Cal culus Early Transcendentals 11th Edition Anton Sol uti ons Manual

Topics in Differentiation

Exercise Set 3.1

d
1. (a) 1+y+x—y—6x2:0

dx "dr x
2422~z 2 dy
dy 11 1 o1/2 2
Fr Y e r— - - Cy=6r—~-— = (24222 1) =dr— =
(¢) From part (a), gy =0~y 6 - x(x+ x > T— —
1 d d
2. (a) iy_l/Qﬁ —cosz =0 or ﬁ = 2\/ycosz.
d
(b) y=(2+sinz)? =4 +4sinz +sin’z sod—y:4cosx+2sinxcosx.
x
dy . .
(¢) From part (a), e 2\/ycosz =2cosx(2+sinz) = 4cosz + 2sinx cos x.
x
dy dy =
3. 2 2 =080 — = ——.
T+ yd SO dr = y
5 dy dy dy 3y? — 322 y? — x?
4. 322 +3y°-2 =32+ 6 - = .
Ty dx vt xyd dr  3y?2 —6xy y2 —2zy
dy dy dy dy
5. x®—= 4+ 2zy + 32(3y*) = 4+ 3y° — 1 =0, (2” + 9zy®) = = 1 — 2ay — 3y° =
” o+ 2zy + 32(3y7) o + 3y (27 + 92y7) - zy —3y°, s0 -~

d 5 dy dy
6. x3(2y)d—i+3x — 52 e —10zy 4+ 1 =0, (223y — 5z )dx = 10zy — 32%y% — 1,

. 1 @ 0w W _ Y32
T2 oz T U gy T T e
— )1 _ 1—
. 2z = C2a(x—y)? = =2y + 22—, s0 —= =
8 (z —y)(1 +dy/dx) — (x +y)(1 — dy/dz) dy dy
(x —y)? dx dx

1 — 2zy? cos(z?y?)

d d
9. cos(z%y?) {J;Q(Qy)y + nyﬂ 1, so W

dx dx 222y cos(x?y?)
. dyl dy dy y* sin(zy?)
10. — N2 r2oyd | = oW o YTV
sin(zy’) {y + xydx] dz’ > dx 2zysin(xy?) + 1
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1 —2zy — 33°

x? + 9zy?

dy 10zy — 3x2y?

-1

°dr 2x3y — bx?

z(z—y)? +y
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82 Chapter 3
dy dy dy 1 — 3y? tan®(2y? + y) sec?(zy? + y)
11. 3tan®(zy? sec? (zy? 2zy—= =) =1, :
an”(zy” +y)sec(zy” +y) xyd Ty dx °dr 3(2xy + 1) tan?(xy? + y) sec?(xy? + y)
1 . 2 31 3(a
19. (1 4 secy)[3zy*(dy/dz) + y°] — xy°(secy tany)(dy/dx) _ 4y3@, multiply through by (1 + secy)? and solve for
(1+secy)? dx
@ to get @ = y(l + secy)
de 08 T 4y(1 +secy)? — 3x(1 + secy) + xysecy tany
dy 2
dy dy 2 dy d%y d*y 3 (E) —2 2(3y? — 22?) 8
13, do — 6y =0, L =2 4 ¢ — 6y L =0,50 >Y = — - =,
T “dr 3y’ (dx Y 50 g2 3y 9y3 9y3
d 2d2 22_22dd 22_22_22 2 3 3
14.71/:_:67773/:_11(%) e*(2ydy/dr) _  2zy" —2z7y(—2*/y7) _ 2e(y"+a2t) f = 1 so
dr v dz? Y Y e
?y_ 2%
dr?2 Y5
15. W _ oy &y _ wldy/de) —y(1) _ a@(-y/r) -y _ 2y
T dx x’ dx? x2 x2 x2
16 +x7+2d7y 0@—_L Qdy_|_ d2y+2 @2_’_2 @—0@ M
YT T Y Tdr x4+ 2y dx dx? d Yooz = da2 T (z +2y)3"
dy 1 d*y Loy o dy siny
17. 1 - — - Y_ Y
T = (1+cosy)” ) T3 (1 + cosy) *(—siny) e~ (7 cosy)?
18 dy _ cosy @ (1 +xsiny)(—siny)(dy/dx) — (cosy)[(x cosy)(dy/dx) +siny]
“dr  1+4zsiny’ dz? (1 + xsiny)2 -
9si 9 sin2 2
_Z2smycosy + (xcosy)( s y + cos y)7 but zcosy =y, 2sinycosy = sin 2y, and sin®y + cos? y = 1, so
(14 zsiny)3
@ __sin2y+ y(sin®y 4 1)
dz? (14 zsiny)3
AT L dy x dy
19. By implicit differentiation, 2z + 2y(dy/dx) = 0, = —;; at (1/2,v/3/2), = —V/3/3; at (1/2,—/3/2),
dy . . dy —z 1/2
—2 = 4++/3/3. Directly, at the upper point y = v1 — 22, —= = = - = —1/v/3 and at the lower
. / y pper point y = v/ i = Vi 3 /
dy
. Y A R )
point y V1— 22, Iy m = +1/V3.
20. If y> =2+ 1 = 0, then y = /x — 1 goes through the point (10,3) so dy/dx = 1/(2y/z —1). By implicit
differentiation dy/dz = 1/(2y). In both cases, dy/dz|(;q ) = 1/6. Similarly y = —v/ — 1 goes through (10, —3)
so dy/dx = —1/(2/x — 1) = —1/6 which yields dy/dx = 1/(2y) = —1/6.
21. False; z = 32 defines two functions y = 4-/z. See Definition 3.1.1.
22, True.
23. False; the equation is equivalent to z? = y? which is satisfied by y = |z|.
24. True.
25. 423 + 493 34y _ 0, 50@ —x—g——LN—OBlQ
) Vde ~ dx Y3 153/4 T '
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26

