + 4xAx + 2(Ax)’ =5 - 2x7 + 5
= am Ax
2
gy e+ 2(A)
Ax—0
_ i Axléx + 249
Ax—0 Ax
= lim (4x + 2Ax)
Ax—0
= 4x

(=1,-3)

y=—-4x-1 6
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Section 2.1

45. f(x) = /x +1at(4,3)

/')

m:f'(4):mzz

lim f(x + Ax) - f(x)
Ax—0 Ax

Vx+ A+ 1= (Vx +1)
lim
Ax—0 Ax
lim VX + Ax — \/;
Ax—0 Ax

X+ Ax — x

W A+ A+ )

x+ Ax+/x
Vx+ Ax ++/x

lim

Ax
520 A r + Ax + o)

1
lim —————+
a0 /x + Ar +/x

1
2/x

1 1 5

“4.3)
rﬂ#/
1

—x + 2 -1
4

-9

Jx + 3 at (6,3)

lim F(x+ Ax) — f(x)
Ax—0 Ax
- Nx+ A +3 -~Jx+3

li
Ax—0 Ax

The Derivative and the Slope of a Graph

Jx+ A3 -Vx+3 Sx+ A +3+x+3

lim
Ax—0 Ax
i x+ A +3—(x+3)
im
Ax*°A>c(\/x+Ax+3+\/x+3)
lim Ax
A‘*‘)Ax(\/x+Ax+3+~\/x+3)
lim L
a0 \/x + Ax + 3 +/x +3

1

2N x + 3

Jx+Ac+3+Vx+3
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82  Chapter 2 Differentiation

47, f(x) = é at (—é —1j

f(x) = lim

= lim ——
&0 5x - Ax - (x + Ax)

lim _71
Ax—0 Sx(x + Ax)
_

5x2

<
|
|
L
=
I
[

N
7N
=
[

— 7
| —
N
N—
o —

y=-5x-2 3
48. f(x) = at (2, -1)
x —
g f(x + Ax) — f(x)
) = Jim, Ax
1 1
i x+Ax -3 x-3
_A)c—>0 Ax
1 .x—3_ 1 .x+Ax—3
lim x+Ax-3 x-3 x-3 x+Ax-3
T Avs0 Ax

x—=3—(x+Ax-3)
(x+Ax—3)(x—3)

= lim
Ax—0 Ax
= lim —Ax
ar—>0 (x + Ax — 3)(x — 3)Ax
-1 1

Ar-0 (x + Ax = 3)(x — 3) (x - 3)2

m= f(2) = - = -1
12 R L L
y—(—l) :—l(x—2) 2 [== o 7
y+l=-x+2 ﬂ\i\)

y=-x+1
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49. f(x) = —%xz
o Sl A~ /()
/) = A Ax
“Lx + Ax 2 (1.2
= lim (x ) ( x)
Ax—0 Ax
2
. - = JxAx - HAx)” + 17
Ax—0 Ax
2
Ax—0 Ax
Ax(—1x — 1Ax
- lim (-3x - i)
Ax—0 Ax
= lim [—lx - le)
Ax—0\ 2
1
= —Ex

51.

Since the slope of the given line is —1,
1, —
—i.x = —l
x=2and f(2) = -1
At the point (2, —l), the tangent line parallel to
(

x+y=0isy—(-1) = -1(x - 2)

Section 2.1

y=-x+1
f(x) = _1x3
3
) = tim LEFEA) = S(0)
7 = fim T
3
I CRs) Ml )
Ax—0 Ax
) —%(x3 + 3x°Ax + 3x(Ax)2 + (Ax)3) 1y
= lim
Ax—0 Ax
-~ im -1x¥ — X’Ax - x(Ax)2 - %(Axf 13
Ax—0 Ax
A (_ 2 Ay -1 2
x{—x* — xAx 3(Ax)
= lim
Ax—0 Ax
; 2
= AI;IBO (—xZ — xAx — %(Ax) ) = 2

Since the slope of the given line is -9,

-x~ =-9
=9
x = +3andf(3) = -9 and f(-3) = 9.

The Derivative and the Slope of a Graph

50. f(x) = xt -7
f(x + Ax) - f(x)

S1@) = Jim, Ax
[+ axf = 7] = (* = 7)

= lim

Ax—0 Ax

. x2+2xAx+(Ax)2—7—x2+7

= lim

Ax—0 Ax
- m Ax(2x + Ax)

Ax—0 Ax
= lim (2x + Ax) = 2x

Ax—0

Since the slope of the given line is -2,
2x = =2
x = -landf(-1) = —6.

At the point (— 1 —6), the tangent line parallel to

2x +y =0is

y = (=6) = =2(x = (-1))

y =-2x - 8.

At the point (3, —9), the tangent line parallel to 9x + y — 6 = Ois

y=(=9) = -9(x = 3)
y = -9x +18.

At the point (-3, 9), the tangent line parallel to 9x + y — 6 = Ois

-9(x - (-3))

-9x - 18.

y—-9
Yy

83
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84  Chapter 2 Differentiation
52. f(x) = x4+ 2
qoy o S AY) - f(x)
7 = o,
(A 2 (2 +2)
= lim
Ax—0 Ax
I 3x(Ax) + (Ax)' +2 - % -2
= am Ax
) 2 3
iy XA+ 3(Ax)” + (Ax)
Ax—0 Ax
Ax(3x% + 3xAv + (Ax)’)
= lim
Ax—0 Ax
. 2 2
= Alv:TO (3x + 3xAx + (Ax) )
= 3x?
The slope of the given line is
Ix-y—-4=0
y=3x-4
m = 3.
3x =3
¥ =1
x = %1

x =landf(1) =3
x =-landf(-1) =1

At the point (1, 3), the tangent line parallel to 3x —y —4 = 0 is

y-3=3x-1)
y—-3=3x-3
y = 3x.

At the point (-1, 1), the tangent line parallel to 3x —y —4 = 0 is

y=1=3(x - (-1)
y-1=3(x+1)
y—1=3x+3

y =3x+ 4.

53. yis differentiable for all x # —3.

At (=3, 0), the graph has a node.

54. y is differentiable for all x # £3.

At (£3, 0), the graph has a cusp.

55. y is differentiable for all x # —%.

At ( 1 0), the graph has a vertical tangent line.

-

56. y is differentiable for all x > 1.

The derivative does not exist at endpoints.
57. y is differentiable for all x # £2.

The function is not defined at x = *2.

58. y is differentiable for all x # 0.

The function is discontinuous at x = 0.
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Section 2.1 The Derivative and the Slope of a Graph 85

59. Since f’(x) = =3 for all x, fis a line of the form
f(x) = 3x + b.
f(0) = 2,50 2 = (=3)(0) + b,or b = 2. 2

Thus, f(x) = -3x+ 2. U I e na
-2
-3

60. Sample answer: Since f(-2) = f(4) = 0, (x + 2)(x — 4) = 0.

A function with these zeros is f(x) = x> — 2x — 8.

Then f’(x) = lim w

Ax—0 Ax
[ + A = 2(x + Av) - 8] - (x* - 24 - §)
= lim
Ax—0 Ax
. X%+ 2xAx + (Ax)’ — 2x — 2Ax — 8 — x> + 2x + 8
e Ax i
_ 2xAx + (Ax)’ - 2Ax
= lim > x
Ax—0 Ax 6
= lim 2x + Ax -2
Ax—0
=2x - 2.
So f7(1) = 2(1) — 2 = 0.Sketching f(x) shows that

Sf(x) < O0for x < 1and f7(0) > O for x > 1.

61. 2

_ _3 - _1 1 3
x 2 > 1 2 0 3 1 > 2

f(x) 1| 0.5625 | 0.25 | 0.0625 | 0 0.0625 | 0.25 | 0.5625 | 1

f(x) | -1]-075 | -05|-025 |0 |025 |05 |0.75 1

Analytically, the slope of f(x) = 1x*is
n F(x+ Ax) - f(x)

m =1
Ax—0 Ax
Lx + Ax)2 - 1y
- i 4 4
= dm, Ax
A ) (] - 4
- im, o
2
. Ly2 4 %xAx + %(Ax) - %x2
Ax—0 Ax
LyAx + L(Ax)
o 2 4
= lim Ax
. Ax(LxAx + 1Ax)
Ax—0 Ax
= Jlim (3x + jax)
=1y
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62. .

3 1 1 3
X -2 3 -1 ) 0 5 1 5 2
f(x) | -6 | =253 | =075 | -0.1 [0 | 0.l 0.75 | 2.53 6

(%) 9 | 5.0625 | 2.25 0.5625 | 0 | 0.5625 | 2.25 | 5.0625

Analytically, the slope of f(x) = 3x7is
f(x + Ax) = f(x)

m = lim

Ax—0 Ax
3
- lim %(x + Ax)” - %x3
Ax—0 Ax
_ %(x3 + 3x%Ax + 3x(Ax)2 + (Ax)3) - %x3
= lim
Ax—0 Ax
- lim 23X+ 9xX°Ax + %x(Ax)2 + %(Axf -3
Ax—0 Ax
“ lim %szx + %x(Ax)2 + %)C(A)c)3
Ax—0 Ax
. Ax(%xz + %xAx + %(Ax)z)
= lim
Ax—0 Ax
T 9 9 3 2
= Al;r_r)lo (sz + JxAx + Z(Ax) )
-9
= Z.XJ.
63. 2
_2 \ 2
-2
X -2 —% -1 —% 0 % 1 % 2

f(x) |4 | 16875 | 05 | 00625 | 0 | —0.0625 | 0.5 | ~1.6875 | —4
f(x) | -6 | -3375 | -1.5 | 0375 | 0 | -0375 | -1.5|-3.375 | -6

Analytically, the slope of f(x) = —§x3 is
m fx+ Ax) = f(x)

m = li
Ax—0 Ax
3
. T+ A) + L
Ax—0 Ax
e ax(ay)” + (49°] +
= lim
Ax—0 Ax
a4 3x(A” + (A
= lim
Ax—0 Ax
T ) 2
= lim ——f3¢ + 3a(Ax) + (&%)
S
2
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64. 2

-1 -

=

|

N}

|
olw
=
=

—
[\ [0%}

[\]

S(x) -6 | 3375 | =15 | =0375 | 0 -0.375 | -1.5 | -3.375 | -6

f(x) |6 |45 3 1.5 0 [-15 |3 |45 |-6

Analytically, the slope of f(x) = —3x* is

f(x + Ax) - f(x)

m = lim
Ax—0 Ax
2
. —%(x + Ax) — (—%xz)
Ax—0 Ax
—%[xz + 2xAx + (Ax)z} + %xz
= lim
Ax—0 Ax
~3 2w + (A0
= lim ——=
Ax—0 Ax
= lim —=(2x + Ax)
Ax—
= —3x.
o _ 8
65. 1'(x) = lim LA = /()
Ax—0 Ax
(x + Ax)z — 4(x + Ax) — (x2 - 4x)
= lim -6 12
Ax—=0 Ax
_ 2xAx + (Ax)’ - 4Ax =
= lim
Ax—0 Ax
= lim (2x + Ax — 4)
Ax—0
=2x-4

The x-intercept of the derivative indicates a point of horizontal tangency for f.

Flx + AY) = £(x) 2+ 6(x + Ax) = (x + Ax)" — (2 + 6x — x?)

66. f(x) = AIETO Ax - Al;}To Ax
6Ax — 2xAx — (Ax)'
= lim = lim (6 - 2x — Ax) = 6 — 2x
Ax—0 Ax Ax—0
13
7 = 14

-1

The x-intercept of the derivative indicates a point of horizontal tangency for f.
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67. f(x) = lim

Ax—0

fx+ Ax) - f(x)
Ax

(x + Ax)3 -3(x + Ax) - (x3 - 3x)

= lim
Ax—0 Ax
L 3x(Ax)” + (Ax)" = 3x — 3Ax — ¥ + 3x
= o Ax
. 3x%Ax + 3x(Ax)” + (Ax) - 3Ax
iy Ax
_ 1 2 2
= lim (327 + 3xAv + (Ax)" - 3)
=3x2-3

4

j
[y

-4

o

The x-intercepts of the derivative indicate points of horizontal tangency for f.

68. f'(x) = lim S+ &) - f(x)

Ax—0 Ax
oo+ Ax)3 - 6(x + Ax)2 - (x3 - 6x2)
= lim
Ax—0 Ax
=300+ 3x(AY)] + (&) - 6% + 2xAx + (AX)) - ¥+ 62
= Jm, Ax
= lim (3x% + 3xAx + (Ax)” - 12x — 6Ax]
Ax—0
= 3x% — 12x
4
Y T,

-36

The x-intercepts of the derivative indicate points of horizontal tangency for f.

69. True. The slope of the graph is given by /”(x) = 2x, 73. The graph of f(x) = x* + 1is smooth at (0, 1), but the
which is different for each different x value. graph of g(x) = ‘ x‘ + 1 has a node at (0, 1). The

function g is not differentiable at (0, 1).

70. False. f (x) = ‘x‘ is continuous, but not differentiable at .

x = 0.

71. True. See page 122.

72. True. See page 115. -4 4
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Section 2.2 Some Rules for Differentiation

Skills Warm Up

2 —
1. (a) 2x% x =2 5. ij,m _ 4;3/4
2(2?) = 2(4) = 8
1 1) - 1 ; ;
®) (5x),x =2 6. 5(3))62 - 2(5jx 2y 3 W=V
2 1 1
5(2) = 10% =100 S S S
l: ( ):I \/; 33/y2
(c) 6x2, x =2
5 , X 7. 3x2 +2x =0
6(2)" = 6(3) = 3 X(3x+2) =0
1 X = O
2. =2
@ G 3x+2=0 - x=-2
1 _ — L 8. X —-x=0
2 2
[3(2)] 6 36 x(x2 - 1) =0
) %,x=2 x(x+1)(x-1) =0
4x =
x=0
13:L:i x+1=0=x=-1
42°) 4’ 3 x-1=20-x=1
2x)" 2 —20 =
(C)(xzz,x—2 9. > +8-20=0
4x (x +10)(x =2) = 0
2] 4 22 x+10=0— x=-10
427 427 4®) x-2=0->x=2
10. 3x> -10x+8 =0
3 _ 3 _ 2
3. 4(3)%° +2(2)x = 126 + 4x = 4x(3%7 + 1) (3x - 4)(x - 2) = 0
3x-4=0->x=4%
4. 1(3)x% - %xl/z = %xz —% x =3 - 1) 3
x=-2=0->x=2
Ly=3 6. h(x) = 6x°
V= H(x) = 30x*
2. f(x) = -8 s
fx) =0 R
20 10
_ .5 s 223 3
3 =X y 6 X 3
! = 5x* ,
3t
1 8. g(t) = T
4 f(x) =—= x®
b , 3
6 g(t) = Et
f(x) =-6x7 = ——
X
9. f(x) = 4x
5. h(x) = 3x° f(x) =
H(x) = 9x
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10.

11.

12.

13.

14.

15.

16.

25.

26.

27.

28.

29.

30.

31.

32.

Chapter 2 Differentiation

x 1
=3 =3
(x) = L
&) =3
y=8-x1
y = —3x2
y=t2—6
y =2

g(x) = 3x? + 5x°
g'(x) = 6x + 15x* = 15x* + 6x

S =-3>+2t-4
() =-6t+2

y=7x —9x* +8
¥y = 2Ix* — 18x

Function Rewrite
2 2
y=7 y==xt
Tx 7
_2 2.
Y 3x? Y 3
_ 1 y = L
7 (4x)° 64
y=—= =
(2x)° 64
y = (24)5 y = 128%°
X
4x
y = =) y =4
y = 6\/; y = 6x"?
y = 3x y = Exl/z
4 4
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Differentiate

y _78)6’5

v —gﬁ

v —%ﬁ
V —%Z 7
¥ = 128(5)x"
y 4(4)x3

= oy
-y

17.

18.

19.

20.

s(t) =4 =2t +1+3

s(e) =162 — 4t + 1

=2 —x* +3x -1

y
Y =6x —2x+3

glx) = %

, 2 S 2
g0 =57 = 5
h(x) = X2

H(x) = %xy 2

21, y = 4%
s oa(4)3 _ 16,13
Y= 4(3)’ =51
22. f(x) = 10x"°
, 5 s 5 5
xX) = —x = = —_—
f( ) 3 3556 39/;
23, y = 4x72 + 2x?
8
S — -3 1 _
Yy = =8x7 + 4x ——;+4x
24, s(t) =8 + 1
’ _ 32
sS(t) = 8(-4r°) +1 = —e 1
Simplify
, 8
Y =s
, 4
Y=
,_ 3
7 64x*
,_ 3z
7 32x7
Y = 640x*
¥y = 16x°
v 3
x
—
8/x



33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Section 2.2 Some Rules for Differentiation

Function Rewrite Differentiate Simplify
_ 1 N ’_ l(_l] ~7/6 o1
Y9 rEgt Iy 7 428/ 57
. = 3 ' E[_Ej 74 o9
y T y 2x y o\ X y el
1 1 N
= 3/3 - (38 s _ Y5 /s r_ 81/5(7 -4/5} r_ glls _ _ N8
y X y ( x) x y Sx y 5)(4/5 5{/? 5r
3 2 3 2/3 ’ 3 2 -1 ’ 2\3/6
= 6x = \/E X = \/g[ijx /3 —
y y (x) y 3 Y=
y=xP 43. f(x) = —zx(l + xz) = —%x -1y
= 9 = -5 30
Atthe point (1, 1),)" = 3(1)* = 2 = m. ry=-1+-3=2
y=x" 4. f(x)=3(5- x)2 = 75 — 30x + 3x?
Yo=at= -t £(x) = =30 + 6x
x (5 = -30+(6)(5) = 0
At the point (E, i], y = LI m.
2 4 2
43 (%) 9 45. (a) y = 2x* +5x* -3
¥ = —8x> + 10x
_ 4
fe) =1 m=y()=-8+10 =2
, _ 4
() = -4 * = s The equation of the tangent line is
At the point y=0=2(x-1)
=2x - 2.
[l, 16), f’(lj S B g
2 2 1 j 1 (b) and (c) 31
> 32 /
f(x) = —47 47
/ _ 1 -4/3 1 ﬁzi.ssssszxri.sssssz
f(x) - _Ex - _3x4/3 31
At the point (8, lj, /(8) = —%/3 1. m. 46. (2) y=x +x+4
2 3(8) 43 A
Yy =3x" +1
f(x) =2x" +8x7 —x— 4 m=y(-2)=3-2"+1=13
f(x) = 6x* +16x — 1 The equation of the tangent line is
At the point y—(-6) = 13[x - (_2)]
, 2
(=1,3), /(=1) = 6(=1)" +16(=1) =1 = —11 = m. y+6 = 13x + 26
y = 13x + 20.
fx) = x* —2x° +5x% = 7x
(b) and (¢) 50
F(x) = 4x° —6x% +10x - 7 y
At the point . s
(-1,15), £/(=1) = 4(=1)" = 6(=1)" + 10(~1) = 7 /;/(
= 4-6-10-7 = =27 = m. =15 n0000LKez0. 000002

-50

91
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47. (a) f(x) = x + 3 x = XV 4 x5

7 1 -2/3 1 —4/5 1
= — + — =
f(x) 3" "

3523
4 1 1 8
m=f()==-+-=—
70 3 5 15
The equation of the tangent line is
8
-2=—(x-1
7 15( )
52
SEETARNT
(b) and (0) ff
—47
H=1
#=E33FEIUNTOC ] HERAE-

48. (@) f(x) = L v = x 3 _

) = =2 =

, 2 1
_f(—1)=§—1=—§

3
|

The equation of the tangent line is
y—-2= —%(x + 1)

— 1 5
y——§x+§

(b) and (¢) 4

=-1
W= FEErrEEFOEN+] BBBEA-

2

49. (a) y = 3x[x2 - z)

X
y = 3x° -6
Y = 9x?
m=y =902) =36
The equation of the tangent line is
y —18 = 36(x - 2)
y = 36x — 54.
(b) and (¢) 50

H=z
YEEE QOGO EE+ BN 000G
-50
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Iy

5x4/5

4.7

@ y=(@x+1)]
y=4x* +4x +1
y =8x+4

m=) =80)+4=4

The equation of the tangent line is

y—1=4x-0)
y =4x +1.
(b) and (c) 3

S(x) = 2x + 4x2 + 6x7° = 2x +i2 +%

x> x
f(x) = 6x* = 5x7% + 77
S(x) = 12x +10x7° - 21x™* = 12x + i—? - %
f(x)zxz—ZX—x%=x2—2x—2x’4

f'(x)=2x—2+8x’5=2x—2+%

f(x)=xz+4X+l=x2+4x+x‘]
X
=2 2

f(x) = x" +x

, 4 _ 4
Slx) = 5% = o5 T
flx) =" -1
£ = =

3 3x%
f(x) = x(x2 + 1) =x +x
f(x) = 3x% +1

f(x) = (x2 + Zx)(x +1) = x* +3x* + 2x
f(x) =3x* + 6x + 2



59.