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

dy dy dy dy y+1
. 3y2 -2 2242 2 — 6 =0, — =-2r—————=0at xz=0.
Y d$+:c der Ty + 27 yd SO e I3y2+x2—6y at x
dy dy\ dy _ x[25—4(a® +y?)] dy
4(z? (2 20— | =25 —2y—= |, — 3,1) == =-9/13.
(@ +y)<$+ ydx> ( Yz > &~y B g =Y

2 d d 1/3
3 <x1/3 +y 1/3dz> 0, Y =Y 3at (-1,3V3).

" dx x1/3
da da da 2t3 + 3a?
da3— — 443 = 2 4 2at— lve fi ft et — = ———
“at 6<a +ea dt) SONVEION G OB U T 203 —6at”

1 71/2du 1 71/2 du \/a
— _ — :O —_— = .
2" a T 2" 50 N2

dw dw b2\
20°w—— + 2b°\ = =——.
a wd/\ 4+ 2b°X =0, so n 20

(cos )dac © dx 1
= x _— =
dy dy cosx

= secx.

d d d

2z + xd—y +y+ 2yd—y = 0. Substitute y = —2z to obtain 73xd—y = 0. Since x = £1 at the indicated points,
x x x

dy

I = 0 there.

(a) The equation and the point (1,1) are both symmetric in z and y (if you interchange the two variables you get
the same equation and the same point). Therefore the outcome ”horizontal tangent at (1,1)” could be replaced
by ”vertical tangent at (1,1)”, and these cannot both be the case.

dy 2z — vy
T — 2y
y? = 1 we obtain 2% — 222 + 422 = 1, or 322 = 1,2 = (v/3/3,2v/3/3) and (—v/3/3, —2v/3/3).

(b) Implicit differentiation yleldb , which is zero only if y = 2z; coupled with the equation 2% — zy +

y

—4 4
7o+
dy

(b) TImplicit differentiation of the curve yields (4y> + 2y)d—
T

(a)

d
:237_1780d—y=00n1yifm:1/2buty4+y220
x

so x = 1/2 is impossible.

—14 /(22 +1)2

5 =1+ y? or —y2, and we have

(c) 22— 2 — (y* +9?%) =0, so by the Quadratic Formula, 2 =
the two parabolas = —y%, z = 1 + y°.

d d 2y(2y% + 1
By implicit differentiation, 2y(2y? + 1)—y =2r—1, ar _ 2y(2y” + 1)

dx dy 2z —1
hold if y = 0. From y* + 3% = x(x — 1), if y = 0 then 2 = 0 or 1, and so (0,0) and (1,0) are the two points where

the tangent is vertical.

= 0 only if 2y(2y? + 1) = 0, which can only
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37.

38.

39.

40.

41.

42.