60.

61.

62.

63.

64.

65.

66.

2 —4x7 43

/() 2

X

=2x — 4+ 3x7

3 _ 2(x* =3
f’(x)=2—6x’3=2—£—2x 6 _ ( )

© X x?
2_
f(x):72x 3,X-i_1:2x—3»+x’1
x
, _ 1 2xr -1
f)=2-x?=2-5-= 2
x x

4 —3x2 +2x + 5

f(x) = 5 =d4x -3+ 2x7" +5x7

X
, ~ _ 2 10 4x*-2x-10
f(.x)=4—2x2—10x3=4—?—xi3=f

—6x> +3x? = 2x +1
f(x) = =

X

—6x% +3x -2 + x7!

S(x)=-12x+3-x7 =-12x+3 —é

y=x*-2x+3

Y =4x —4x = 4x(x2 - 1) = 0 whenx = 0, £I

If x = #1, then y = (£1)* = 2(x1)° +3 = 2.

The function has horizontal tangent lines at the points
(0, 3), (1, 2), and (-1, 2).

y = x +3x°
Y =3x + 6x = 3x(x + 2) = Owhen x = 0, -2.
The function has horizontal tangent lines at the points

(0, 0) and (-2, 4).

y =

y:

The function has a horizontal tangent line at the point
5 _25
(=5 -%)

y = x* + 2x

1.2
7 X + 5x

x+ 5 = 0when x = -5.

y =2x+2 = Owhenx = —I.

The function has a horizontal tangent line at the point

(-1, —1).

Section 2.2 Some Rules for Differentiation 93

67. y = x*+3

’

y =2x

Fx=2y=02"+3=7-(27)

The graph of y = x> + 3 has a tangent line with slope
m = 4 at the point (2, 7).

68. y = x> + 2x
Y =2x+2
Set ' = 10.
2x+2 =10
x =4
If x = 4,y = (4) +2(4) = 24 — (4, 24).
The graph of y = x> + 2x has a tangent line with slope
m =10 at the point (4, 24).
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69. (2) y 70. (a) ;
s+ e [
Al
s
S 1"
o
(b) f'(x) = 2
b) f(x) = g'(x) = 3«2 S =2
S =g0)=3 g(x) = 6x
(c) Tangent linetofat x = 1: g1) =6
f=1 (c) Tangent line to fat x = 1:
y-1=3(-1) ) =1
y=3x-2 y-1=2(x-1)
Tangent lineto gat x = L y=2x-1
gl) =4 Tangent lineto gat x = 1:
y—4=3x-1
(x = 1) g(l) =3
y=3x+1
) y=3=6(x-1)
y=6x-3
5+ g |f
ol
s
2L
S [T
(d) f and g’are the same. T

(d) g'is3times [
71 If g(x) = f(x) + 6, then g’(x) = f’(x) because the derivative of a constant is 0, g’(x) = f”(x).
72. If g(x) = 2f(x), then g’(x) = 2/”(x) because of the Constant Multiple Rule.
73. If g(x) = —=5/(x), then g’(x) = —5/"(x) because of the Constant Multiple Rule.
74. If g(x) = 3f(x) — 1,then g’(x) = 3/”(x) because of the Constant Multiple Rule and the derivative of a constant is 0.

75. (a) R = —4.1685 + 175.037% — 1950.88¢ + 7265.3
R’ = —12.5055¢* + 350.074¢ — 1950.88
2009: R'(9) = —12.5055(9)2 + 350.074(9) — 1950.88 ~ $186.8 million per year

2011: R(11) = —12.5055(1 1)2 + 350.074(1) — 1950.88 = $386.8 million per year

(b) These results are close to the estimates in Exercise 13 in Section 2.1.

(c) The slope of the graph at time ¢ is the rate at which sales are increasing in millions of dollars per year.
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76.

77.

78.

79.

80.

Section 2.2 Some Rules for Differentiation 95

(@) R = —2.67538t* + 94.0568¢* — 1155.203¢*> + 6002.42¢ — 9794.2
R = -10.70152£3 + 282.1704¢* — 2310.406¢ + 6002.42

2010: R(10) = —10.70152(10) + 282.1704(10)> — 2310.406(10) + 6002 ~ $413.88 million per year

2012: R(12) = —10.70152(12)" + 282.1704(12) — 2310.406(12) + 6002 =~ $417.86 million per year

(b) These results are close to the estimates in Exercise 14 in Section 2.1.
(c) The slope of the graph at time ¢ is the rate at which sales are increasing in millions of dollars per year.

(a) More men and women seem to suffer from migraines 81. f(x) = 4.1x* — 12x% + 2.5x
between 30 and 40 years old. More females than , 5
males suffer from migraines. Fewer people whose f(x) =123x% - 24x + 25
income is greater than or equal to $30,000 suffer 12
from migraines than people whose income is less
than $10,000. f/ /

(b) The derivatives are positive up to approximately
37 years old and negative after about 37 years of
age. The percent of adults suffering from migraines
increases up to about 37 years old, then decreases.

The units of the derivative are percent of adults fhas horizontal tangents at (0.1 10, 0.135) and
suffering from migraines per year. ( 1841, —10.48 6)

’

(a) The attendance rate for football games, g’(¢), is 82. f(x) = x — Ldx® — 0.96x + 144

reater at game 1.
£ £ £(x) = 3x% - 2.8x - 0.96

(b) The attendance rate for basketball games, (),

5

is greater than the rate for football games, g'(r), E /
at game 3.
g , >¢ !

2
(c) The attendance rate for basketball games, f”(7), / Ry
i

is greater than the rate for football games, g'(t),

at game 4. In addition, the attendance rate for
football games is decreasing at game 4. f'has horizontal tangents at (1.2, 0) and (—0.267, 1.577).

(d) At game 5, the attendance rate for football continues
to increase, while the attendance rate for basketball 83. False. Let f(x) = xand g(x) = x + 1.

ti to d .
continues to decrease Then f/(x) = ¢'(x) = 1,but f(x) # g(x).
C = 7.75x + 500

C' = 7.75, which equals the variable cost. 84. True. ¢ is a constant.

C = 150x + 7000
P=R-C
P = 500x — (150x + 7000)

P = 350x — 7000
P’ = 350, which equals the profit on each dinner sold.
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Section 2.3 Rates of Change: Velocity and Marginals

Skills Warm Up

L 0 (-105) _ 42 8. y = —16x" + 54x + 70
21-7 14 y = —32x + 54
=3
| 3 2
43 _ 35 g 9. 4= m(—Zr + 3r° + SV)
p S
6-(-7) 13 A = (-6 + 6r +5)
= -6 A'=—%r2+%r+%
3. 23 — 23 = %9 =-3 10. y = 5(6x° — 18x* + 63x - 15)
¥ = H{18x - 36x + 63)
L 201624 12 s
T 10 5 Vv =2x" —4x+7
2
5. y=4x* - 2x+7 11. y =12x - —
P 5000
Y= , 2x
Y =127 5000
6. s=-20+8*-"7Tt
, X
’ 2 = 12 —
s’ = -6t +16t — 7 y 2500
7. s = =161 + 241 + 30 %
, 12. y =138+ 74x - ——
s = =32t + 24 10,000
, B 3x?
4 10,000
1. (a) 1980-1986: 12607'63 = $9.5 billion/yr (e) 2004-2010: w ~ $17.2 billion/yr
(b) 1986-1992: @ = $7.5 billion/yr (f) 1980-2012: L‘fﬁ ~ $12.2 billion/yr
(c) 1992-1998: 226 7165 _ g0 billion/yr (g) 1990-2012: 43192 ¢34 billion/yr
18 — 12 2-10
(d) 1998-2004: % ~ $13.2 billion/yr (h) 2000-2012: % ~ $15.3 billion/yr
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2. (a) Imports:

6. f(x) =-x? -6x -5 [—3, l]

Section 2.3 Rates of Change: Velocity and Marginals 97

1980-1990: % = $25 billion/yr Average rate of change:
Af  fA)-f(-3)  -12-4
(b) Exports: Ar ) n
394 — 226 .
1980-1990: To-o0 = $16.8 billion/yr f'(x) - 2% —6
(c) Imports: Instantaneous rates of change: f'(-3) = 0, (1) = -8
1218 — 495 -
1990-2000: 010 " $72.3 billion/yr 7. f(x) = 325 L §]
(d) Exports: Average rate of change:
1990-2000: 252 =394 _ $388 billion/yr A _SB)-s0) _48-3_ 45
20 - 10 Ax 8-1 7 7
(e) Imports: fx) = 43
1560 — 1218 o ,
2000-2010: T 20 " $38.0 billion/yr Instantaneous rates of change: f'(1) = 4, f/(8) = 8
(f) Exports: 8. f(x) = X2, [1, 4]
1056 — 782 o
2000-2010: 59-20 = $30.4 billion/yr Average rate of change:
A A -1 8-1 7
Imports: —- = = ==
o 2268 — 245 A ot >0
1980-2013: =————"= = $61.3 billi
B0 llonyyr £(x) = 247
(h) Exports: 3
- Instant tes of change: f'(1) = =, f/(4) =3
1980-2013: 1580 = 226 _ $41.0 billion/yr nstantaneous rates of change: /(1 2’ /)
33-0
1
3. f(t) =3t + 51, 2] 9. f(x) = = [L, 5]
Average rate of change: Average rate of change:
2) - f(1 - :
& _ SO/ _n-8_ . A _ SO - _t-1 -
Al 2-1 ! Ax 5-1 3 4 s
S =3 : I
(%) = —=
Instantaneous rates of change: /(1) = 3, f(2) = 3 X
Instantaneous rates of change:
4. h(x) =7-2x; (1,3 " , 1
(v 1.3 £ =179 =L
Average rate of change:
An - h(3) = h(1 1-5
Vi G -hy = -2 10. f(x)zi;[w]
t 3-1 2 Jx
H(t) = =2 Average rate of change:
Instantaneous rates of change: h(l) = -2, h(3) = -2 Ay _ 59 - £ _ %— 1 _ j _ 1
Ax 9-1 8 4 6
5. h(x) = x> — 4x + 2;[-2, 2] , 1
S =50
Average rate of change: 2x
Ak h(2) _ h(—2) 2 _14 Instantaneous rates of change:
= = = =4
A 2-(-2) 4 L
) =1 110) = o
H(x)=2x-4

Instantaneous rates of change: h'(-2) = -8, K'(2) = 0
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98  Chapter 2 Differentiation

11. f(t) = ¢* = 2¢%[-2, -]
Average rate of change:

A S-S -1-8
A -1 (-2) 1

f(t) = 48 — 4

Instantaneous rates of change:

S(=2)=-24, /(-1) =0
12. g(x) =x -1 [—1, 1]

Average rate of change:

A _g)-g(=1) _0-(=2) _,
A 1-(-) 2

g'(x) = 3x7
Instantaneous rates of change:
g-1)=32¢01)=3

13. @) = w ~ 467

The number of visitors to the park is decreasing
at an average rate of 467 people per month from
September to December.

(b) Answers will vary. Sample answer: [4, 11]

Both the instantaneous rate of change at + = 8 and

the average rate of change on [4, 1 l] are about zero.

14, @) M _ 8002200 600 _ 36 g
At 3-1 2
(b) Answers will vary. Sample answer: [2, 5]

Both the instantaneous rate of change at + = 4 and
the average rate of change on [2, 5] is about zero.

15. s = =49 + 9 + 76
Instantaneous: v(r) = s°(t) = =9.8t + 9
(a) Average: [O, 1]:
s(1) — s(0)  80.1-76

= = 4.1 m/sec
1-0 1
v(0) = 5(0) = 9 m/sec
y(1) = s(1) = —0.8 m/sec
(b) Average: [l, 2]:
s(2) - s(1) _ 744 -801 _ 5.7 m/sec

2-1 1
v(1) = s(1) = —0.8 m/sec
v(2) = 5'(2) = -10.6 m/sec

(c) Average: [2, 3]:
s(3) — s(2) 589 — 744

e . — = —15.5 m/sec
) = $12) = 106 mjsee
) = 510) = ~204 mjsec
(d) Average: [3, 4]:
s(4) - 5(3) _ 336589 _ ., m/sec

4-3 1
v(3) = s'(3) = —20.4 m/sec
v(4) = 5°(4) = -30.2 m/sec

16. () H'(v) = 33{10(;-'/2) - 1} = 33{\;; - 1}

Rate of change of heat loss with respect to wind speed.
5
33— -1
[\5 }
kcal/m?hr

m/sec

(b) H(2)

=~ 83.673

83,673 Kedl | sec
m hr

m® 3600

= 0.023 kcal/m?

o
kcal/m%hr
m/sec

=
=

Wi
o

I

N

40.790

40790 XAl . se¢
m hr

— g0790 kel 1
m’ 3600

= 0.11 kcal/m?

17. s = —4.9¢* + 170

s(3) — s(2)

a) Average velocity = -
@ g y 35

1259 - 1504
1
= —24.5 m/sec

(b) v =s() = 9.8, v(2) = —19.6 m/sec,
v(3) = —29.4 m/sec

() s=-492+170 =0
4.9 =170
o 2 170
4.9

5.89 seconds
(d) v(5.89) = —57.7 m/sec

t

0
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18.

19.

20.

21.

22.

23.

24,

25.

32.

Section 2.3 Rates of Change: Velocity and Marginals

(a) s(f) = —4.91* — 5.5t + 64
v(t) = s°(¢) = 9.8t = 5.5

2) - s(1 -
®) [L2]: s(2) =51 _ 33423536 —20.2 m/sec
2-1 1
(¢) v(1) = -15.3 m/sec
v(2) = —25.1 m/sec
(d) Set s(1) = 0.
—4.9% 55t + 64 = 0
—497> — 55¢ + 640 = 0
ok J(E55) — 4(-49)(640) 55+ /128465 310 sec
2(—49) -98 '
(e) v(3.10) = —35.88 m/sec
C = 205,000 + 9800x 26. R = 50(20x — x¥?)
dC
o - 200 dar_ 50[20 - éxl/ﬂ = 1000 — 75v/x
dx 2
— 3
€ = 150,000 + 7o 27. P = —2x> + T2x — 145
c .,
o -2 P v n

dx

= 55,000 + 470x — 0.25x%, 0 < x < 940
€ =535 70x ¥, 0<x29 28. P = —0.25x> + 2000x — 1,250,000

dc
PR 4P _0.5x + 2000
dx

€ = 10009 +3v/x) 20, P = 0.0013%° + 12x

dc 1 150 dP
—=1000+37x1/2j=— = = 0.0039x2 + 12

dx { [2 Jx dx gy
R = 50x — 0.5x2 30. P = —0.5x> + 30x> — 164.25x — 1000
ar _ 50 — x Ll —1.5x2 + 60x — 164.25
dx dx
R = 30x — x2 31. C = 3.6/x + 500
dR _ o, (@ C(x) = 18/Jx

dx C'(9) = $0.60 per unit.
R = —6x° + 8x% + 200x (b) C(IO) _ C(9) ~ $0.584
Z—R = —18x? + 16x + 200 (c) The answers are close.

X

R = 2x(900 + 32x — )
(a) R = 1800x + 64x% — 2x°
R(x) = 1800 + 128x — 6x2
R'(14) = $2416
(b) R(15) - R(14) = 2(15)900 + 32(15) — 157 ] = 2(14)[900 + 32(14) — 147
= 34,650 — 32,256 = $2394
(c) The answers are close.

29
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100

33.

34.

35s.

Chapter 2 Differentiation

P = —0.04x* + 25x — 1500

@ T = 008x +25 = P(x)
dx

P/(150) = $13

® AP _ P(151) — P(150)  1362.96 — 1350
Ax 151 — 150

= $12.96

(c) The results are close.

P = 36,000 + 2048/x — 8%’ 150 < x < 275
X

P pougl Lz - 1(—2)(3)
dx 2 8

1024 1
Jxooo4axd

(a) When x = 150, @ _ $83.61.
dx

(d) When x = 225, ‘;—P - $68.27.
X

P = 1.73t> + 190.6¢ + 16,994

(a) P(0) = 16,994 thousand people
P(3) = 17,581.37 thousand people
P(6) = 18,199.88 thousand people
P(9) = 18,849.53 thousand people

P(12) = 19,530.32 thousand people

P(15) = 20,242.25 thousand people

P(18) = 20,985.32 thousand people

P(21) = 21,759.53 thousand people

The population is increasing from 1990 to 2011.

(b) = = P(1) = 3.46t +190.6

dP .
= represents the population growth rate.

(c) P/(0) =190.6 thousand people per year
P'(3) = 200.98 thousand people per year
P’(6) = 211.36 thousand people per year
P’(9) = 221.74 thousand people per year
P'(12) = 232.12 thousand people per year
P'(15) = 242.5 thousand people per year
P'(18) = 252.88 thousand people per year

P'(21) = 263.26 thousand people per year

The rate of growth is increasing.

(b) When x = 175, — = $77.41.
dx

() When x = 250, ZITP ~ $64.76.
X

ap (¢) When x = 200, % ~ $72.41,

(f) When x = 275, % ~ $61.75.

36. (a) 103

o/_\ |

98

(b) For ¢ < 4, the slopes are positive, and the fever is
increasing. For ¢ > 4, the slopes are negative, and
the fever is decreasing.

(¢) T(0) = 100.4°F
T'(4) = 101°F
T(8) = 100.4°F
T(12) = 98.6°F

(d) CZ—T; = —0.075¢ + 0.3; the rate of change of

temperature with respect to time
(e) T'(0) = 0.3°F per hour
T’(4) = 0°F per hour
T'(8) = —0.3°F per hour
T(12) = —0.6°F per hour
For 0 < ¢ < 4, the rate of change of the
temperature is positive; therefore, the temperature is

increasing. For 4 < t < 12, the rate of change of

the temperature is decreasing; therefore, the
temperature is decreasing back to a normal
temperature of 98.6°F.
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Section 2.3 Rates of Change: Velocity and Marginals 101

37. (@) TR = —-100Q* + 1600 39. (a) (400, 1.75), (500, 1.50)
(b) (TR} = MR = 200 + 160 Stope= 207175 g 903
© 500 — 400
c
0 0 |2 |4 |6 |8 |10 p — 1.75 = =0.0025(x — 400)
Model | 160 | 120 | 80 | 40 | O -40 p = —0.0025x + 2.75
Table | — 130 | 90 | 50 | 10 | -30 P=R-C=xp-c
= x(-0.0025x + 2.75) — (0.1x + 25)
38. (a) R = xXp = X(S - OOOIx) = 5x — OOOIXZ =0 0025x2 +265x — 25
(b) P =R—C = (5x—-0.001x?) — (35 + 1.5x) (b) s
= -0.001x? + 3.5x — 35
(c) aR _ 5 - 0.002x
dx
0 1200
ap _ 3.5 - 0.002x 0
dx
At x = 300, P has a positive slope.
X 600 1200 | 1800 | 2400 | 3000 At x = 530, P has a 0 slope.
dR/dx | 338 2.6 14 0.2 -1.0 At x = 700, P has a negative slope.
dP/dx | 2.3 1.1 —0.1 -1.3 2.5 (c) P’(x) = —0.005x + 2.65
P 1705 | 2725 | 3025 | 2605 | 1465 P/(300) = $1.15 per unit
P'(530) = $0 per unit
P(700) = —$.85 per unit
40. (36,000, 30), (32,000, 35)
35-30 5 1
Slope = = = —
32,000 — 36,000 4000 800
1
—-30 = ——(x — 36,000
P 800( )
1
= ——x + 75 (demand function
P =30 ( )

(@ P=R-C=xp-C= x(—&x + 75] — (5x + 700,000)

(b) 400,000

50,000

0

, 1
P(x) = ——x + 70
© Fx) 400"

P’(18,000) = $25 per ticket
P/(28,000) = $0 per ticket

P'(36,000)

—$20 per ticket

—L 4 70x - 700,000
800

At x = 18,000, P has a positive slope.
At x = 28,000, P has a 0 slope.
At x = 36,000, P has a negative slope.
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102 Chapter 2 Differentiation

41. (a) C(x) = (25’000 kmj( 1L j(o.m dollarj

yr x km 1L
17,500 doll
C(x) _ 7, dollars
X yr
dollars
dC 17,500 yr
® T T T
L
The marginal cost is the change of savings for a 1-kilometer per liter increase in fuel efficiency.
© 0|15 20 25 |30 35 40
C 1750 1166.67 | 875 700 583.33 | 500 437.5

dCldx | -175 -77.78 —43.75 -28 -19.44 | -14.29 | -10.94

(d) The driver who gets 15 kilometers per liter would benefit more than the driver who gets 35 kilometers per liter.
The value of dC/dx is a greater savings for x = 15 than for x = 35.

42. (a) f7(0.789)is the rate of change of the number of liters of gasoline sold when the price is $0.789/liter.

(b) In general, it should be negative. Demand tends to decrease as price increases. Answers will vary.

43. (a) Average rate of change from 2000 to 2013: % = 16’576'6163 — 1(?’786'85 =~ $445.37/yr
(b) Average rate of change from 2003 to 2007: AA—[; = 13’264'8§ — ;0’453'92 =~ $702.73/yr

So, the instantaneous rate of change for 2005 is p'(5) ~ $702.73/yr.
(c) Average rate of change from 2004 to 2006: % - 12:463.15 ~ 10,783.01 $840.07/yr

6 -4
So, the instantaneous rate of change for 2005 is p'(5) = $840.07/yr.
(d) The average rate of change from 2004 to 2006 is a better estimate because the data is closer to the years in question.

44. Answers will vary. Sample answer:

The rate of growth in the lag phase is relatively slow when compared with the rapid growth in the acceleration phase.
The population grows slower in the deceleration phase, and there is no growth at equilibrium. These changes could be
explained by food supply or seasonal growth.

Section 2.4 The Product and Quotient Rules

Skills Warm Up

L (x +1)(2) + (2x + 7)(2x) = 22 + 2 + 4x? + 14x

6x2 + 14x + 2

2(3x* + 7x + 1)

2. (2x — 7)(8x) + (4x7)(2 — 3x?) = 16x” — 8x* + 8x — 12x*
= 24x? - 20x*
= 4x(6 - 5x%)

3 x(@)(x +2)(2x) + (¢ + 4)1) = 82(x* +2)'(x + 4)
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Section 2.4 The Product and Quotient Rules

103

Skills Warm Up —continued—

4. 2(2)(2x + 1)(2) + (2x + 1)*(2x)

4x?(2x + 1) + 2x(2x + 1)4

s e 7)) - (5v+6)2)

2x(2x + 1) 2x + (25 + 1) ]

10x + 35 = 10x — 12

(2x + 7)

(2x + 7)°
23
(2x + 7)°

6 (x2 - 4)(2x +1) - (xz + x)(Zx) _ 2% + X% = 8x — 4 - 2x° - 2x?

-

(x2 + 1)(2) - (2x + 1)(2x)

(2 -4
—x? —8x — 4

-

_2x2+2—4x2—2x

(x2 + 1)2

N (1= x*)(4) = (4x — 1)(-4x°)

(x2 + 1)2
2x* - 2x +2
(& +1)
—2(x2 +x - 1)
(x +1)°

4 — 4x* + 16x* — 4x°

(1=

9. (¥ + x)(2) + (2x = 3)(—x

(1=
12x* —4x° + 4
(1=

+
|

=2x' +2x + (—2x*1 +2x +3x2 - 3)

4x +3x72 -3

3
x2

4x + -3

453 = 3x2 +3

1—x" = x7" + 4x7? xi
1—2x1 +x2 x?

X2 —2x+ 4
x> =2x+1
¥} - 2x+ 4

(x =1
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104 Chapter 2 Differentiation

Skills Warm Up —continued—

1. f(x) =3x —x+4

13, f(x) = % = Sy
f(x)=6x-1 5 )
@)= 62) -1 =
=12-1 iy = 2
=11 S@ = 7(2)°
12. f(x) = =x* + x> + 8 = —i
f(x) = 3x> +2x + 8
F(2)=-3(22) +2(2) + 8 4. f(x) = x* - %
i;3(4)+4+8 f'(x):2x+%
e =202+ 5
—a42
8
=4 + l
4
17
T4
1. f(x) = (2x = 3)(1 - 5x) 5. f(x) = x(x2 + 3)
f(x) = (2x = 3)(-5) + (1 - 5x)(2) S(x) = x(2x) + (x2 + 3)(1)
= —10x + 15 + 2 — 10x PR
= —20x +17 I
2. g(x) = (4x = 7)(3x + 1) 6. f(x) = (3 - 1)
g(x) = (4x = 7)(3) + (3x + 1)(4) . 29,2 ;
= 12x — 21+ 12x + 4 () = 22(0x7) + (3x = 1)(29)
= 24x — 17 = Ox* + 6x* — 2x
= 15x* - 2x
3. f(x) = (6x — x?)(4 + 3x) ,
f(x) = (6x = x7)(3) + (4 + 3x)(6 — 2x) 7. h(x) = [; - 3)(;:2 +7) = (2x7" = 3)(x* + 7)
= 18x — 3x* + 24 — 8x + 18x — 6x° h'(x) — (2x’l _ 3)(2x) + (x2 + 7)(_2{2)
= —9x? + 28x + 24 46— 2 — 1452
4. f(x) = (5x - x3)(2x +9) = —6x+2 — %
f(x) = (Sx - x3)(2) +(2x + 9)(5 - 3x2)
= 10x - 2x° +10 — 6x° + 45 — 27x” 8 f(x)=(3- x)(;iz - 5) = (3-x)(4x? - 5)

= —8x% — 27x% + 20x + 45

S (x)=(03- x)(—8x’3) + (4):’2 - 5)(—1)
= —24x73 +8x2 —4x2 +5

_ﬁ_{_i_’_S
X3 Xz

© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




10.

11.

12.

13.

. g(x) = (xz - 4x + 3)(x -2)

gx) = (x2 —4x+3)(1)+(x—2)(2x—4)
=x? —4dx+3+2x" —4x —4x +8
=3x? —12x + 11

g(x) = (x2 - 2x + 1)(x3 - 1)
g(x) = (x2 - 2x + 1)(3x2) + (x3 - 1)(2x -2)
=3x* —6x° +3x% +2x* —2x° —2x + 2

=5x* -8 +3x* —2x +2

h(x) - X i 5
b = G _xosox s
(x=5) (x=5) (x=5)
h(x) - x)i 3
, (x + 3)(2x) = x*(1)
h(x) =
) (x +3)
_ 2x2 + 6x — x?
(x +3)’
_ x* + 6x
(x+ 3)2
fe) = 23tz2 +_ 13
o (B 1)(4) - (22 - 3)(3)
10 = (3t +1)
1207 + 4 — 607 + 9
- (Gt + 1)
67+ 41+ 9
G+
fla) = 222
yon (4x =9)(7) = (7x + 3)(4)
S = (4x - 9)’
_ 28x— 63— 28x — 12
(x - 1)’
5
 (4x-9)

Section 2.4 The Product and Quotient Rules
t+6
15. f(¢) =
1l = 55
, > = 8)1) - (r + 6)(20)
f ([) — ( ) >
(e - 8)
-8t - 22 - 12t
(-8
-7 —12t - 8
(> ~8)
4x -5
16. =
g) x* -1
, (x> = 1)(4) — (4x — 5)(2x)
g'(x) = 2
(<* -1
_ 4x* — 4 — 8x* + 10x
(@~ 1)
_ —4x? +10x - 4
(=)
. x? +6x +5
17. = —
f(x) 2x -1
, (2x = 1)(2x + 6) — (x* + 6x + 5)(2)
f(x) = 2
(2x -1
_ 4x* +12x — 2x — 6 — 2x* = 12x — 10
(2x —1)°
_ 2x* - 2x — 16
(2x - 1)*
18. f(x) = 4 — x + 2
) 3 - 4x
, (3 — 4x)(8x — 1) — (4x* — x + 2)(—4)
S (x) = 2
(3 —4x)
_ 24x — 3 —32x> + 4x + 16x% —4x + 8
(3 - 4x)°
_ —16x* +24x + 5

(3 - 4x)’

105
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106 Chapter 2 Differentiation

6 + 2x7! 5—x72
19. == 20. =
/() 3x -1 /() x+2
, (3x = 1)(-2x72) = (6 + 2x7")(3) , (x +2)(2x7) = (5 - x7)(1)
f(x) = : f(x) =
(3x - 1) X+ 2
x4 202 — 18 — 6! _ 2T AT ks X
Bx - 1) (x +2)
2x72 —12x7' — 18 _4xT +3x7 -5
= - 2
(Bx - 1)’ (x +2)
212 g S 3-s
_ X2 x 2 —12x —18x7 :%
(3x - 1)2 x*(3x — 1)2 (x +2)
4+ 2x - 5x3
x*(x + 2)2
Function Rewrite Differentiate Simplify
3
21. f(x) = al -i3—6x f(x) = %x3 + 2x f(x)=x+2 f(x)=x*+2
x>+ 2x? 1 3 2 3
22. = = = —x + —x? (x) = =22 + = (x) = = + 2
/) 10 Slx) = 5% + 3% S = g% + 3% S = g% + 3%
7x? 7 7 14
23, y = — = —x? '=2.2 - T
77T e rEs r st
2x* 2 2 8
24, y = — = =x* f =24y ! = Zx
YT e R e
7 7 , ) , 7
25.y:§ y=§x3 y=-7x"* y:—?
4 4 8 8
26. y = — = —x72 ! = 2y =
YT 52 e 7 5" 7 5x°
4x? = 3x 1 3 3 3 3 3
27y = = 2 252 x 20 r_ 22 _ 2 - r_ 2 _
SrNE FE TR T ¥o= 16</x
5(3%7 + 2x) 5 5 25 10 25 10
28 y= — " =2xP + B x 20 f= W —xBx 2 0 T = 2R+
y 6\3/; y 2X 3x X y 6 X 9 X X y 6 X 9\3/;
X2 —4x +3 1 , 1 , 1
29 y=-— "7 = —(x-3),x %1 =—(),x =1 =—x#l
Y y =gl 3 V=S r et
x> -4 1 , 1 , 1
30 y= ——— = —(x-2),x % -2 = —(1),x = -2 =—x#-2
YT 4x v 2) y=gx= 2 Vo= TS

31 f(x) = (x* = 3x)(4x + 3) + (3x* = 3)(2x* + 3x + )

4x* +3x3 —12x% — 9x + 6x* + 9x% + 9x? — 9x — 15
=10x* + 12x> = 3x2 —18x - 15

Product Rule and Simple Power Rule
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32.

33.

34.

37.

38.

39.

40.

#(1)

= 28% — 4265 —15t* — 8t + 7
Product Rule and Simple Power Rule
h(r) = 3(61 - 4)

W(t) = %(6) =2

Constant Multiple and Simple Power Rules
f(x) = 53x-9)

I =306) =3

Constant Multiple and Simple Power Rules

f(x)zxz—x—20=(x—5)(x+4)=x_5,x¢_4

x+4 (x+4)
S(x) =1

Simple Power Rule

32 +220+7 (Bt +1)(1+7)

h(t
) 1+7 1+7
Wty =3,1#-7

Simple Power Rule

glt) = (20 -1) = (20 - 1)(22 - 1)

gl(r) = (268 = 1)(62) + (27 = 1)(62?)

Product Rule and Simple Power Rule

£(x) = (4x* = 20 = 3) = (4x — 2x - 3)(4x — 24 - 3)

(£ = 1)(8 = 7) + (5¢*)(4¢> — 7t - 3)
86 — 76 — 8t + 7 + 20¢% — 355 — 15¢*

= =3t+1t+-7

Section 2.4 The Product and Quotient Rules 107

(x = 1)(3x% +3) = (x* + 3x + 2)(2x)
(@ =)
3xt =3 - 2x* — 6x% — 4x
(-1
x* —6x2 —4x -3
(-1

Quotient Rule and Simple Power Rule

35, f(x) =

36. f(x) = %
f'(x) _ (x3 - 5)(3)(2 - 8x) 3— (2xz —4x? — 9)(3x2)
(¥ -3)

3x° — 8x* —15x% + 40x — 6x° + 12x* — 27x2

(v -3)°
—3x° + 4x* — 42x% + 40x
(x -3

Quotient Rule and Simple Power Rule

f(x) = (4x° = 2x = 3)(12x% = 2) + (4x° - 2x = 3)(12x% - 2)

= 48x% — 24x> —36x% —8x> +4x + 6 + 48x° —24x> - 36X -8 +4x+ 6

= 96x° — 48x% — 72x% —16x* + 8x + 12

Product Rule and Simple Power Rule
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s —2s+5 _s2—2s+5
\/; N s
sl/2(2s -2)- (sz — 25 + 5)(%3’1/2)
s
2632 _ g2 _ %53/2 T %S—l/z

41. g(s) =

gls) =

N

_3ap_p Sy _387-25-5

2572
Quotient Rule and Simple Power Rule
3 _ &2 _ 3 _ &2 _
2. f(x) = x> = 5x 6x  x’ - 5x 6x

x B X2

= 52 _ 55302 L gyl?

, 53 15 12
x) = —x7" — —x'" = 3x
7 :

2
_ S5 15, 3
R )
_ 5x2 —15x — 6
- 25 V2

Constant Multiple and Simple Power Rules

8. 1 =& _41)(sz+ ) 3x24; ixz_ :
o+ 24659 57 5621

) = (4x + 2)

_ 24x% — 8x — 10 — 12x% + 20x + 8
B (4x +2)°

_ 12x* +12x = 2

C 42x+1)

2(6x7 + 6x - 1)
2(2x + 1)

_ 6x% + 6x — 1
2(2x + 1)

Quotient Rule and Simple Power Rule

a4 f(x) - (x+D)2x-7) 2x* =5x-7
) 2x + 1 2x + 1

(2x + 1)(4x = 5) = (2¢% = 5x - 7)(2)

S0 = (2x + 1)’
_ 8x% — 6x — 5 — 4x> + 10x + 14
(2x + 1)’
_ 4+ 4x+9

(2x + 1)}

Quotient Rule and Simple Power Rule

45. f(x) = (x+4)(2x +9)(x - 3)
= (267 +17x + 36)(x - 3)

F(x) = (267 +17x + 36)(1) + (x = 3)(4x +17)
= (207 +17x + 36) + (4x + 5x - 51)
= 6x* + 22x — 15
Product Rule and Simple Power Rule
46. f(x) = (3x° + 4x)(x = 5)(x + 1)

= (3)63 + 4)6)()62 —4x — 5)

F(x) = (3x% + 4x)(2x — 4) + (x* — 4x — 5)(9x7 + 4)

= (6x* —12x* + 8x? — 16x)
+(9x* = 36x" — 41x? — 16x — 20)
= 15x* — 48x> — 33x% —32x - 20
Product Rule and Simple Power Rule

47. f(x) = (5x + 2)(x2 + x)

S(x) = (5x +2)(2x + 1) + (xz + x)(S)

=10x> + 9x + 2 + 5x% + 5x

=15x* + l4x + 2
m = f’(—l) = 3 ) (_1’0&'_.-
y=0=3(x-(-1) /[
y=3x+3

i 110) = (2 = ) - 3)
F(x) = (2 =137 = 3) + (x> - 3x)(2x)
3x* — 6x% + 3+ 2x* - 6x2
=5x" —12x* +3
m= f(-2) = 5(-2)" =12(-2)" +3 = 35
y = (=6) = 35(x = (-2))
y+6 =35+ 70
y = 35x + 64

2

-6 | 6

il

(-2, *6)1
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9. f(x) = (x> - 4) 50. f(x) = /x(x = 3) = x"*(x - 3)
S(x) = x*(2x) + (x2 - 4)(3x2) f(x) = xl/z(l) +(x - 3)(%)('/2)
= 2x* + 3x* — 1247 10 = xl/2 + %xl/z — %xil/z
= 5x* — 1247 ]ﬁ\ j _ %xl/Q _ %x—l/z
m= f(1)=-7 )
5 = m=10) =300 =30 =3 -3 =4
y=(=3)=-7(x-1)
y=—7x+4 10 y_18:4(x_9)
y = 4x — 18
10
9, 18)
0 20
0
3x -2
51. =
f(x) x+1
, (x+1)(3)-(Bx-2)(1) 3x+3-3x+2 5
fx) = 2 = 2 = 2
(x+1) (x+1) (x+1)
, 1
4) = -
OEE
y-2=—x-4) :
_7ﬁ3)—‘4
y—2=%x—§ 72#{ 10
=L 8
= 5 -4
-1)2-(2 1 — 3x — 2)(6 5 2 -
52 /() = (x-1) (2x+ ) _ 3 : s, f(x):(x )(6x +5) _ 18x’ +3x - 10
(x=1) (x=1) 2x — 3 2x — 3
1(2) =-3 e (2x = 3)(36x + 3) — (18x + 3x — 10)(2)
X) =
y=-5=-3x-2) (2x - 3)°
y=-3x+11 _72x% —102x — 9 — 36x% — 6x — 20
- 2
8 (Zx - 3)
36x% —108x + 11
2.5) = —
(2x - 3)
7 — = ) = 36(-1)" = 108(=1) + 11 _ 31
B (2-1) - 3)° .
31
y - (1) = 2 - (1) o
RETN
YT -
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54.