The point (1,1) is on the graph, so 1 +a = b. The slope of the tangent line at (1,1) is —4/3; use implicit

d 2 2 4
differentiation to get o A L B (1,1), 1tr2 - 3 1+2a=3/2,a=1/4and hence b=1+1/4 =
a

d 22 4 2ay
5/4.

The slope of the line x +2y —2 = 0 is m; = —1/2, so the line perpendicular has slope m = 2 (negative reciprocal).
. d d 4
The slope of the curve y> = 222 can be obtained by implicit differentiation: 3y2d—y = 4z, cTy = 3—:2 Set
x x Y
d 4
d—y = ;3—362 = 2,2 = (3/2)y®. Use this in the equation of the curve: y3 = 2z = 2((3/2)y?)? = (9/2)y*,y =
€L Y

3/2\% 2

We shall find when the curves intersect and check that the slopes are negative reciprocals. For the intersection

1
solve the simultaneous equations 22 + (y — ¢)? = ¢? and (x — k)% + y? = k? to obtain cy = kz = §(x2 +?). Thus

— —k
22+ 4% =cy+ kx, or y? — cy = —2% + kz, and y—e__* . Differentiating the two families yields (black)
x
d d —k
d—y - * , and (gray) d—y - _r=r But it was proven that these quantities are negative reciprocals of each
x y—c x
other.

d d
Differentiating, we get the equations (black) xd—y +y =0 and (gray) 2z — de—y = 0. The first says the (black)
x x

x
slope is Y and the second says the (gray) slope is —, and these are negative reciprocals of each other.
z Y

(b) z~0.84

(c) Use implicit differentiation to get dy/dx = (2y — 322)/(3y? — 2x), so dy/dx = 0 if y = (3/2)x%. Substitute
this into 2° — 2zy + y* = 0 to obtain 272% — 162° = 0,2% = 16/27, = 2*/3/3 and hence y = 2°/3/3.

(b) Evidently (by symmetry) the tangent line at the point = 1,y = 1 has slope —1.

(c) Use implicit differentiation to get dy/dx = (2y — 32%)/(3y* — 2z), so dy/dx = —1 if 2y — 322 = —3y* +
22,2(y — x) + 3(y — x)(y + =) = 0. One solution is y = x; this together with 23 + y3 = 2zy yields z = y = 1.
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43.

44.

For these values dy/dx = —1, so that (1,1) is a solution. To prove that there is no other solution, suppose y # x.
From dy/dx = —1 it follows that 2(y — x) + 3(y — z)(y + ) = 0. But y # x, so  + y = —2/3, which is not true
for any point in the first quadrant.

d 2y% + 3t?
. Using implicit differentiation for 2y3t + t3y = 1 we get ay _ Aty but

dy _ dy di _
dt — 6ty2 +3"’

By the chain rule, = = 3t dp
e _ 1 dy 27 +3t%
dx

T eost’ X dr (6ty2 + t3) cost’

Let P(x0,90) be a point where a line through the origin is tangent to the curve 222 — 4z + y2? + 1 = 0. Implicit
differentiation applied to the equation of the curve gives dy/dz = (2—2x)/y. At P the slope of the curve must equal
the slope of the line so (2 —2z0)/yo = yo/Z0, or Y5 = 2xo(1 —x0). But 222 — 4z +y2 +1 = 0 because (g, yo) is on
the curve, and elimination of 2 in the latter two equations gives 2x¢ = 4z¢ — 1, 79 = 1/2 which when substituted
into y2 = 2z0(1 — x¢) yields y2 = 1/2, so yo = £+/2/2. The slopes of the lines are (£v/2/2)/(1/2) = +v/2 and
their equations are y = 2z and y = —v/2z.

Exercise Set 3.2

10.

11.

12.

13.

e

1 1

—(5) = -

5x() T

L1111

/33
1

14z

2 +1\/% (21f> B Zﬁ(21+ Vz)

2z

2 —1 x2 -1

3x? — 14z
x3—Tr2 -3
2z 1— a2

d d 1
~lnz—- —In(1l+z2%)==— = .
de U dx n(1+2%) x 1422  z(1+2?)

1 -1 2
142 1—2 1-—22

d
7 (In142z|—Injl —z|) =

T

d d 2
. —(21 =2—1 = —.
d:v( nz) dxr ne T
1
3(nz)* =
(nz)?
1 1 1
Lt z)-172 () I
2( ) T 2zvInx
41, 1
dr2 T 9y

1
Inz+xz—=1+1nx.
T
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14.

15.