55,

56.

57.

58.

Chapter 2 Differentiation

(x+2)(x* +x) ¥ +3x2 4 2x

i) = x—4 - x—4
) = (x = 4)3x7 + 6x + 2) — (x* + 3x7 + 2x)(1)
0T (=4
_ 3x3 —12x% + 6x% — 24x + 2x — 8 — x> — 3x?
(x =4
_ 2x% — 9x? — 24x — 8
(x =4
o 2007 =901 —24(1) -8 13
= 1 = = ——
m = f(1) (1- 4)2 3 \
13
= () = - )
BT
YEFTS
() = (x = 1)(2x) - x*(1) _ x2 = 2x

(x =1’ (x =1’

S/(x) = 0when x* — 2x = x(x — 2) = 0, which
implies that x = 0 or x = 2. Thus, the horizontal
tangent lines occur at (0, 0) and (2, 4).

, (x2 + 1)(2x) - (xz)(Zx) 2y
A (x) = 2 = 2
(x2 + 1) (x2 + 1)

/7(x) = 0 when 2x = 0, which implies that x = 0.

Thus, the horizontal tangent line occurs
at (0, 0).

, (x3 + 1)(4x3) - x4(3x2) X0 + 43
f(x) = 2 = 2
(x3 + 1) (x3 + 1)

f(x) = 0 when x® + 4x* = x3(x3 + 4) = 0, which
implies that x = 0 or x = </—4. Thus, the horizontal
tangent lines occur at (0, 0) and (\3/ -4, -2.1 17).

(x? +1)(4x%) = (x* + 3)(2x)
(¥ +1)
2x(x* + 3)(x* - 1)
(x +1)

[(x) =

/(%)
implies that x = 0 or x = *1. Thus, the horizontal
tangent lines occur at (0, 3), (1, 2), and (-1, 2).

0 when 2x(x2 + 3)(x2 - 1) = 0, which

60.

61.

62.

f(x):x(x+1):x2+x
S(x)=2x+1
T
flx) =P (x+1) =x> +x?
f(x) =3x% + 2x = x(3x + 2)
3 f/ )
2 / 7 2
f(x) = x(x + )(x = 1)
f(x) =3x =1
7
) =x(x+)(x-1) =x*-x
f(x) = 4x* = 2x = 2):(2)(2 - 1)
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63.

64.

65.

68.

Section 2.4 The Product and Quotient Rules 111

dP 50(¢ + 2)(1) — (¢ + 1750)(50
c-mfi- ) o, 47 _ S0+ 20 - (¢ 175050
Sp o+l dt [50( + 2)]
dx o (5p+1)3 - (fp)(S) PR I N _ SO +2) - (¢ +21750)]
p (5p +1) (5p +1) 2500(¢ + 2)
1748
When p =4, & = 275 3 _| = _187 units 50(¢ + 2)°
dp (21)
doll __ 814
per dollar. 5+ 2)2
dx (p +1)(2) - 2p)1) dP 874
2 _o0-1- =1, &£ _ 27
dp (p+ 1)2 (@) When ¢ =1, 7 225 3.88 percent/day.
=-1- 2 (b) When ¢ = 10, & _ 874
(p+1) dt 3600
2 437
_prl)y -2 " 1800
2
(p+1) = —0.24 percent/day.
_ P’ -2p-3
S ] ) -
(p+1) 67.P=12t+1
©+1
dx -9-6-3 .
When p =3, % = —1.13 units o (t2 + 1)(2t - (tz 4 1)(2!) _ Y
per dollar. (t2 + 1)2 (t2 + 1)2
) (50 + tz)(4) — (41)(20) 200 — 472 (a) P/(0.5) = —0.480/week
P =500 3 = 500 —— )
(50 + ) (50 + ) (b) P/(2) = 0.120/week

184 (c) P/(8) = 0.015/week
When t = 2, P’ = SOOL 5
5

Each rate in parts (a), (b), and (c) is the rate at which the

1 = 31.55 bacteria/hour.
level of oxygen in the pond is changing at that particular

time.

2
- 10{412 + 161 + 75]

t° + 4t + 10
Initial temperature: T(0) = 75°F

2 + 4 + 10)(8 + 16) — (462 + 16t + 75)(2t + 4 ~700(¢ + 2
T’(t):IO( ) ) ( i I ) __—700( + )2
(£ + 4t + 10) (2 + 4t + 10)

(@ T'(1) = —9.33°F/hr
(b) T'(3) = —3.64°F/hr
(©) T'(5) =~ —1.62°F/hr
(d) 7/(10) = —0.37°F/hr

Each rate in parts (a), (b), (c), and (d) is the rate at which the temperature of the food in the refrigerator
is changing at that particular time.
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Chapter 2 Differentiation

69. C=x>—15x> +87x - 73,4 < x <9

70.

71.

Marginal cost: cclz'£ = 3x? - 30x + 87
X

Average cost: Co v isesgr -2
x x

(@ %

0

(b) Point of intersection:

3x2 —30x + 87 = x2 —15x+87—E
X
2x2 — 15x + 7—3 =0
x
233 —15x2 +73 =0
x = 6.683
When x = 6683, < = %€ = 2050,
X dx

Thus, the point of intersection is (6.683, 20.50).
At this point average cost is at a minimum.

(a) As time passes, the percent of people aware of the
product approaches approximately 95%.

(b) As time passes, the rate of change of the percent of
people aware of the product approaches zero.

c=100[@+ o j
X x + 30

= 100{—2(200953) + (x(+ 303)0)_2 x}
X+

_ 100{_400 . 301

X (x +30)
, 400 30
C'(10) = 100| -2 + 2= | = -38.125
@ c1(10) [ 10° 402j
(b) C(15) = -1037
(©) C(20) =~ 38

Increasing the order size reduces the cost per item.

An order size of 2000 should be chosen since the
cost per item is the smallest at x = 20.

72. () P =ax*+bx+c

73,

74.

75.

76.

When x =10, P = 50: 50 = 100a + 10b + c.
When x =12, P = 60: 60 = 144a + 12b + c.
When x = 14, P = 65: 65 = 196a + 14b + c.

Solving this system, we have

a= —%, = %,and ¢ = -75.
Thus, P = —3x* + Lx - 75.
(b) 80
0 20
0
(¢) Marginal profit: P = —3x + 2 =0 = x =15

This is the maximum point on the graph of P, so
selling 15 units will maximize the profit.

f(x) = 2g(x) + h(x)
f(x) = 2g'(x) + H(x)
f2)=2-2)+4=0
f(x) =3 - g(x)

f(x) = —g'(x)

@ =-2=2
f(x) = g(x)h(x)

S(x) = g(x)h'(x) + h(x)g'(x)
72) = g2 (2) + h(2)g(2)
= (3)4) + (-1)(-2)

- 14
:(t)]
, h(x)g'(x) — g(x)h'(x)
f X) = 2
¥ )
, (=1)(-2) - (3)4)
f = 3 = -10
(2 =

77. Answers will vary.
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Chapter 2 Quiz Yourself

1. f(x) =5x+3
£) = tim f(x + Ax) — f(x)

Ax—0 Ax

] [S(X + Ax) + 3] - (5x +3)
= lim
Ax—0 Ax
S5x +5Ax +3-5x-3

= lim
Ax—0 Ax

. 5Ax

lim —
A—0 Ax

lim 5 =5

Ax—0

At (=2,-7):m =5

3. f(x) =3x - x?
f(x + Ax) - f(x)

o) = m, 2229
[3(}5 + Ax) — (x + Ax)q - (3x - xz)
= lim
Ax—0 Ax
3x + 3Ax — (x2 + 2x(Ax) + (Ax)z) - (3x - xz)
= lim
Ax—0 Ax
g 3x + 3Ax — x* — 2x(Ax) - (Ax)2 —3x + x2
h Axlglo Ax

— 2x(Ax) — (Ax)’
— lim 3x x( x) (x)

Ax—0 Ax

 im Ax(3 - 2x — Ax)
Ax—0 Ax

= lim 3-2x-A)=3-2x
Ax—0

6. f(x) =x*=3x —=5x* +8
f(x) = 4x* = 9x* — 10x
7. f(x) = 12x4

Af’(x) = 3X_3/4 = W
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2. f(x) =~x+3
) = im L ixz — /)

=l

.m\/x+Ax+3—\/x+3

Ax—0 Ax

x+ A +3—-(x+3)

im
AH‘)Ax(\/x +Ax +3 ++/x +3)

1
= lim
a—0/x + Ax + 3 + ~/x + 3
_ 1
2x + 3
1 1
At (1, 2): m = = —
( ) 21+ 3 4
8. f(x) =4x7
) = 8 =
X

9. f(x) =10x" + x73

f'(x) = 2x 65 _3x4 = — 2

o5

3

X

A
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2x +3 |
10. f(x) = I 16. f(x) = 5’[ 5,-2]
, (3x + 2)(2) = (2x + 3)(3) Average rate of change:
f(x) = 2
(3)6 + 2) _l B [_ij _i
6x+4—6x—9 A _f=2)-76) - 6 L15) _ T30 _
= W Ax -2 - (-5) 3 3 30
5 , 1
R f(x) = ——
(3x + 2)2 3x?
Instantaneous rates of change:
11. = (x2 +1)(-2x + 4 (o) = - s = L
S(2) = (¢ +1)(2x + 4) S(22) = =5 11=5) = ——
F(x) = (& +1)(=2) + (-2x + 4)(2x)

17. f(x) = I/x;[8,27]
Average rate of change:
A SR -/(®) _3-2_ 1

F(x) = (¥ + 3x + 4)(5) + (5x — 2)(2x +3) Ax 27 -8 19 19

Fx) = U = 2P

—6x +8x -2

12. f(x) = (x2 + 3x + 4)(5x -2)

=5x2 +15x + 20 + 10x> + 11lx — 6

= 2 iy = Lo 1
15x° + 26x + 14 f(x) = gx = 37
1B f(x) = 2 , 1
. 213 Instantaneous rates of change: f”(8) = o
) X2 + 3)(4) - 4x(2x) (7) = L
f(x) = ( )2 5 f( ) 27
(x + 3)
4 1282 18. P = —0.0125x* + 16x — 600
=2 ="
(x* +3) @ P - _0.025x +16
dx
=4’ + 12 »
(¥ + 3)2 When x = 175, o $11.625.
_ 4 -3 (b) P(176) — P(175) = 1828.8 — 1817.1875
(> +3) = $11.6125

(c) The results are approximately equal.
14. f(x) = x* = 3x + 1[0, 3]

_ 5,2 _
Average rate of change: 19. f(x) =5x"+6x -1

g:f(3)—f(0):]_1:0 f/(x)=10x+6
Ax 3-0 3 At (-1, =2), m = 4.
f(x)=2x-3 y 42 = (x4 )
Instantaneous rates of change: f7(0) = -3, f’(3) = y=—-4x -6

15. f(x) =2 +x —x+ 4[-L1] \& 2‘|’
Average rate of change: -5 4
ﬂ_f(l)_f(_l)_6—4_l (—l,—z\)
A 1-(-)) 2

f(x) = 6x* +2x — 1

Instantaneous rates of change: f'(-1) = 3, f(1) = 7
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Section 2.5 The Chain Rule 115

20. f(x) = 8 - = §x32 21. f(x) = (x2 + 1)(4x -3)
X
1) = 12y 2 1 S(x) = (5% +1)(4) + (4x - 3)(2x)
flx) = —12x __xsﬁ__xz\/; = 4x? + 4 + 8x* — 6x
12 3 =12x* —6x + 4
m=f(4) = -—— =2
(4yva 8 m = (1) = 120" = 6(1) + 4 = 10
y_lz_g(x_@ 5 y—2=10(x -1 0

y =10x - 8 1,2) /
=

(4, 1)

<
|
—
1l
|
|
=
+
|
|
o
=]
e

y = ——X + —
-1 ~10
5x + 4
22. =
f(x) 2 — 3x
) = (2-3x)5) - (Sx+4)(-3) 10 -15x+15x+12 22
(2 - 3x)° (2 - 3x) (2 - 3x)’
, 22 )
m=f()=———— =22
Oy [T g
y - (=9) = 22(x - 1) -
y+9=22x-22
y = 22x - 31 B

23. S = —0.01722F + 0.7333¢> — 7.657t + 4547, 7 <t <13
ds , )
() i S(¢) = —0.051666> + 1.4666t — 7.657

(b) 2008: S'(8) = $0.77/yr
2011: S(11) = $2.22/yr

2012: §(12) = $2.50/yr

Section 2.5 The Chain Rule

Skills Warm Up

L3 -5x)" = (=507 s Nx w21 = 25"
"1 2x
2. 3 (2x 1) = (2x - 1)"* -
/
L NG-T) (- 7" (2973 = 70"
3 1 (4 2, 1)71/2 2x 2x
= (4
N
¥ 7. 3x% — 6x% + Sx — 10 = 3x%(x — 2) + 5(x - 2)
S (2x° + 9)71/6 = (3x? +5)(x - 2)

' 82x* +9
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Skills Warm Up —continued—

8. Sxx —x - 5Ux +1

x(5v/x = 1) = 1(5v/x - 1)
(x = )(s5v/x - 1)

10. —x° + 6x° + 7x2 — 42 = —x3(x2 - 6) + 7(x2 - 6)

(—x3 + 7)(x2 - 6)
e =7 o

10.

y=(3x+1)71 u=3x+1 y=u"

= (x2 - 3)71/2 u=x>-3 y = u?
y = (4x + 7)2

"= 2(4x + 7)'(4)

= 8(4x + 7)

= 32x + 56

y = (3)62 - 2)3
¥ = 3(3x2 - 2)’(6x)

y 18x(3x2 - 2)2

V3 - x? = (3 - xz)l/z
’ 1 -
y 5(3 - xz) 1/2(—2)6)

’ -1/
y —x(3—x2)12 =—(3_);2)1/2

<
Il

’ X

3—x2
y = 446x + 5 = 4(6x + 35)"*
Y = 4&)(& +5)7(6)

V' = 6(6x + 5)75/4 = 6

(6x + 5)""

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

y = (5)64 — 2)6)2/3
y = @)(Sx“ —2x) (204 - 2)
Y = @j(sf‘ —22) )00 - 1)
v = G)(Sx“ —2x) (10x° - 1)
. 4(10x° - 1) _40x’ -4
g 35wt —2x)" 3/sxt -2
y = (x3 + 2x2)_1
¥ = (=1)(x* + 2x? (3% + 4x
(-1)
Y= - 3x2 + 4x
(x3 + 2)62)2
f(x) = . 2 = 2(1 - x3)_1; (c) General Power Rule
- x
7

=701- x)73; (c) General Power Rule

fx) = \3/8_2 ; (b) Constant Rule

f(x) = I/x? = x?; (a) Simple Power Rule

X249 .
=——— (@ otient Rule
f(x) X +4x2 -6 (@) Qu U
w2
x) = ————; (d) Quotient Rule
f( ) X +2x-5 @Q

¥ =3(2x - 7)°(2) = 6(2x - 7)°

y=(3-5x)’
¥ = 4(3 - 5x)'(=5) = —20(3 - 5x)°

K(x) = 2(6x — x*)(6 — 3x%) = 6x(6 — x7)(2 — x?)
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22.

23.

24.

25.

26.

27.

28.

Section 2.5 The Chain Rule 117

f@) = (22 - 6x)" 29, flx) = —1 = (2 +11) "
10 = (3o - 69 (6" - ) (o +ny
| 3 £(x) = (—%)(xz +11) " (2)

-9/2

709 = (§Jor - 09 6 - )

f(x) = —7x(x2 + 11)
f(x) = 8(2x3 - 6x)l/3(x2 - 1)

(x) = Tx _ Tx
. T, 92 — R )
) =TT = (4 )" (o™ e
SN RO 30. y=(4- )"
S0y =S+ 1) () N (4 ) ~
’ 24 - 3*7/3_32:#
g(x) = /5-3x = (5-3x)" [ 3]< ¥ ) 34 - )"
, 1 -12 3
= (5 -3x) *(-3) = ——— ,
¢ =30 -3 ") = 5, £ = 203)(x - 1) (2%) = 124(x* = 1)
s(t) = N2 + 5t +2 = (267 + 5t + 2)1/2 S12) = 24(3%) = 216 o0
7(2) = 54
’ _ l 2 _1/2 — 4t + 5 .
S(t)—2(2t +5t+2) (4t +5) —2m )54 = 206(x - 2) ol _;)gsm .
= 216x - 378
vy = 04x? +3 = o(4x? +3)" g i
¥ = 9[%](4)& +3) (%)
o 32. f(x) = 12(9x — 4)°(9) = 108(9x — 4)’
¥ = 24x(4x? + 3)‘/ , 3
y £(2) = 12(14)°(9) = 296,352
, X 4
y = W f(2) = 3(14)" = 115,248
v — 115,248 = 296,352(x - 2)
f(x) = 2(2 - 9x)” y = 296,352x — 477,456
, i 54 200,000
= 2(=3)(2 - 9x) }(-9) = ———
f(x) = 2(=3)(2 = 9%) (-9) 2 -9
(2,115,248)
3 -5
= =3(7x2+6 \
g(x) 7x2 n 6x) ( X x) -1 S 5
(%) = 3(=3)(7x> + 6x) " (14x + 6) 8. 1) = ST = (4 = 1)
g'(x) = —15(7x> + 6x) "(14x + 6) ) = 1 (45" — 7)_./2 (8) = 4x
() = _15(14x + 6) 2 4x? =7
(7)62 + 6)6) f/(z) — % .
f(2) =3
y-3=35-2) /
8 7 P
y=x-o
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118 Chapter 2 Differentiation

4. f(x) =x/x>+5 = x(x2 + 5)1/

2

xB(xz ¥ 5)_1/2(2)()} (e + )"0

f(x) =
= (2 +s) (2 +9)”
= (x2 + 5)71/2[x2 + (x2 + S)J
_ 2x* +5
N
iy _ 13 10
) =5
f(2)=6
13
y—6= ?(x -2) , :
RER ‘
R

35. f(x) =~/x*-2x+1 =

_ x -1
Nxt - 2x + 1
_ox—1
[x =1
@) =1
f(2) =1 -2
y-1=1x-2)
y=x-1
, 2 2\"5/3
36. f(x) = —5(4 - 3x%) 7 (—6x)
, 4(2) 8 1
2 = = = ——
f( ) (_8)5/3 -32 4
Q) = (97 =
4
y—i=—%(x—2) 2
LI
YETYTY
_ a2 4432
3. f(x) = 1-3x 4x2
2x(x? + 1)
f'has a horizontal tangent -
when 7 = 0.

38. f(x) =

39. f(x) = -

40. f(x) =

41.

42.

43.

V2

2x(x + 1)

f7 is never 0.

(x +1)/x

2x(x +1)

f” is never 0.

2 — 5x2
2/x

/ has a horizontal tangent
when 7 = 0.

-1

y=(4-)

y' = (—1)(4 - xz)iz(—Qx)
2x
Tee)

General Power Rule

-1

s(t) = ﬁ:ﬁ = (2 +3- 1)71
S(1) = —1( + 36— 1) (2 + 3)

B 2 +3

B _(tz + 3t - 1)2

General Power Rule

st
TS
V= (c +8)°(5) - (50) 22)(1 + 8)(1)
((c+8)7)
,S(t+ 8)(r +8) — 2]
y = 3
( +8)

, 5(t+8)(—t+8) 5(t-28)
T T

Quotient Rule and Chain Rule
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Section 2.5 The Chain Rule 119

44, f(x) = 3x(x> - 4) 50. f(x) = x'(x — 4)
3(,2
, 3 Y :x(x —8x+16)
S = SX[(_z)(x3 -9 (3x2)} SRR A = x5 - 8x* + 161"
-3 -2
= -85’ - 4) "+ 3(x" - 4) F(x) = 5x* - 3227 + 48x°
= -3 - 4)’3[6x3 - (¢ - 4)] = (547 — 32x + 48)
-3(5x° + 4) = x?(5x — 12)(x — 4)
- (x3 _ 4)3 Simple Power Rule
Product Rule and Chain Rule 51. y = x/2x +3 = x(2x + 3)1/2
45. f(x) = (2x = (9 - 3x?) y = xB(zx + 3)’1/2(2)} +(2x +3)"
F(3) = (2 = 1(=63) + (9 - 32)2) (e 3+ (264 3)]
= —12x* + 6x + 18 — 6x? L 3(x+1)
= 18 + 6x — 18x’ ENEEE
= —6(3x2 - 2x - 3) Product and General Power Rule
Product Rule and Simple Power Rule 52. y = 2uJr + 6 = 2u(t + 6)1/2
46. y = (Tx + 4)(x* - 22%) y=2{5t+@”mﬂ+@+6ﬂﬁa

Vo=(x+ 4)(3x2 - 4x) + (x3 - 2x2)(7)

12

(e +6)" +2(t + 6)
(t+6) [t +2(t + 6)]
= (t+6) 706t +12)
O3t +12 3(t+4)

= 21x* — 16x% — 16x + 7x° — 14x?
28x% — 30x% — 16x

Product Rule and Simple Power Rule

47. y = 12=(x+2)_1/2 CJi+6 i+ 6
X Product and General Power Rule
y = _l(x n 2)*3/2 N S
2 2x +2)" 53, y=i—2 =2(t-2)"
Gi 1P Rul _
eneral Power Rule y = tz[%(t -2) 1/2(1)} +2t(t - 2)1/2
3 -1/3
48. = =3(x* -1 _
8(x) = 55— . (¥ = 1) - %(z ~ ) [ + da(r - 2)]
, 1 -4/3 3x2
g(x) = 3(—5)(;9 —1) 7 (3%) = _ﬁ I )
(x* -1) 2i-2
General Power Rule _ 1(5t - 8)

2Nt =2

3
49. f(x) = x(3x - 9) Product and General Power Rule

(%) = x(3)3x = 9°(3) + (3x - 9)°(1)
(3x = 9)°[9x + (3x = 9)]

9(x - 3)°(12x - 9)
27(x - 3)°(4x - 3)

Product and General Power Rule
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120 Chapter 2 Differentiation

54y = Vx(x - 2) = ¥ (x - 2)°
1

_ (x-2
= 2/x(x - 2) + e
_A(x-2)+ (v - 2)*
2x
B (x - 2)[4x +(x - 2)]
2/x
_ (x = 2)(5x - 2)
2/x

Product and General Power Rule

2
6 — 5x
55. y:[xQ—lj

Y = x1/2|:2(x - 2)‘(1)} T (x - 2)2(5{1/2]

(-1
2(6 — 5x)(5x” — 12x + 5)

-

Quotient and General Power Rule

4x2 = 5Y
56. yz[z_x}

2 (2 = x)(8x) - (4)62

6 - ij (* —1)(=5) - (6 - 5x)(2x)

@

- 5)(—1)1

(2 -2

Il
[O8)

47 - 5}2_—4x2 +16x—5

2-x)
3(dx? = 5) (<42 + 163 - 5)
2-x

Quotient and General Power Rule

57. y=(x3—2xz—x+l)2

<
Il

3
Il

2(-1)(-2) = 4

(4)(2 - 5]2 16x — 8x> + 4x> — 5}

/ 2(x3 —2xr —x+ 1)(3x2 - 4x - 1)

(1) = 2((0)" = 20)" = (1) + 1)(30)" - 4(1) - 1)

y-1l=4(x-1) LA}
y=4x-3 N

s8. f(x) = (3" + 4x)"

£(x) = %(3)63 +ax) P(ox? + 4)
_ 9x2 + 4
5(3+° + 4;:)4/5
, 1 4
= 2 = —
=) =1
@2)
y-2= %(x -2) /
1
y=—x+1 ® 5 ®
36 -2
59. f(1) = = 36(3 - ¢
() = 2 = 3901
- 72
(1) = -123 - 1)7(-1) =
== =
, 72 8
0) = = = 12
f( ) 27 3
y—4=51-0
3 ‘_)/7/(0,4)
y = §t +4 - !
2
60. s(x) = ! = (x2 —3x + 4)71/2
XX -3x+4
s'(x) = —f(x2 - 3x+ 4)73/2(2)6 -3)
_ 3 - 2x
2 = 3x +4)”
, 3-6 3
3 = = ——
s'(3) 2(4)3/2 16
1 3
L= 2 (x -3
U A
3.7
TR
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6L F) = (- NTT = (¢ - o)+ 2)°

£ =(2- 9)[%0 +2)” 2} + (0 +2)"(20)
- %(zz - 9)(t + 2)"1/2 +2(t + 2)1/2
=(r+ 2)_1/2[%@2 - 9) + 21(t + 2)}
=(t+ 2)71/2Bt2 - % + 262 + 41}
= (r+ 2)’1/ ZGH + 4t — %)
R
T :
1(-1) = =6 = I
y = (-8) = —6[t - (-1)] 1.-8)
y = -6t — 14
_ 2x _ 2x
- V= N (l—x)l/2
, 0—N@*G%—ﬁ%ﬂ@)
y == 1/2\2
((1 - x) )
) ’2(1 _ x)]/2 n x(l _ x)—l/z
- __ 1-x
i _‘(1 x)71/2(2(1 - x)+ x)‘|
] 1-x
~ _(1 x)71/2(2 - 2x + x)
B __ 1-x
_ | )“@_ﬂ}
| 1-x
zj@—n}
_(1 B x)s/z
o x=2
- (1 _ x)3/2
L (D2 s s
V( 3) (1 (_3))3/2 432 ]
y=3==2(v-(-3) 6
y—3=—§x—1§5 (-3,3)
5 5 =
YT T

63.

64.

65.

Section 2.5 The Chain Rule 121

sy x+1l x4+l
f(x) = J2x -3 = (2x B 3)1/2
o =37 - () -3
) = (2x - 3)
3 (2x=3)-(x+1)
S (-3
o ox—4
(2 -3)P .
2 = % =2 @3
y-3=-2(x-2) -4 8
y=-"2x+7 - \III\
=X _ X x2 e
P e )
Y = x[—%(ZS +x2)” 2(2;:)} +(25+x) ")

-1/2

(25 + ) 7+ (25 + )

(25 + ) [ + (25 + )]

25
(25+x2)/
’, 1 L
y(0)=g
1 -3 "’_/‘o;pa
y—0=—(x-0)
5
1
y:gx ]

x=0-y=f0) =4

Horizontal tangent at: (0, \3/2)
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66.

67.

Chapter 2 Differentiation

f(x) =52 +x-3 = (Sx2 +x—3)l/2

£(x) = %(5# +x-3) (10 + 1)

, 10x + 1
S = ————
2(5x +x - 3)
Set f'(x) = 10x_+11/2 = 0.
2(5x2 +x - 3)
10x+1=0
1 1 61
ST (_Bj 20

[ 61 . . .
Because 20 is not a real number, there is no point

of horizontal tangency.

f(x) = J2x 1 = (2x B 1)1/2
(20 - 1)2(1) - o Lax - 1)7(2)
£ = : : )
[(2x+1)"7]
o (e =17 = x2x -1
) = (2x +1)
oo (e =) [(2x 1) ]
) = (2x - 1)
gy x—1
f(x) = (2¢ 1)3/2
vy ox—=1
Set f(x) = (2x - 1)3/2
x—-1=
leﬁyzf(l)zﬁzl

Horizontal tangent at: (1, 1)

69.

Sx Sx
f(x) = Six-2 = (3x _ 2)1/2
(3x - 2)"(5) 5){%(3)6 - 2)"/2(3))
[(x) = e
[+ -2)"]
5(x - 2)7 - Byax - )
/) = (2x ; 1)
o 2Bx =223 - x2) - 3]
S = (2x - 1)
, 5(3x - 4)
) = 2(3x — 2)”
Set f(x) = 2E§ix—_z;3)/2 -
5(3x —4) = 0
3x—4=0

=
Il

S ()2
3 07 3) 32

. 4 10
Horizontal tangent at: | —, —=
3732

Y1
A = 1000(60)(1 + —j (—
12 12

(a) 4(0.08)

(b) 4(0.10)

(©) 4(0.12)

P
5000[1 + —)
12

59
50{1 + —0'08)
12
$74.00 per percentage point
59
= 50(1 + —O'IOJ
12
$81.59 per percentage point
59
= 50(1 + —0'12j
12

$89.94 per percentage point

0

i

0
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Section 2.6 Higher-Order Derivatives 123

=2 k
70.N=400[l—3t2+2 } 7M.V =
( ) N+ 1
%N — N’(t) _ 400[(—3)(—2)(t2 4 2)73(2t):| When ¢t = 0, ¥V = 10,000.
t
4800¢ 10,000 = k = k = 10,000
= — - 0+1
(2 +2) , _ 10,000
(@ N’(0) = 0 bacteria/day t+1
-2
(b) N'(1) = 177.8 bacteria/day V' =10,000(r + 1)
av - 5000
() N’(2) = 44.4 bacteria/day — = -5000(s + 1) 3/2(1) =-——5
dt (t+1)
(d) N’(3) = 10.8 bacteria/day When 7 = 1,
€) N’'(4) = 3.3 bacteria/da av 5000 2500
(© N(4) /day i —W = - NG =~ —$1767.77 per year.
(f) The rate of change of the population is decreasing as (2)
time passes.
When ¢ = 3, a = _ 3000 = —$625.00 per year.
dt (4)3/2 p y

72. (a) From the graph, the tangent line at # = 4 is steeper than the tangent line at ¢+ = 1. So, the rate of change after
4 hours is greater.
(b) The cost function is a composite function of x units, which is a function of the number of hours, which is not a linear function.

4 3 2 12
73. (a) r = (0.3017z —9.657F + 97.35t> — 266.8f — 242)

% =r(t) = %(0.301%4 —9.657¢% + 97.35¢> — 266.8¢ — 242)"/2 - (120686 — 28.9711% + 194.7¢ — 266.8)
_ 1.2068 — 28.971¢% + 194.7t — 266.8
203017 — 9.657¢° + 97357 — 266.8¢ — 242
Chain Rule
(b)
8 13

2
(c) The rate of change appears to be the greatest when ¢ = 8 or 2008.
The rate of change appears to be the least when ¢ = 9.60, or 2009, and when ¢ = 12.57, or 2012.

Section 2.6 Higher-Order Derivatives

Skills Warm Up

1. —16/2 +292 =0 2. —16¢> + 88t = 0
-161> = —292 —81(2t - 11) = 0
AL 8 =0->1=0
4 _ _ 11
2%-11=0—>¢=1U
) T3 2
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124 Chapter 2 Differentiation

Skills Warm Up —continued—

3. —1662 + 128 +320 = 0
—16(t2 -8 - 20) =0
~16(r — 10)(z + 2) = 0

t-10=0 >t =10
142=0>1=-22

4. —161> + 9t + 1440 = 0

-9 + /9% — 4(—16)(1440)
2(—16)
-9 + /92241
-32
9 + 34/10249
32
t = =92land ¢t = 9.77

5. y= x2(2x +7)

x*(2) + 2x(2x + 7)

=2x? + 4x? + l4x

6x% + 14x

6. y = (x2 + 3x)(2x2 - 5)

dy

- (x* + 3x)(4x) + (2x + 3)(2x* - 5)

= 4x° + 12x% + 4x> — 10x + 6x2 — 15

8x% +18x*> — 10x — 15

2

X
Toy= 2x + 7
dy _ (2x +7)(2%) - ()(2)
dx (2x + 7)°
4x* + 14x — 2x?
T ()
2x% + 14x
B (2x + 7)2
2x(x + 7)
B (2x + 7)2
2
5y =5
dy (2% = 5)(2x + 3) = (x? + 3x)(4x)
dx (2x2 - 5)2
_ 4x® + 6x* —10x — 15 — 4x* — 12x?
) (202 - 5
_ —6x* — 10x — 15
-5

9. f(x) = x* -4
Domain: (—ee, o)
Range: [-4, )

10. f(x) =~/x-7
Domain: [7, e)

Range: [0, o)

) = =2
S(x)=0

2. f(x)=4x+15
f(x) =4
f"(x) =0

3. flx)=x"+7x -4
f(x) =2x+7
S(x) =2
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gt)y=1-8t+2
g'(t)=2t-38

6. f(x) = —3x* +3x* —6x
f(x)=-5+6x-6
S(x) = —15x* + 6




10.

11.

12.

S@) = t% =23
S = -6

10 = 24 = %
g) = 5 =2
g(r) = —%“5
I =302-2)

f(x) =92 - x2) -2
S7(x) = (-18x)2(2 - x ) ) +

18(2 - x )[4x - (2 - xz)]

18(2 — x?)(5x% - 2)

<
|

= 4(x2 + 5x)3

"= 43)(x + 5x) (20 + )

<
Il

(24x + 60)(x* + 10x° + 25x7)

= 24x° + 300x* + 1200x° + 1500x”
y” = 120x* + 1200x* + 3600x* + 3000x

f) =55
) x - l)gc) - 1()); +1)(1)

- . _21)2 = 2x-1)"
) = =070 =
g(x) = lx__4;
PR 3)(—(1)_—;)12 - 43)()

_ —Ax 12— 1+ 4y

(v =3

- 1_13)2 = 11(x - 3)°

¢lo) =226 - 970 = -2

14.

15.

16.

17.

18.

Section 2.6 Higher-Order Derivatives 125

1) =

X - 3x*
Sxt —12x°
20x° — 36x°
60x? — 72x
xt - 2x°
4x® - 6x°
12x% — 12x

24x —12 = 12(2x - 1)

Sx(x + 4)3
5x(x3 +12x% + 48x + 64)

5x* + 60x° + 240x% + 320x
20x° + 180x? + 480x + 320
60x* + 360x + 480

120x + 360

(v - o)

= 4(x* - 6)'(3+?)

12x" = 216x% +1296x° — 2592x7
132x'% — 1728x" + 6480x* — 5184x

= 1320x° - 12,096x° + 25,920x° — 5184
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126 Chapter 2 Differentiation

19.  g(t) = 5t* + 10 +3 26. f"(x) = 20x° - 36x”
g'(t) = 206 + 20¢ f(x) = 60x* — 72x = 12x(5x — 6)
g”(t) = 60¢% + 20
,,() 27 (%) = 4t
g”(2) = 60(4) + 20 = 260
f(4) x) = —16x7°
20. f(x)=9-x* )
f(x) = -2x £O(x) = s0xs = 52
X
f”(x) — _2
) = 2 8. f7(x) = 4/x -2 = 4(x - 2)"

2. f(x)=VE-x=(4-x)"

. @) = o~ 1w = 2y (1) = (x = 2)
f(x) = -%(4 —x) S =2 zj(x ) ) =-(x-2)
” 1 302 GV () = (v () = 3
f(x) = _2(4 - x) /() 2( ) () 2ox - 2)5/2
17 _ _é _ -5/2 _ -3
7)== 24 -0 = TR 29. fO(x) = 2(x? + 1)(2x)
-3 1 = 4x° + 4x
f///(_s) _ -
89)7" 648 FOx) = 12x2 + 4
2. f()=~2u+3=(2+3)" 30. f7(x) = 4x + 7
4
7(0) = %(m +3)72(2) = (20 + 3" SIx) =4
1 O =0
S0 = 52+ @) = 2 +3)7"
3 3 31. f(x) = 3x* —18x + 27
77 _ 2 -5/2 - "
S = (20 +3)77(2) IR f7(x) = 6x — 18
fw(lj _3 F(x) =0 = 6x =18
T 2) 32
x=3
3
23 f(x) = (¥ —2x) = x* —6x7 +12x° - 8x° 32, f(x) = (x + 2)(x - 2)(x + 3)(x - 3)
F(x) = 9x° — 42x° + 60x* — 24x° = (x* - 4)(x* - 9)
F7(x) = 72x7 = 252x° + 240x° — 48x = x' = 132" + 36
) =12 f(x) = 4x* - 26x
S(x) = 12x* = 26
24. g(x) = (x? +3x) = ¥ + 1247 + 54x° + 108" + 81x* P = 0= 12 = 26
g'(x) = 8x7 + 84x® + 324x° + 540x* + 324x° Y IER /78
X = |[— = T——
(%) = 56x° + 504x° +1620x* + 2160x° + 972x 6 6
g(-1) = 16

25. f'(x) = 2x?
f "(x) = 4x
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Section 2.6 Higher-Order Derivatives 127

, 12 12 12
F(x) = x=(x = 1) (2x) + (x* = 1) = ( 2x i +(x* - 1)
(xz _ 1)1/2(2 ) _ xz(lj(xz _ 1)_1/2(2x)
/() 2 w1 1))
x2 -1 2
(xz - 1)(2x) -x X X =1
= + .
(xz ~ 1)3/2 (xz ~ 1)1/2 2
_ 2x% = 3x
(x2 - 1)3/2
f"(x) =0=2x> -3x = x(2x2 - 3) =0
- ﬁ _ e
2 2
x = 0 is not in the domain of /.
2 4 3)(1) - 2 —x? -
34. f’(X) — (x )() (Zx)( X) — 3 X 5 — (3 _ XZ)(XZ + 3) 2
(x2 + 3) (xz + 3)
f(x) = (3 - xz)[—Z(xz + 3)73(2x):| + (x2 + 3)72(—2x)
-3
= 2x(x? +3) 23 - %) + (* +3)]
—2x(9 - xz)
(¥ +3)
2x(x2 - 9)
(x2 + 3)3
S7(x) =0 = 2x(x* =9) = 0
x =0,%3
35. (a) s(t) = 4.9 + 44.1t (d) s(#) =0
v(t) = s'(t) = —9.8¢ + 44.1 —4.91* + 4411 = 0
a(t) = V(1) = 5"(t) = -9.8 —4.91(1 = 9) = 0
b 3) = 882 t =0sec ¢ =9sec
©) 5(3) = 88.2m V(9) = —9.8(9) + 4.1 = —44.1 m/sec
v(3) = 14.7 m/sec . L .
This is the same speed as the initial velocity.
a(3) = —9.8 m/sec?
_ 2
© W) = 0 36. (a) s(r) = —4.9¢> + 381
—9.8¢ + 441 = 0 W) = sT0) = 9.8
~9.8t = —44.1 a(t) = V(1) = -98
1 = 4.5 sec (b) s(t) = 0 when 4.9 = 381, or
t = ,|— = 8.8sec.
4.9

(c) v(8.8) = —86.42 m/sec
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128 Chapter 2 Differentiation

37 D _ (t +10)(27.5) - (27.51)(1) 275
" i (¢ + 10)° (r + 10)°
t 0 10 20 30 40 50 60
v 0 13.75 | 18.33 | 20.63 | 22 22.92 | 23.57
dv
% 275 | 0.69 0.31 0.17 0.11 | 0.08 | 0.06

As time increases, the acceleration decreases. After 1 minute, the automobile is traveling at about 23.57 meters per second.