16.

17.

18.

19.

20.

1
z (x) + (32*) Inz = 2%(1 4+ 31Inx).

—2x2

21‘ 10g2(3 — 2$) + m

2 2c — 2

[log, (22 — 20)]* + 3z [logy(a? — 22))] [CEEBITY

2x(1 + logx) — x/(In 10)
(1+logx)?

1/[z(In10)(1 + log z)?].

1y
Inz \z/) =zlhz

1 2
21. (sec” x) = secx cscx.
tan x
1 .
22. (—sinz) = —tanz.
cos &
23 —sin(lnac)l
. =
1 in(21 in(In 22
24. 2sin(lnz)cos(lnz)— = sin21n.z) = sin(lnz )
x x x
1 cotx
25. —————(2sinxcosz) = 2 .
lnlosin2x( ) In10
1 d 9 1 —2sinzcosz 2tanz
26. —— —Incos“z = =— .
In10 dz In10  cos?zx In 10
d 3 8z 112° — 8z +3
27. — [3In(z — 1) +4In(a® +1)] = = :
gz B =D+ AG® + D] = -7 4 g = e
28. L2 Incosz + LIn(1 4 29) = —2tanz + 2%
. —[2Incos —In = —2tan —_—
dx ST v T It
d 1
29. e [ln COST — 5 In(4 — 31‘2):| = —tanz + 3.2 _?)sz

30.

31.

32.

33.

4 (g} -3 (- 4)

d 1
True, because Y _ ~,s0as x = a — 07, the slope approaches infinity.
x

dx

False, e.g. f(x) = /.

d d
True; if © > 0 then %lnm =1/z; if x < 0 then %ln|x| =1/x.
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

d 1 2
False; —(Inz)> =2=Inxz # =.
dz T x

1 . dy 1 2
1n|y‘:1n|:17|+§1n‘1+x|,SO%::17 1+$2|:w+3(1—~_372>:|

1 dy 1,/xz—1 1 1
Iyl = ginfe =1 =Infr+ 1]l so 70 =zy/~= L_l‘HJ'

1 1
In|y| :gln\x2—8|—|—§ln|x3+1|—ln|x6—7x—|—5|,so

dy  (2? —8)1/3Vx3 +1 2z n 322 62 -7
de 6 —Tzx+5 3(z2—8) 2(x3+1) a5—-Tx+5]
In | \—ln|sinm|—|—ln|cosx|+3ln|tanm|—11n|x\ SO@—W cotgc—tanzzc—l—?)SGCQQE—i
y= 2 " dr N3 tanz 2z
Ine 1 d 1
log, e = — = —, so —[log, e] = — :
(2) log, e Inz  Inz dx[Og"Le] z(Inx)2
In2 d In2
b) log, 2= — —|log,. 2| = — .
(b) log, Iz > dx[ng ] z(lnx)?
Inb . Ine 1 d 1
(a) From log,b= e for a,b > 0 it follows that log(; /) e = Tn(i/2) =~ % 7z [log(l/gﬂ) e] = )

(b) lo e= e __1 soilo e=— ! - :
E(lnz) € = In(lnz) = 1n(lnx)’ d E(inz) € = (In(lnx))? zlnz o x(lnx)(hl(lnaj))Q.

1
fllxo)=—=e,y—(-1)=e(x—zp) =ex—1, y=ex — 2.
Ty

Inx 1
=1 =" oy = =logl0=1, y—1=
y = logx 10’ Y 21010’ Yo og 10 » Y

1
om0~ 10

Fao) = F-e) =1, F@)le o=y 1= +e), y=—w

1 1
y—ln2:—§(x+2), y:—§x+ln2—l.

(a) Let the equation of the tangent line be y = max and suppose that it meets the curve at (zg,y0). Then

1 1 1 1 1
m= — =—and yo=mxg+b=Inxy. Som=— = e and Inxg = 1,29 = e,m = — and the equation
e

€T r=x0 i) Zo i)

1
of the tangent line is y = —z.
e

(b) Let y = ma + b be a line tangent to the curve at (zg,yo). Then b is the y-intercept and the slope of the

tangent line is m = —. Moreover, at the point of tangency, mzg+b=Inxzg or —zg+b=1Inxg, b =Inzg— 1, as
X0 Zo
required.