38. s(f) = —2.5¢* + 20¢

v(t) = s°(r) = =5t + 20

a(t) = s"(t) =-5

t 0 |1 2 |3 4
s | 0 | 17530 | 37.5 | 40
v |20 (15 |10 |5 0
aity | -5 | =5 | =5 | -5 |-5

It takes 4 seconds for the car to stop, at which time it has traveled 40 meters.

39. f(x) =x*-6x+6

£(x) = 2x - 6
fx) =2
(a) d

7 /

(b) The degree decreased by 1 for each successive

derivative.

(¢) f(x) =3x* —9x

f(x)=6x-9
77(x) = 6

10

-1

7]
&

(d) The degree decreases by 1 for each successive

derivative.

40. Graph A4 is the position function. Graph B is the

velocity function. Graph C is the acceleration function.
Explanations will vary. Sample explanation:
The position function appears to be a third-degree

function, while the velocity is a second-degree function,
and the acceleration is a linear function.

41. (a) y(t) = —21.9447 + 701.75t> — 6969.4t + 27,164
(b) ¥/() = —65.832¢% + 1403.5¢ — 6969.4
y"(t) = —131.664¢ + 1403.5
(c) Over the interval 8 < ¢ < 13, y(¢) > 0; therefore,

v is increasing over 8 < ¢ < 13, or from 2008 to

20013.
(d) ¥(t) =0
~131.664¢ + 1403.5 = 0
~131.664t = —1403.5

t = 10.66 or 2010

N

42. Let y = xf(x).
Then, ' = xf'(x) + f(x)
V=) + f(x) + (%)
xf7(x) + 2f(x)
= 7(x) + f7(x) + 2/7()
xf7(x) + 317(x).
In general y") [xf ] = x"(x) + nf("_])(x).

43. True. If y = (x + I)(x + 2)(x + 3)(x + 4), thenyisa

fourth-degree polynomial function and its fifth derivative
5

4y equals 0.

d.

xS
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44. True. The second derivative represents the rate of change 45. Answers will vary.
of the first derivative, the same way that the first
derivative represents the rate of change of the function.

Section 2.7 Implicit Differentiation

Skills Warm Up

Lox-2 o 6 x = £4/6 - )?
X x2=6—y2
x2_y:2x 2 6 2
Xt -6 =-
-y =2x — x* Y
), 6—)62=y2
y=x -2
6 —-x* =y
4 1
2. = — 2
x-3 7.3 2% (o)
4y =x -3 3y
yoxo3 () -4 _3@)-4_s
4 3() 3 3
3. xy—-x+6y =06
2
Xy +6y=6+x 8 = 2’(0’_3)
y(x+6)=6+x -y
y:6+x -2 2 1
xX+6 1-(-3) 4 2
y=Lx#-6
4. 7 +4y =3x* + X%y 9. #,(—L—Z]
dy Py =32 -7 4y + 13y +3 7
y(4—x2)=3x2—7 7(_lj
7 -1 -1 1
3x? -7 2 = = -
yzﬁ,xiiZ 4(-2)" +13(-2)+3 16-26+3 -7 7

5. x>+ =5

y2:5_x2
y = +/5 - x?
1 X’y =6 2. 3x? -y = 8
x3—y+3x2y:0 6x—ﬂ=8
d dx
xzﬂ = -3x%y _& =8 — 6x
dx dx
d 357 3 dy
R YD o_ 6y —8
dx X dx
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130 Chapter 2 Differentiation

4. y? = 5x° + 8x

3y2d—y =15x +8
dx

dy _ 15x2 + 8
dx 3y?
5. Y=y +Ty—6x=9
dy dy  dy
4= —2p= + 7= -6=0
7 dx ydx dx
dy
49 -2y + 7= =6
(4" =2y +7)
dy _ 6
dx 4y -2y +7
6. 4y +5y% — y = 3x> = 8x
IZyZQ + IOyQ Y 9x? =8
dx dx  dx
(12y* + 10y - 1)dl =8+ 9x?
dx
dy _ 8 + 9x?
dx  12y* +10y — 1
7. xp? + dxy =10
dy dy
24 2xp—=— + 4y + dx— =0
7 ydx 7 dx
dy 2
(2xy + 4x)=— = —y* — 4y
dx
dy __V+4y
dx 2xy + 4x
8 2xy® — ¥’y =2
dy dy
29 + 6xp° == — 2xy — X2 =0
7 7 dx 7 dx
(6xy2 - xz)@ = 2xy — 2y°
dx
dy _ 2xy - 2y°
dx  6xy? — x*
9, 2X*tV _
x -5y
2x+y =x -5y
6y = —x
1
776
& __1
dx 6

© 2017 Cengage Learning. All Rights Reserved.

_ 2
0. 2=X —
y—-Xx
-y =y-x
yx—y)=-(x-»)
y=-1
oy
dx
11. 24
y +3

2y = 4x(y2 + 3)

2y = 4xp? + 12x
dy dy 2
=8xy— +4y° +12
dx ydx 7
dy dy 2
2— — 8x =4y° +12
dx ydx '
dy _ 4y’ +12
dx 2 — 8xy
2
12. o
32—
d d
(7 - 9) 8y | - 4?29
dx dx
= 2x
(»*-9)
d
8y (y? -9 - »?)
3 = 2x
(»*-9)
—72y3—y
; xz = 2x
(v -9)
2
dy 2x(y2 - 9)
dx =72y
2
d -9
dx 36y
13. x* + % =16
dy
2x +2y— =0
ydx
dy
2y— = -2x
ydx
& _ =
dx y
At (0, 4), & _ 0. 0.
d 4
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2x — 2 =0
ydx
dy

—2y— = -2x

ydx

b _x

dx y

15. y+xy=4
Q+x@+y:0
dx dx
dy
—(1+x) = -
LAty =y
dy _ vy
dx x+1
At (-5,-1),?:-&
X
16. xy -3y =2
dy dy
x=—+y—-6y— =0
a7
dy
—(x — 6y) = —
dx( y) Y
b ___ >
dx x — 6y
A2, Y- 2 2
Tdx 7-6(2) 5
17. 2 —-xy+y? =4
2x—(x—y+yj+2ydy:0
X dx
2x—xﬂ—y+2 dy:0
dx dx
Q(Zy—x)zy—Zx
dx
Q_y—sz
dx 2y — x

undefined.

Section 2.7 Implicit Differentiation

18. Xty + y’x = -6
xzﬂ +2xy + 3+ 3y2d—yx =0
dx dx

dy

dx(xz + 2xy) = 2xy — y?

dl —(2xy + y3)
dx x? + 3xy?

D@+ y)
NP i R ) B
(2@ +3(-1))
19. Xy —x =y
dy dy
Xa'ﬁ‘y—l—a
& _dy _
dx dx
d—i(x—l)—l—y

At 3,3,d—y Rl
dx 3 1 1
2 2
20. ¥ + 3 = 6xy
dy dy
3x2 +3 2—=6[x—+ j
d dx dx 7
3x% + 3y2@ = 6xd—y + 6y
dx
dy
3y — 6x)= = 6y — 3x?
(3 = 6x} - = 6y
dy 6y — 3x*
dx  3y* — 6x
dy _ 32 -x)
dx 3(y2 - 2x)
dy 2y-x*
dx  y* - 2x
m@%g;i
3 3)de 5
21. ey =9
LT ly—l/ZQ -0
2 dx
KV 4y Y _,
dx
dy B _x—]/2 _ X
dx y 2 X
At (16, 25), & = —é.
dx 4

131
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132 Chapter 2 Differentiation

22. P yt=s
2 4 2pndr
3 3 dx
dy _x71/3 yl/3 y
o W =5 = _3 -
dy 1
At(8,1), — = ——.
( )dx 2
23. Xy =x-=2y
\/;\/;:x—Zy
1 71/2dJ’j (1 71/2] dy
—_ |+ — =1-2=
\/;(2)} dx \/;2)6 dx
\/;@4_2@:1_@
2Jydx ax 2/x
l—ﬁ
L N NN
e Jx NEND
—+2
2y
_ 2/xy -y
x+ 4/ xy
_2(x-2y)-y
x+4(x—2y)
_ 2x -5y
5x — 8y
A1), Y1
dx 4
24. (x+y)3 =x+)°
dy ly
3x+ y) |1+ 2] =302 + 32
(x y)( dx} * Y dx
3(x + y)2 +3(x + y)zd—y =3x? +3y? dy
x
2dy 24y 2
+y) =y ==Xt - (x 4+
(x+5) dx 7 dx X (v )
%[(x+y)2—yz}zxz—(x2+2xy+y2)
x
dy _A20+7) _ yx+y)
dx x2 + 2xy x(x +2y)
dy
At (-1, 1), 2 =
(=L.1). —

25.

27.

4x* + 4x2yd—y + dxy* + 4y°
dx

dy

3Q=4x

i, 3 2 2
—(4y° + 2x°y) = 4x = 2x
dx( y ¥) y

(& + )
2(x2 + yz)[Zx + Zy%J

dy
dx

%(4x2y +4y - 8x2)

d
dx
dy
dx
At(2,2), @ 2,
dx
3x2 =2y +5=0
6x—2@—0
dx
@=3x
dx
dy
At(1,4), — =3
( )dx
4 +2y-1=0
8x+2d—y=0
dx
Q__8i=_4x
dx 2
(—1)— 4(—1):4

dy 2x(2 - yz)

o " 2y e )

da  x(2-)

A y(27 +2)

8x%y

8x2% + y(l 6x)

8x2§ + 16xy
X

16xy — 4x° — 4xp?

4(4xy -x - xyz)
4(x2y + y3 - 2x2)

x(4y — x? —y2)
22y + 3 — 2x?
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2 2 _
29. x+y =4 33. Implicitly: 1 — 2yﬂ =0
dy . dx
2x + 2y— =
ydx dy = 1
& x dx 2y
dx y Explicitly: y = &/x -1
A%ﬂuﬁziﬁzwﬁ
dx 1
30. 4x? +9y* =36
8x + 18d—y =0
dx
&y _ A
dx 9y
At [f, ﬂ} d_ A5 NS
3) dx 9(4/3) 3
31 ¥ -y =0
2X—3y2Q:0 34 Imlicit1'8@—2x—0
dx - P v ydx -
dy _ 2x dy _ x
dx  3y? dx 4y
dy 2 .. 1
At (-1, 1), w3 Explicitly: y = iE ¥+ 7
32 (4 - x)y2 =x°
3
, X
7 4 —x
) dy (4 - x)(3x2) - x3(—1)
y =
dx (4 - x)
2 _ 9.3 3
2ydy _12x7 - 3x 2+ X
dx (4 - x)
2 _h.3
2ydl _ 12x 22x
dx (4 - x)

dy 2x%(x - 6)
SN

dx 2y(4 - x)
dy _xz(x - 6)
dx »(4 - x)2

At(27), =2
X
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134 Chapter 2 Differentiation

35, x*+y? =100 37 yP =54
dy dy 2
2X + 2y~ = 0 2= =15
* ydx ydx *
& _x & 157
dx y dx 2y
At (8, 6) At (1, V/5)
4
m=-3 15 35
m= — = ——
4 25 2
y—6=—(x-38)
3 -5 = M(x -1
R g 2
A NN
At (=6, 8) 2 2
3 At (1, - /3);
4 I I N
y—8= %(x + 6) 2\/5 2
35
325 y+\/§——i(x—l)
YRRy ?
" 35 /5
y=-——2x+—
6.8 2 2
/ (8,6) 30
—24 ]\'\_-/I[ 24 (l\ﬁ)
\ . \“x_ 5
16 ﬁ /
(1,-/3)
3. xX*+3y*=9 o
2x+2yQ=O 38. dyy + x> =5
dx J
dy X 4x—y+4y+2x=0
- = - dx
dx
dy 4y +2x _ 2y +x
At (0, 3): P 4x = o
m =0 At (1, 1):
y—-3=0(x-0) 3
y=3 m=Ty
At (2, /5); y-l==(x-1)
o2 25 ENE
NEEE YT
TN LI At (5, -1)
3 2
YNNG m=——
y=- X+ 10 (1, 1)
5 5 3 \

Il
|
|-
=
|
W
=
o

6 y+1 10
(5,-1)
(0}3“\ 3 1 i\
Il/f ‘\T\SZ,Z\/E) y=—x+—
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x3 + y3 =8 41, y2 _ x3
32+ 32 2 o
dx ydl ~ (4 - x)(3x2) - ( 3)(—1)
= 2
3 2? — _3x2 dx (4, — x) .
x
2x2(6 -
dy B x2 2 dy — d (6 2)C) véz)
dx _? d (4 - x) 0
At (0, 2) dy _ x*(6 — x) 2.-2)
dx y(4 — x) L
dy
=5 -0 At (2,2)
y—2=0(x-0) 5 m =2
y=2 “(0’2) y-2=2(x-2)
At (2, 0): - 2o | y=2x-2
At (2, -2):
m = & is undefined. —~ ( )
X m= -2
The tangent line is x = 2. y+2=-2(x-2)
Py -8 = —dy y=-"2x+2
Xy +4dy =38 2. x+)y =6x°-1
y(x2+4)=8 33— 60 = -1 - x
ye () Y- 6x) = ~(1+x)
P * 5 3 x+1
&= g1+ 4) () T
X
dy 16x L (6x — 1)(1) — (x + 1)(6)
dx _(xz 4y dx (6x 1)’
dy 6x-1-6x—-6
At (-2, 1 Y= =
( ’ ) y dx (6)(,‘ _ 1)2
_dy _ 16(—2) 32 1 J .
T (2P 64 2 R
((—2) + 4) dx 393 (6x - 1)2
1
y—1= E(X - (-2) At (-1, 0):
1 _dy . Lo
y=—x+2 m = is undefined. The tangent line is x = —1.
2 dx
At (65 1} At (0, -1):
> dy 7
m = @ = 16(6) = 96 = —i "= a - _5
dx [(6)2 " 4} 1600 50 ;
o y- () = -2 -0)
5
y—g:—%(X—@ 7
2.1 (6.4) vy
o, 6, L
y - 1. —ix + 2 -8 — —~ s .
5 50 25
3.1 \.
YT 50" T o5 = I r— .
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136 Chapter 2 Differentiation

2

3. p=— 2 >
P = 0.00001x + 0.1x

0.00001x* + 0.1x

00000325 1 o1 - _ 2

dp dp P

2

(0.00003+ + 0.2 = — 2
ap p
dx

dp p*(0.00003x? + 0.1)

4. p 4

0.000001x> + 0.05x + 1 = 4
p

0.000002x% + 0.0s% = .
dp p p
(0.000002x + 0.0} = _iz
dp p
dx

- x>0
0.000001x2 + 0.05x + 1"

4

dp  p*(0.000002x + 0.05)

45, p= ’200—X’O<XS200
2x

2xp? = 200 — x
2x(2p) + p? 2@ = e
dp dp

(Zp2 + 1);1—; = —4xp

dx 4xp

dp _2p2 +1

49. (a) y* - 35,892.5 = —27.0021# + 888.789¢* — 9753.25¢

46.

2xp?

2x(2p) + p2(2dxj =
dp

47. (a)

p

d
dl(z P+ 1)

dx

dp

500 — x

2x
500 — x
dx

dp

0 < x <500

—4xp

_ 4xp
2p* +1

100x%751925 = 135,540

1OOXOA75(O.25y70A75j7y] + y0A25(75x70A25) =0
X

(b) 100,000

25x0.75 @ B _75y0.25
y0.75 dx X0'25
dy _ 3y
d x

When x = 1500and y = 1000, ? = =2

X

0

0

2,000

If more labor is used, then less capital is available.

If more capital is used, then less labor is available.

48. (a) As price increases, the demand decreases.

(b) For x > 0, the rate of change of demand, x, with

y* = =27.00217 + 888.789¢% — 9753.25¢ + 35,892.5

respect to the price, p, is always decreasing; that is,

dx . . .
for x > 0, - is never increasing.

y = i\/—27.0021t3 + 888.789¢% — 9753.25¢ + 35,892.5

40

S

8 12
0

The numbers of cases of Chickenpox decreases from 2008 to 2012.

Ip

(b) It appears that the number of reported cases was decreasing at the greatest rate during 2008, ¢ = 8.
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(c) »* —35892.5 = —27.0021# + 888.789¢* — 9753.25¢

2y§ = —81.0063¢* + 1777.578¢ — 9753.25¢
t
, dy —81.0063t> + 1777.578 — 9753.25
y = —_— =
dt 2y
t |8 9 10 11 12

y |30.40 20.51 | 1539 | 1451 | 13.40

y | -11.79 | =771 | =2.54 | -0.06 | —3.26

The table of values for y” agrees with the answer in part (b) when the greatest value of )" is —11.79 thousand cases

per year.

Section 2.8 Related Rates

Skills Warm Up

1. 4= 7r? 9. X2 +2y+xy =12
d d
2.V =457 X +2y+ x| = —(12
3 dx[ 7 yJ dx()
3. 54 = 652 2x+2?+y+le—y=0
x X
_ 3
4. V = ¢ 2%4_}6?:_)}_2)(
x X
5.V =1zrh
} %(Z-Fx):—y—Zx
X
_ 1
6. A4 =2bh dy -y -2x
R s dx 2 +x
7. X7+ =9
g 10 +xp? =y =
dr, - d9 . X+ xy° -y =xy
R lwt) d , o d
d pR R s
Y _
2x+2ydf—0 dy dy dy
x 1+ 3% + 2xp—= = 2y— = y + x—
dy dx dx dx
W T dy ., dy _ dy
X 2xp—=— — 2= — x— =y — y* —1
dy —2x dx dx dx
dx 2y @(ny—Zy—x)zy—yz—l
Cx dx
-y d_ y-y -1
dx 2xy -2y —x
8 3xy —x* =6
d d
a[Sxy bl X2:| = 5[6]
3y+3xﬂ—2x—0
dx
dy
3x— =2x -3
dx 4
dy _ 2x -3y
dx 3x
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,y:ﬁﬂzl)ﬂ/zﬁz 1 dx dx_z\/—dy

.y =3x" = 5x, = = 6x— — 5—, = = (6x — 5)—,

4 r
LV o= -, — =3, — = 4t = = 12717
30 d di di d’”:(ljdl

Chapter 2 Differentiation

, ) = X
dt 27 dt  2Jx dt’ drt dt

dx dy 1 3
4and & = 3, — 3 =2
e dt (%/Zj() 4
25a di?; 2 B o250 =

dt

(a) When x

(b) When x

dy

dy dx dx dy dx g _ dx

dt dt dt dt dt 6x =5 dt

dx dy

3and — = 2,

(a) When x
dt dt

= (6(3) - 5(2)) = 26.

dand P =4 2 A&
dt 62)-5 7 dt

= 4 x@wdho@:(_zj@ d(jdy

(b) When x

dt dt S dt

(@ Whenx=8,y=%,and§:10,d—y 1/2
t

(b) When x =1, y = 4,and Z—y =-6,— =—-—(-6) ==
t

dy dy x dx dx v dy

.x2+y—252xd—+2y =0,=—=-——— — = -=—
dt

dt 7 dt y dt’ dt x dt

dx dy 3
a) When x = 3, y = 4,and — =8, — = ——(8) = —6.
® ey dt i~ a®

dy
b) When x =4, y =3,and — = -2, — = - —(-2) = =
®) TR di i e

A = 7, dar _ 3, — a4 = 2nr ar _ 6rr 8.V = ﬂmﬂ a _ 4ﬂr2ﬂ
dt dt 3 dt dt

(a) When r = 6, % = 27(6)(3) = 367 cm*/min. If gis constant, iTIt/ is not constant since it is
t

da proportional to the square of 7.
(b) When r = 24, —- = 27(24)(3) = 1447 cm?/min.

0. v =2 Vo, WL ypdr

\ dr v ,d 3 dt dt dt

dV dat \4m? ) ar
(@) When r =9, = - = 1272(9)" = 9727 cm’ /min.

(a) When r

I
-
[
P
(=}
=
I
=4
2
=
=

(b) When r = 16, ”;—V = 1272(16)" = 30727 cm®/min.
t

(b) When r = 2, — = (10) = im/min.
8

dr . dA . dA .
If — is constant, then — is not constant; — is
dt dt dt

proportional to 7.
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10. V = 1;rrzh = l;rr2(3r) = 14. R = 510x — 0.3x?, R _ 510@ - 0.6x@,
3 3 dt dt dt
av._ . adr _ o AR _ (510 - 0.60) %
av 2 3/ (a) When @ _ 9 units/day and x = 400 units
(a) When r = 6, i 67(6)" = 216z cm®/min. d Y ’
t
dR
) When r = 24, 2~ (24" = 34567 cmmin. = [310.- 0:6(400)[(9) = 52430 per day.
t
dC dx (b) When ax = 9 units/day and x = 600 units,
11 (@) &= = 0752 = 0.75(150) dt
dt dt dR
= 112.5 dollars per week o [510 - 0'6(600)](9) = $1350 per day.
(b)éj:zso%_lx? 15 7 =03 B _ g dV _ 500
t t 51 t . it Tt d
= 250(150) — —(1000)(150
(150) 5( N150) (a) When x = 2, a _ 3(2)2(6) = 72 cm?/sec.
= 7500 dollars per week dt
(¢ P=R-C (b) When x = 10, %‘/ = 3(10)2(6) = 1800 cm? /sec.
%=%—§=7500—112.5
dx dA dx
2 6 Ay
= 7387.5 dollars per week 16. 4 = 6x’, dt 6, dt 12xalt
_ dA _ )
12. (a) ”;—C - 1.05? = 1.05(250) = 262.5 dollars/week (a) When x =2, —~ = 12(2)(6) = 144 em’/sec.
t t
dA
® & _ [500 ) gj@ (500 265000)) 150 (b) When x = 10, 7 = 12(10)(6) = 720 em?/see.
dt 5)dt
= 25,000 dollars/week 17. Let x be the distance from the boat to the dock and y be
© P=R-C the length of the rope.
3+ x2 =7
d—P = d—R - d£ = 25,000 — 262.5 d
dt dt dt 2@ _
= 24,737.5 dollars/week dt
dR d | d 2)% =2 %
13. R = 1200x — %, £ = 12002 - 2x%, ! !
dr a ar dx _ydy
dR dx dt x dt

A~ (1200 - 20)
dt dt dc 5
0 When y = 5, x = 4and i Z(_l) = —-1.25 m/sec.
(a) When i 23 units/day and x = 300 units,

dx .
dR As x — 0, Elncreases.

o [1200 — 2(300)(23) = $13,800 per day.

(b) When % = 23 units/day and x = 450 units,

‘Z—I: = [1200 — 2(450)](23) = $6900 per day.
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18.

(a)%z o4 = 5y —5x =2y
3y = 5x
y =X

Find @ when ax _ 1.5 m/sec and x = 3 m.
dt dt

& _3dx
di 3
&

5
= —(1.5) = 2.5 m/sec
5 = 30 /

(b) Find %(y — x) when % = 1.5 m/sec and

@ _ 2.5 m/sec when x = 3 m.
dt

d _dy dx

i %) = de  dt

2.5 -1.55 = 1 m/sec

19. x2 +10% = 52

Zx@ = 2s£
dt dt
& _ sds
dt x dt

When s = 26, x = 24 and % = 384:

ax_ §(384) = 416 km/h.
di 24

dx _
dt

20. 52 = 90 + x%, x = 26, -30

2s§ = 2xﬁ
dt dt
ds _ xdx
dr s dt
When x = 26,

s _ 26 (-30) ~ —8.33 fi/sec.

dt 90?2 + 262

M@ L = 2+ % E = 720, Y~ 960, and
dt dt
dL _ x(dx/dt) + y(dy/dt)
dt L

22.

23.

24,

When x = 240 and y = 320, L = 400 and

dL _ 240(-720) + 320(-960) _ o .
dt 400

400 +

300‘[%\

200 +

100 +

t t t x
100 200300 400

X

) ¢ = 400

= — :lhr = 20 min
1200 3

S = 2250 + 50x + 0.35x2

a5 = 50@ + 0.70x@
dt dt dt

% = 50(125) + 0.70(1500)(125)

= $137,500 per week

V = zr’h, h = 0.025, V = 0.025712,
a _ o.osfzrﬂ
dt dt

When r = 50 and dr = l,
dt 4

%/ = o.os;:(so)&j = 0.6257 = 1.96 m*/min.

P=R-C
=xp-C
= x(50 — 0.01x) — (4000 + 40x — 0.02x?)
= 50x — 0.01x> — 4000 — 40x + 0.02x?
= 0.01x* + 10x — 4000

P 002 4 10%

dt dt dt

When x = 800 and % = 25,

‘2—‘? = 0.02(800)(25) + (10)(25) = $650/week.

© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



25. P=R—C = xp— C = x(6000 — 25x) — (2400x + 5200)

= —25x* + 3600x — 5200

AP 50x®™ 4 3600%
dt dt dt
dx 1 ap

dr 3600 — 50x dt
dx 1

When x = 44and & = 5600, L= 1
dt dr 3600 — 50(44)

Review Exercises for Chapter 2 141

(5600) = 4 units per week.

dp

26. (a) For supply, if ? is negative, then % is negative. For demand, if % is negative, then & is positive.
t

(b) For supply, if il—p is positive, then ? is positive. For demand, if Z—p is positive, then % is negative.
t t t t

Review Exercises for Chapter 2
1. Slope~ — = =2
ope 3
4
2. Slope~ — = 2
ope 3

3. Slope= 0

-2 1
4. Slope= — = ——
P 4 2

5. Answers will vary. Sample answer:
¢t = 8; slope = $225 million/yr; Revenue was
increasing by about $225 million per year in 2008.
¢t = 10; slope = $350 million/yr; Revenue was
increasing by about $350 million per year in 2010.

6. Answers will vary. Sample answer:
¢t = 10; slope = —20 thousand/year; The number of

farms was decreasing by about 20 thousand per year
in 2010.

t = 12; slope = —10 thousand/year; The number of

farms was decreasing by about 10 thousand per year
in 2012.

7. Answers will vary. Sample answer:
t = 1: m = 65 hundred thousand visitors/month; The
number of visitors to the national park is increasing at
about 65,000,000/per month in January.
t = 8: m = 0 visitors/month; The number of visitors to
the national park is neither increasing nor decreasing in
August.
t =12: m = —1000 hundred thousand/month; The

number of visitors to the national park is decreasing at
about 1,000,000,000 visitors per month in December.

8. (a) At ¢, the slope of g(¢) is greater than the slope of
/(¢), so the rafter whose progress is given by g(¢)
is traveling faster.

(b) At 1,, the slope of f/(¢) is greater than the slope of
g (1), so the rafter whose progress is given by f/(¢)
is traveling faster.

(c) At t3, the slope of f/(¢) is greater than the slope of
g (1), so the rafter whose progress is given by f/(¢)
is traveling faster.

(d) The rafter whose progress is given by f(¢) finishes
first. The value of ¢ where f(r) = 9 is smaller than

the value of 7 where g(¢) = 9.

9. f(x) = -3x-5(-2,1)
vy o [+ Ax) = f(x)
Fe) = e
~ lim —3(x + Ax) -5- (—3x - 5)

Ax—0 Ax
. —3Ax
lim
Ax—0  Ax

7(-2) = -3

=3

10. f(x) = 7x + 3; (<1, -4)
S(x + &) - /(%)

S = T
_ fim 7(x + Ax) + 3 — (7x + 3)
Ax—0 Ax
= lim TAx 7
Ax—0 Ax
(=) =7
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142  Chapter 2 Differentiation

11. f(x) = x>+ 9 (3,18) 12. f(x) = X - Tx; (1, -6)
f(x) = AIXITOW f(x) = AETOW
. (X+A")2+9—(x2+9) . (X+Ax)2—7(x+Ax)—(x2—7x)
= lim = lim
Ax—0 Ax Ax—0 Ax
. x2+2xAx+(Ax)2+9—x2—9 ) x2+2xAx+(Ax)2—7x—7Ax—x2+7x
= lim = lim

Ax—0 Ax Ax—0 Ax

. 2xAx + (Ax) . 2xAx + (Ax)? - TAx

= lm — 2 = lim
Ax—0 Ax Ax—0 Ax

iy A¥(2x + AY) iy 2(2x+ A7)
Ax—0 Ax Ax—0 Ax

= lim (2x + Ax) = 2x =lim(2x+Ax-7)=2x-7
Ax—0 Ax—0

(3)=203) =6 1) =201)-7=-5

13. f(x) =~/x+9;(-5,2)
f(x + Ax) — f(x)

)=
N A9 -+ 9 S+ A+ 9+ x+9
= lim -
Av—0 Ax Vr+ A +9+/x+9

. (x+Ax+9)—(x+9)
lim
A*—’OAx[\/x+Ax+9+\/x+9J

1 1
=hm =
A0 Sy + A+ 9 +/x+9  2Ux+9

14. f(x) = ~/x-1;(10,3)
f(x+ Ax) - f(x)

[(x) = Jim .
CoNx A -1 -x -1 Sy A -1+x -1
= lim .
Av—0 Ax Nr+ A —1+-x-1
 bm (x+A-1)—(x-1)

e N N

1 1
:llm =
a0y + Ar—1+-/x -1 2x-1

1
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Review Exercises for Chapter 2

1 .(6,1) 17. f(x) =9x +1
x=3 f(x + Ax) - f(x)

i S5+ 80 = 12 1) = Jim S

im- 2~ —/ J\/ Ax—0 Ax
Ax—0 Ax

. B i [9(x + Ax) + 1] = (9x + 1)
limx+Ax—5 x_5 Ax—0 Ax
Ax—0 Ax " lim I9x + 9Ax + 1 -9x — 1
1m()c—S)—(x+Ax—5) T A0 Ax
Ax—0 Ax(x + Ax — 5)(x - 5) 9Ax
O | = lim —

lim == 7 a0 Ax

a0 (x + Ax = 5)(x = 5)  (x = 5) = lim 9=9
Ax—0

-1
18. f(x) =1-4x

1
, . f(x+ Ax) = f(x)
x+6 .f(x)zggglo%
fim L+ A%) = /() e [+ 0] - (11— 4)
Ax—0 1 Ax 1 = Jm Ax
limx+Ax+6_x+6 :lim1—4x—4Ax—1+4x
A0 Ax Ax—0 Ax
tim (x+6)—(x+ Ax + 6) = lim —4Ax
a0 Ax| (x + Ax + 6)(x + 6)] A0 Ax
1 = lim -4 = -4

lim Ax—0
&0 (x + Ax + 6)(x + 6)
3 1

(x + 6)’

1 1

. [—%(x + Ax)2 +2(x + Ax)} - (—%xz + 2x)
lim
Ar—0 Ax

. —%xz - x(Ax) - %(Ax)2 + 2x + 2Ax + %xz - 2x
lim
Ax—0 Ax
Ax(-x — 1Ax + 2
o Ax(x - dax 4 2)

Ax—>0 Ax

Aljr_I)lo (—x - %Ax + 2) =—-x+2

143
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144 Chapter 2 Differentiation

f,(x) - AI)ETO Ax
[3(}( +Ax) ——(x + Ax)} - (3)(2 - fx)
= lim
Ax—0 Ax

3x* + 6x(Ax) + 3(Ax)2 - lx - le - 3x% + lx
lim 4 4 4
Ax—0 Ax

6x(Ax) + 3(Ax)2 - %Ax

= lim
Ax—0 Ax
Ax| 6x + 3(Ax) — 1
. 4
= lim
Ax—0 Ax

lim (6x + 3(Ax) - %j = 6x — —

Ax—0 4
21. f(x) =~/x =5
yon o S(x+ Ax) = f(x)
S = fim SEmn
. \/x+Ax—5—\/x—5 \/x+Ax—5+\/x—5
= lim .
Ax—0 Ax \/x+Ax—5+\/x—5

~ lim (x + Ax = 5) — (x = 5)
A0 Ax(\/x+Ax—5+\/x—5)

1 1
= lim =
a0 fx+ Ax =5 +/x -5 2/x-5

2. f(x) =/x +3 B f) =3
, f(x + Ax) — f(x)
x) = lim —M——= —
=i ) = i L0180 = 1)
\/_ Ax—0 Ax
Jx +Ax + 3] — x+3
= lim [ I ) 5 s
o Ax lim +Ax X
— lim Jx+Ax —Jx Jx+ Ax o+ Ux A0 Ax
oM CRERE Sx = 3(x + Ax)
li (x + Ax) — x i S AY)
= lim m
220 Ax(\fx + Ax + /x) Ar—0 Ax
. —5Ax
1 1 = lim ————
= lim = A—0 Ax| x(x + Ax
A"—>0\/x+Ax+\/; 2x [( )]
= fim = -2
a0 x(x + Ax) x
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1 5x3
24. = ==
f(x) i a 35. f(x) 1
) f(x + Ax) - f(x) () = 15x?
f (X) a AIEEIO AXx f( )
1 1 .
- = 3323
— i x+Ax+4 x+4 36. v =3x
- A:}Elo Ax y =2
_ , 2
(x( + 4)4)( (x +AAx 2)4) V=5
X + X+ Ax +
AiTO Ax 4 2
37. g(x) = 2x* + 3x
. -A
= lim al g'(x) = 8x* + 6x

A0 Ax[(x +4)(x + Ax + 4)]

= lim L - ! 38. f(x) = 6x% — 4x
M0 (x+d)(x+Ax ) (x o+ 4) £(x) = 12x — 4

. v is not differentiable at x = —1. At (-1, 0), the graph 39, y= 2 +6x—7

has a vertical tangent line. Y =2x+6
. v is not differentiable at x = 0. At (0, 3), the graph has 40. y = 2 — 30 4 x
anode. ’ 3 2

y =8x = 9x" +1

. v is not differentiable at x = 0. The function is

discontinuous at x = 0. 1. f(x) =207 (4, 1)
fx) = =27
. y is not differentiable at x = —1. At (-1, 0), the graph _3/2
has a cusp. f4)=-(4)7"" =-0125
.y =-6 42.y=i+3;[l,6j
y' =0 2x 2
y = Ex’l +3
1) =3 2
, 3 3
fi(x)=0 A S
(%) V=3 e
[1 3
f(x):x7 y[gj: 12:6
) = 7 2(3)
| 43. g(x) =x —4x* —6x + 8 (-1 9)
h = —
(x) x g(x) =3x* -8x -6
h(x) = x7* g(-1) = 3(-1) = 8(-1) =6 =5
H(x) = -4x7°
_4 44. y =2x* =58 + 6x* — x; (1, 2)
H(x) = S ’ 3 2
X ¥y =8x —15x" +12x -1
) = 4 y(1) = 8(1) = 1501)° + 12(1) - 1 = 4
[(x) = 8x 45. f(x) = 4x - 3 10
2) =5
glr) = 8¢° e
—3 = — 2,3)
g(t) = 48 y=3=5x-2) . 5 s
y=5=7 aeeanzs [ F

-2
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146 Chapter 2 Differentiation

46. V' = 44x° — 10x 20 50. N = 0.2083%* — 7.954¢ + 11.96> — 706.5% + 3891
V(1) = 34 LA Nt) = 0.8332° — 23.862% + 23.92¢ — 706.5
y - 7 = —34(x + 1) -1,7) dt
V= —34x - 27 (a) 2010: N'(10) = m = —2020.33
-2 T 0
-2 2012: N'(12) = m = —2415.85
1
47. f(x) = Vx - el X2y (b) Results should be similar.
x
| | (c) The slope shows the rate at which the number of
f(x) = =x? 4 —x? farms was increasing or decreasing in that particular
year, or value of ¢.
- + 13 7 » In 2010, the number of farms was decreasing about
2Wx 2 2020.33 thousand per year, and in 2012, the number
S=1 / of farms was decreasing about 2415.85 thousand
0= i(x - 1) -1 = 3 per year.
y=x-1 de =L 0000 00Y 5L f(¢) = 4t + 3 [-3,1]

Average rate of change:
SO =13 _T1-69 _,
1-(-3) 4

48. f(x)z%/;—x=xl/3—x

() = —x % -1 = -
/) 3x : 33/ 2 Instantaneous rate of change:
’, 1 1 11 ! t) =4
F(-8) = R 70
33 (—8) 12 12 f’(l) -4
f(-3) = 4
—e=-Uiryy) (-3)
11 22 52. f(x) = x> +3x - 4]0, 1]
y—206 —Ex Y
1) - — (-4
11 4 Average rate of change: f(i Of(()) = 0 1( ) =4
12 3
. Instantaneous rate of change:
(-8.6) f(x)=2x+3
r=s
" N ’ 7(0) =3
h 53. f(x) = x5 1, §]

JO) - /M) _4-1_

49. R = -0.5972 + 51.187r* — 485.54 + 2199.0
Average rate of change: = ==
dR . ) 8§ -1 7 7
— = R(r) = —1.7916:> + 102.374t — 485.54
dt Instantaneous rate of change:
(a) 2008: R'(8) = m ~ 218.8 oy 2
£ = 3
2010: R'(10) = m = 359.0
1) = 5
(b) Results should be similar. : 3
(c) The slope shows the rate at which sales were iy _ 2
The sloy e . I =z
increasing or decreasing in that particular year, 3

or value of ¢.

In 2008, the revenue was increasing about $218.8
million per year, and in 2010, revenue
was increasing about $359.0 million per year.
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Review Exercises for Chapter 2

54. f(x) = x> = x> +3;[-2,2]

5S.

56.

57.