Let y(x) = u(z)v(z), then Iny = Inu + Inwv, so y'/y = ' /u+ v /v, or y = w’ + vu'. Let y = u/v, then
Iny = Inu —Inv, so y/y = v'/u—v'/v, or y = u'Jv —w'/v? = (u'v — wv') /v The logarithm of a product
(quotient) is the sum (difference) of the logarithms.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

The area of the triangle PQR is given by the formula |PQ||QR|/2. |PQ| = w, and, by Exercise 45 part (b),
|QR| =1, so the area is w/2.

y
1+

P (w, Inw)
Qﬁ/ ¥

w 2

Since y = 2lnx, let y = 2z; then z = Inx and we apply the result of Exercise 45 to find that the area is, in the
x-z plane, w/2. In the x-y plane, since y = 2z, the vertical dimension gets doubled, so the area is w.

d 1 d
If z=0then y =Ilne =1, and J_ .Butey:x—l—e,so—y:—:e_y.
Cx+te de eY
d 1 1 d
If £=0then y = —Ine? = -2, and —< Yy _ .Butey:77so—y:ey.
der €2 —zx e —x dx

d 1
Let y = In(z + a). Following Exercise 49 we get d—y = ora e Y, and when x = 0,y =In(a) =0if a = 1, so let
r zT+a
a =1, then y = In(z + 1).
d, 1 1 d
Let y = —In(a — ), then & _ . But e¥ = , 50 Y — ev. If 2 = 0 then y = —In(a) = —In2 provided
dr  a-—x a— dz

a=2,s0y=—In(2-2x).

(a) Set f(z) =1In(1+ 3z). Then f'(z) = 15’3967 #'(0) = 3. But f(0) :iﬂw :iiirbl (1;3“””)
_ In(1 —
(b) Set f(r) =In(1 ~ 52). Then f'(z) = 1—=. f'(0) = ~5. But f'(0) = lim J() - 1(0) = lim “m 5)
() f(@) =t i) = gim MOEFADZ2 L)L
a nx; e)—Aglcg0 AL = nx xfez_gm:ez_e .
Inw—1 1
(b) f(w) = Inws /(1) = lim 0= = g =;w_1=1.
(a) Let f(z) = In(cosz), then f(0) = In(cos0) = Inl = 0, so f'(0) = hi% /(@) ;f(O) = hg%) ln(c;)s a:), and
f'(0) = —tan0 = 0.
— V2 _
(b) Let f(z) = V2, then f(1) = 1, so f/(1) = f{%w = %%%}121’ and f'(z) =

V22V (1) = V2.
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d ... log,(z + h) —log,(x)
56. o [log, x] = }Lll&) A

=1 l1 1—&—ﬁ
_hlg%)hOgb x

1
= lim — logy(1 + v) Let v = h/x and note that v =+ 0 as h — 0
v

v—0

1 1
= — lim —log,(1 +v) h and v are variable, whereas x is constant
T v—=0v

_ 1 . 1/v
= ;31_1}1})10&(1 +v)

1
= —log, lim (1 4 v)/* Theorem 1.5.5
xT v—0

1 11 1
= —log,e = —- =< = . Formula 7 of Section 1.3
x z Inb xlnd

1d, 1 d,
57. Differentiating implicitly gives 0 = e 7(—0.0046)—1)

dp
~23, f hich = = 0.0046p(500 —
pdt 2.3 —0.0046p » from which —, p( p) as

dt d
claimed.

1d 1 d d
58. Implicit differentiation yields ,di; + lidizi = «, from which we obtain that dit/ = ay(1 — y). The right side is
Y -y
an inverted parabola, with a maximum value of «/4 at y = 1/2. Thus y is growing most rapidly when half the

population has the information.

Exercise Set 3.3
1. (a) f'(z) =52*+ 3224+ 1> 1so0 f is increasing and one-to-one on —0o < x < +00.

d

%f_l(af) =

o
fr(f=1 (=)

2. (a) f'(x) = 322 +2¢%; f'(z) > 0 for all z (since 3z? > 0 and 2¢® > 0), so f is increasing and one-to-one on
—o00 < x < +o0.