Average rate of change:

Instantaneous rate of change:

@-r2) _1-(9) _,
2-(-2) 4
S(x) =3x* = 2x
f(2)=8
r(-2) = 16

s(t) = —4.9¢* — 10t + 200

s(3) = s(1) 1259 —185.1 _

(a) Average velocity = 31 3 = —29.6 m/sec
(®) v(t) = s’(r) = 9.8t = 10
v(1) = —19.8 m/sec
v(3) = =39.4 m/sec
(©) s(t)=10
-4.92 — 10t + 200 = 0
4.9 +10t — 200 = 0
L _los J107 - 4(4.9)(-200) 10 + /2020
- 2(4.9) - 9.8
t = 5.45 sec
) v(t) = 5(5.45) = —9.8(5.45) — 10 = —63.4 m/sec
(@) s(t) = —4.97 + 84 58. C = 24,000 + 450x — x>, 0 < x < 225
(1) = () = 9.8 9C _ 450 - 2x
5 0 dx
(b) Average velocity = M
2-0 59. C =370 + 2.55/x = 370 + 2.25x"2
- H4 -84 c 1 Ly 1275
2 == = (255)(x"?) = ==
2 NE
= —9.8 m/sec
(© v(t) = —9.8¢ 60. C = 475+ 525x%
v(2) = —19.6 m/sec A€ _ 5552 3] 2 35
dx 3 A x
v(3) = —29.4 m/sec
() s(t) = 0 61. R =150x — 0.6x7
—497 +84 =0 IR _ 150 ~ 124
dx
491> = 84
p=3 62. R = 150x — “x*
4.9 4
t = 4.14 sec
R =150 — éx
(e) v(4.14) = —40.6 m/sec dx 2
C = 2500 + 320x 63. R = —4x* + 2x* + 100x
4C _ 329 IR _ 122 4 4x + 100
dx dx

147
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64.

65.

66.

67.

68.

Chapter 2 Differentiation

R = 4x + 10x"?
dR 5
dx X2
P = —0.0002x3 + 6x% — x — 2000
P 0.0006x> + 12x — 1
X

P = _%ﬁ + 4000x> — 120x — 144,000

ap = —lx2 + 8000x — 120
dx 5
P = —0.05x% + 20x — 1000
(a) Find d—PWhen x = 100.
dx

ar _ —-0.1x + 20 = P/(x)

dx

When x = 100, %© = P/(100) = s10.

dx
(b) Find gforlOO < x £101.
Ax
P(101) — P(100
(101) (100) = 509.95 — 500 = $9.95
101 — 100

(c) Parts (a) and (b) differ by only $0.05.
P = —0.021¢2 + 2.77t + 148.9
(a) P(0) = 148.9

P(4) = 159.644

P(8) =169.716

P(12) = 179.116

P(16) = 187.844

P(20) =195.9

(b)
(©)
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P(23) = 201.501

These values are the populations in millions for
Brazil from 1990 to 2013.

dpP

o -0.042¢ + 2.77 = P(¢)
P(0) = 2.77

P'(4) = 2.602

P/(8) = 2.434

P(12) = 2.266

P(16) = 2.098

P’(zo =1.93

These are the rates at which the population of Brazil
is changing in millions per year from 1990 to 2013.

69.

70.

1. y

72.

73.

74.

f(x) = x3(5 - 3x2) = 5x% —3x°
f(x) = 1557 — 15x* = 15x2(1 - xz)
Simple Power Rule

f(x) = 4)62(2)62 - 5) = 8x* — 20x?
S(x) = 32x° - 40x = 8x(4x” - 5)
Simple Power Rule

= (4x - 3)(x - 2x )

Vo= (4x - 3)(3x2 - 4x) + 4(x3 - 2x2)

12x% — 25x% + 12x + 4x° — 8x?
=16x% — 33x% + 12x

Product Rule and Simple Power Rule

= (4 - tizj(t2 -3t) = (4 - 12) - 3)
= (4 - 2)(2r = 3) + (¢ - 3t)(2r7)
=8 —12 -2 b — 6t
=8 —12 - 37

Product Rule and Simple Power Rule

+3t72 + 2t

g(x) - X :C— 3
gy (x +3)(1) = x(1)
gl = (x + 3)2
gy 3
glr) = (r+3)

Quotient Rule and Simple Power Rule

0= 5

o = U =225k
R T

S(x) = —(3)6111)2

Quotient Rule and Simple Power Rule



75, f(x) = )6; —
) = (x* +1)(6) - (6x2 - 5)(2x)
(xz + 1)

_ 6+ 10x - 6x?

S

2(3 + 5x - 3x%)
(x* + 1)2

Quotient Rule and Simple Power Rule

¥+ x -1
76. f(x) = ﬁ
, (x2 - 1)(2x+ 1) —(x2 + X —1)(2x)
f(x) = 5 2
(x* = 1)
2% + x% = 2x — 1 —2x° — 2x% + 2x

(e

Quotient Rule and Simple Power Rule

7. f(x) = (5% +2)

£(x) = 3(5x7 + 2)"(10x)
= 30x(5¢” + 2)°
General Power Rule
78. f(x) =

General Power Rule

79. h(x) = x2+1 =2x+1)"

J(x) = 2(—%)(}«: Py
1

T+ )

General Power Rule

© 2017 Cengage Learning. All Rights Reserved

Review Exercises for Chapter 2

80. g(x) = (3)62?5)6)4 = 6(3x2 - 5x)*4
g(x) = 6(—4)(3x2 - 5x)75(6x -5)
_ 24(6x - 3)
(3x2 - SX)S

General Power Rule
81. g(x) = xv/ X2 +1 = x(x2 + 1)1/2

g'(x) = x[%(xQ + l)_l/z(Zx)} + (1)()(2 + 1)1/2

= (2 1) L (7 4 1)]

2x2 +1
Vxt 41

Product and General Power Rule

o = 1= 0)'(1) = f3)(1 ~ o) (=)

(-0
=) 31 - )
(-1
(=) +3 2+

-0 -9

Quotient Rule and General Power Rule
83. f(x) = x(1 - 4x?)

£1(x) = *(2)(1 - 4x7)(-8x) + (1 - 427’

= —16x%(1 - 4x?) + (1 - 4x2)2
= (1= 4)[-16x> + (1 - 447)]
= (1 - 4x?)(1 - 20x?)

Product and General Power Rule

s )= (¢4 ] = (e o)

5(x2 + x'1)4(2x - x"z)

{23

X
General Power Rule

f(x) =
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150 Chapter 2 Differentiation

85. h(x) = [xz(Zx + 3’)}3 = x®(2x + 3’)3 87. f(x) = x*(x - 1)5
5x%(x — 1)4 + 2x(x — 1)5

#(x)

*[32x + 3)°(2) | + 6x°(2x + 3 /(%)
x(x - 1)4[5x +2(x - 1)]

= 6(2x + 3 + (25 + 3] (=17 -2)
x(x = 1) (7x — 2

18x°(2x + 3)*(x + 1)

Product and General Power Rule Product and General Power Rule

3.2 52
86. /(x) = [(x - 2x + 4T 8. £(* =) /
) = 2f(x -2+ H[(r - 2) + (x + 4] Sls) = S3(§) - 1)) + 39( - )
=2(x - 2)(x + 4)(2x + 2) = sz(s2 )3/2[5s + 3(s - 1)}

4x = 2)(x + 4)(x+1)

sz(s2 - 1)3/2(8s2 - 3)

Product and General Power Rule

Product and General Power Rule

vl @Ge+)”

89. h(r) = > ;
(1-3r) (1-30)
W) = (1 =36 (1/2)(3 + 1) (3) - (431 + 1) (2)(1 - 30)(-3)
(1-30)
(3¢ + 1)7[(1 - 30)(3/2) + (3¢ + 1)6]
B (1-31)

39 +5)
EENCESTTEEYS

Quotient and General Power Rule

9. g(x) = (3x + 1]2 _ (Bx+ %

X2 +1 (x2 i 1)2
g(x) = (x + ) (2)(3x + 1()(3)4__1()3)6 + 1)22(xz + I)Zx

6(x> + 1)’ (3x + 1) — 4x(3x + 1)’(x + 1)
(& + 1)’
2(3x + 1) + 1)[3(x> + 1) = 2x(3x + 1)
(x2 + 1)
2(3x + 1)(x* + 1)(-3x - 2x + 3)
(x + 1)
2(3x + 1)(-3x? - 2x + 3)
(xz + 1)3

Quotient and General Power Rule.
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or. 7=— 2% _y300(2 + 2+ 25)
2+ 2+ 25
T'(t) = ~1300(¢% + 2t +25) (21 + 2)
2600(¢ + 1)

(t2 + 2t + 25)2

, 325

T(1) = ——— = —6.63°F/h
@ 771) 19 /hr

() = —g = —65°F/hr

T(5) = -? ~ —433°F/hr

r(10) = -1 s360p/nr
(b) 60

0 24

0

The rate of decrease is approaching zero.

92. When L =12,

L 2 12 2 3 2
V="(D-4=-"(D-4" =D -4
Lip—ap = 20 4 < 2p -
Y _3p-a
dD 2
(a) When D = 8§, a (31(8—4) = 6 board ft/in.
dD 2

(b) When D = 16,
a _
dD

(c) When D = 24,

Gj(m — 4) = 18 board ft/in.

% - (%)(24 — 4) = 30 board ft/in.
(d) When D = 36,

% - Gj(% — 4) = 48 board fi/in.
93. f(x)=3x"+7x+1

f(x)=6x+7

f(x) =6
9. f(x)= 5x* — 6x% + 2x

S7(x) = 20x° —12x + 2

f7(x) = 60x? — 12 = 12(5x% - 1)
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96.

97.

98.

99.

100.

Review Exercises for Chapter 2

3

f”r(x) — _F — _3x_4
F9(x) = 1247
FO(x) = —60x7°
FO®x) = 360x7 = 3%
f(x) = Jx o= X2
vy Lo p
OEE
f”(x) — _lx,yz
f./”(x) — %x_s/z
@(y) = Bn o 15
S0 = 16372
f(x) = 8x72
f7(x) = 20x%?
£7(x) = 30x"?
FYUGx) =15x712 = %

f7(x) = 9/x = 9x'P?
f(x) = 3x ¥

1) = -2

G(y) = 1095 — 10
f (x) - 3x - 33
f(x) = x2+ = = x? + 3x7!

776 = 2 + 657 :2+%
f7(x) = 20x* — % = 20x* — 2x7°

7O(x) = 240x> — 2425 = 2402 — 22

xS
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—4.9¢2 + 1.5t + 10

107. ¥ =

101. (a) s(7) =x-y
v(t) = s'(t) = =98¢ + 1.5 2ydy:1_@
alt) = v(t) = () = -98 A

292+ &
-0 = 2 y
(b) s(t) = 0 = =492 + 1.5¢ + 10 dx  dx
Using the Quadratic Formula, ¢ = 1.59 seconds. 2y +1) ?} =1
X
©  vt)=s() =-98+15 dy 1
v(1.59) = —14.08 m/sec dc 2y +1
(d a(t) = V(¢) = -9.8 m/sec? At (2, 1)’@21
dc 3
1 -2 1
102. s(t) = ¥——— = (¢ +1 —1=—(x -
S0 = iy ) y=1=3(x-2
, -3 2 1 1
vt) =s(t) ==20+1) =- = —x 4+ —
(1) = s'(0) = 2 + 1) 1) y=gtg
, - 6
at) = V(1) = 6(t + 1) = s 108. 2 £ 312 = 10
04 3
103. x2 +3xy + 3P =10 2 d V2
dy 4y
w3 13y 132 2 e 9xP
dx dx
d 2
dy _ At (8, 4), 2 ==
E(3x+3y2)——2x—3y ( )dx 9
d —2x -3 2 3 2
d_2xcdy 2wl v—4=-2(x—3)
dx  3x + 3y 3(x+y) 9
2 52
y=—-=x
104. ¥+ 9+ 12 =0 9 9
2x+9y+9xd—+2dy:0 109. y? = 2x = xp
dx dx p p
Q& _ 5
(9x+2y)%=—2x—9y 2ydx 2 xdx+y
dy _ 2x-9y _ 2x+9y (2y—x)§=y+2
dx 9x + 2y 9x + 2y dx ‘3
dy _ y
105. 1 — x> +8x—9y —1=0 @ 2y-x
dy dy _ A2, P-4
2yt =2+ 8-9°0 =0 (L2).— =7
dy 4
2y - 92 = 2x -8 —2=2(x-1
(2y = 9)—- =2« y ;=)
dy _ 2x -8 ﬂx+g
dx 2y -9 R
106. > + x> -6y —2x—-5=0
DT A L
dx x
@(2y—6)=2—2x
dx
dy 2-2x 1-x
dx 2y-6 y-3
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110.

111.

112.

3y2ﬂ

dx

A=
dd
dt

|
|
—_

¥ —2x%y + 3x? =

- ZXZQ —4xy + 6xyﬂ +3y2=0
dx dx
Q(Syz -2x% + 6xy) = 4xy — 3y?
dx
dy _ dxy — 3y?
dx 3% — 2x* + 6xy
), Yo
dx
=-1(x - 0)
=-x-1
zr?
27z'r£
dt

(a) Find d—Awhen r = 3 cmand dar = 2 cm/min.
dt dt

dA

dt

(b) Find d—Awhen r
dt

= 27(3)(2) = 12z cm?/min

N

37.7 cm?/min

=10 cm and g = 2 cm/min.
t

% = 27(10)(2) = 407 cm?/min
~ 125.7 cm?/min
P = 375x — 1.5x?

dl = 375@ - 3.0x@

dt dt dt

4P _ (375 ~ 300"

d[ dt

@ 2 = [375 - 3.0(50)](2) = $450/day
dt

m P - [375 - 3.0(100)](2) = $150/day
dt

113.

114.

Review Exercises for Chapter 2 153

Let b be the horizontal distance of the water and / be the
depth of the water at the deep end.

Then b = 6hfor 0 < h < 2.
1

V= Jbh(6) = 3bh = 3(6h)h = 18K’
WV _ 365t

dt dt

d_ L av 41

dt 36h dt 36h 184
When 4 =1, dah = 1 = L m/min.

e 18(1) 18
P=R-C
=xp-C

x(211 = 0.002x) — (30x + 1,500,000)
181x — 0.002x* — 1,500,000

dap = 181ﬁ - 0.004x@

dt dt dt

9P _ (181 - 0.004x) ™

dt dt

dP

- = [181 - 0.004(1600)](15) = $2619/week
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154 Chapter 2 Differentiation

Chapter 2 Test Yourself

1 f(x) =x* +3(312) 7. f(x) = (x + 3)(x* + 2x)
£(x) = lim fx + Ax) - f(x) S(x) = x* +5x* + 6x
Ax—0 Ax f/(x) =3x2 +10x + 6
(e A) 3 (22 +3)
= lim (Or use the Product Rule.)
Ax—0 Ax
i x? + 2xAx + (Ax)2 +3- (x2 + 3) 8. f(x) = \/;(5 +x) = 5x% + X2
= 1um
Av—>0 Ax gy 5 n 3n 5 3x
2xAv + (Ax) Sl =t =5,
= lim ————
Ax—0 Ax
2
. Ax| 2x + (Ax)] 9. f(x) = (3x* +4)
A0 A £(x) = 2(32% + 4)(6x)
= lim 2x + Ax
Av—0 = 36x° + 48x
= 2x
At (3, 12):m = 23) = 6 10. f(x) =/1-2x = (1 -2x)"
oy _ Lo
2. f(x) = /x - 2:(4,0) fx) = S(1=22)7(=2)
’ . Ax) — = —71
fx) = Al;gqo e A)Z 0 RN =T
C Vxr A -2-(Vx-2) 1)
= Jim, Ax 1. f(x) = %
- m iy = DO 6o
: 1 .
R oy e _ (5x = 1P[15x = (5x - 1]
1 X
N _ (5x - 1)’(10x + 1)
A4 0)m=—— =1 v
’ 2J4 4 .
12. f(x) =x-— 4

3. f(ty=1+2 xl }/
7 / =1 P
£() = 32 42 /() + 2 -6 / fl’o)
, 1
4 f(x) = 4x> —8x +1 S =1+z=2

f(x) =8x -8 y—0=2(x-1)
=2x-2
5. f(x) = X2 + 6x1 g
, 3 I NEE
= = +3 = + —
f(x) > x 5 NE

6. f(x) = 5x% — % = 5x% - 3x73
2

X4

f(x) =10+ 9x™* = 10x +
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13. S = -2.1083# + 70.811#% — 777.05¢ + 2893.6

(a) A—Sfor 10t <12
At

S(12) - S(10) _ 122.6416 — 95.9
12 -10 2
= $13.3708 billion/yr

(b) S() = —6.3249¢% + 141.622¢ — 777.05
2010: S(10) = $6.68 billion/yr
2012: 51(12) = $11.6284 billion/yr

(c) The annual sales of CVS Caremark from 2010 to 2012
increased by an average of about $13.37 billion per
year, and the instantaneous rates of change for 2010
and 2012 are $6.68 billion per year and $11.63 billion
per year, respectively.

14. P = 1700 - 0.016x, C = 715,000 + 240x

Profit = Revenue — Cost
(a) Revenue: R = xp
R = x(1700 — 0.016x)

R = 1700x — 0.016x?
P=R-C

P

(1700x — 0.016x%) — (715,000 + 240x)
P

~0.016x? + 1460x — 715,000
(b) Z—P = —0.032x + 1460 = P/(x)
X

P/(700) = $1437.60

15. f(x) = 2x% + 3x + 1

f(x) = 4x +3
f”(x) -4
S7(x)=0

2
7 = =3 Jo =07 = 56 -
7) = 42 ) - 97
:-33-@ﬂ2
_ 3
83 -x)"

Chapter 2 Test Yourself 155

17. f(x) = Z J_ri
g 2x =1)(2) - (2x +1)(2)
7o) = (25— 1)
4
S (x-1)
= —42x - 1)”

f7(x) = 82x = 1)°(2) = 16(2x - 1)”

96
£(x) = —482x - 1)*(2) = ——2—
() = ~sx =70 = =
18. s(r) = —=4.9¢> + 101 + 25
v(t) = s°(¢) = 9.8t + 10
a(t) = V(t) = s"(¢) = 9.8
At ¢ = 2: 5(2) = 254m
¥(2) = —9.6 m/sec
a(2) = -9.8 m/sec’
19. xX+xy=6
dy
l+x—+y=0
xdx d
dy
=-y-1
dx 7
dy _ y+1
dx X
20. > +2x -2y +1=0
ZyQ +2 - 2@ =0
dx dx
dy
—2y -2)=-2
-2
dy _ 1
dx y—1
21. 4x* =3y + ¥y =5
dy 34y, o
8x — 6y— + x’—=3 =0
* ydx * dx Y
—6y% + x3% = —8x - 3x’y
dy
3 _ 2
(x - 6y)dx = —(Sx + 3x y)
dy _ 8+ 3x%y
dx x} -6y

dy _ 8x +3xy _ x(8 + 3xy)
dx 6y — x°

6y — x°
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156 Chapter 2 Differentiation

22. V= ar*th = 20

ar = 6071'}’zﬂ

dt

(a) %/ = 607(0.5)°(0.25) = 3.757 em®/min
(b) ‘ZL: = 607(1)°(0.25) = 157 cm’*/min
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