1 1

(b) f(1)=3s01l=f"1(3); , (fYB) = PO 9

— . d _ _ # 1y _ 1 _ 1
(b) J(0) =250 0= S @) = Frmrgy (U7 @ = 755 = 3
3. 571w) = =8 so dineetly Tf7(w) = 3622'2 Using Formula (2), £(e) = 2550 50 oy =
—(1/2)(fH(z) +3)*, and %f‘l(w) = —(1/2) (i) = —%.
4. f-1 GE! direct] d .1 _eth/ _ 2 d using F la (2 d oy —
Cf ) = , so directly, ﬁf (x) = - Next, f(x) = 95 71> 2nd using Formula (2), %f () =
2fHz)+1 e
2 2

5. (a) f'(z) =2¢+8; f/ <0on (—oo,—4) and f' > 0 on (—4,+00); not enough information. By inspection,
f(1) =10 = f(—9), so not one-to-one.

(b) f'(x) = 10z* + 322 +3 > 3 > 0; f’(x) is positive for all z, so f is one-to-one.
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(¢) f'(z)=24cosz>1>0forall z, so f is one-to-one.
(d) f'(z)=—-(n2) (%)x < 0 because In2 > 0, so f is one-to-one for all x.
6. (a) f'(x) = 32% + 62 = x(3x + 6) changes sign at x = —2,0, so not enough information; by observation (of the
graph, and using some guesswork), f(0) = —8 = f(—3), so f is not one-to-one.
(b) f'(x) =5x* + 2422 +2 > 2> 0; f’ is positive for all z, so f is one-to-one.
(c) f'(z)= L f is one-to-one because:
(x4 1)2 '
if 1 <o < —1 then f' > 0 on [z1, 23], so f(x1) # f(x2)
if =1 <z < xg then f/ > 0on [x1,z2], so f(z1) # f(x2)
if x1 < =1 < g then f(z1) > 1> f(xz) since f(z) > 1 on (—oo0,—1) and f(z) < 1 on (—1,+0o0)
. d 1 Lo . .
(d) Note that f(x) is only defined for x > 0. e log, © = R which is always negative (0 < b < 1), so f is
one-to-one.
dx dy 1 dy dy dy 1
T.y=f""! = =5 +y—T7, — =15 +1, = = ————; check: 1 =15y°—= + =, —= =
y=f e = fly) =5y +y =T, o= 1oy + 1, g0 = oy chee Vigr Tdr dz 12 11
_ dx 5 dy _dy dy
8. y=[f""! = =1/y%, — = —2y73, == = —3/2; check: 1 = -2y 3-2, -2 = —33/2.
y=r"(@), z=f(y) /y,dy Yy, 5o =~ /2; chec Ui
dx dy 1 dy dy
9.y = f! = =20 + 93 +1, — = 10y* + 3y°, = = —————; check: 1 = 10y*—= + 3y>—~>
y = f"x), » = f(y) vyl R i T e i 3
dy 1
dr  10y* + 3y2°
d d 1 d
10. y = f~Yx), * = f(y) = 5y — sin2y, d—:j = 5 — 2cos 2y, ﬁ = m; check: 1 = (5 — 2(:052y)£7
dy 1
dr  5—2cos2y’
11. Let P(a,b) be given, not on the line y = z. Let @1 be its reflection across the line y = z, yet to be determined.
Let @ have coordinates (b, a).
(a) Since P does not lie on y = x, we have a # b, i.e. P # @ since they have different abscissas. The line PZ)
has slope (b — a)/(a — b) = —1 which is the negative reciprocal of m = 1 and so the two lines are perpendicular.
(b) Let (¢,d) be the midpoint of the segment PQ. Then ¢ = (a+ b)/2 and d = (b+ a)/2 so ¢ = d and the
midpoint is on y = x.
(c) Let Q(c,d) be the reflection of P through y = x. By definition this means P and @ lie on a line perpendicular
to the line y = x and the midpoint of P and @ lies on y = x.
(d) Since the line through P and @ is perpendicular to the line y = x it is parallel to the line through P and Q1;
since both pass through P they are the same line. Finally, since the midpoints of P and @1 and of P and ) both
lie on y = x, they are the same point, and consequently Q = Q1.
12. Let (a,b) and (A, B) be points on a line with slope m. Then m = (B —b)/(A — a). Consider the associated points

(B, A) and (b, a). The line through these two points has slope (A —a)/(B —b), which is the reciprocal of m. Thus
(B, A) and (b, a) define the line with slope 1/m.
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13.

14.

15. —

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

If @ <y then f(z) < f(y) and g(z) < g(y); thus f(z) + g(x) < f(y) + g(y). Moreover, g(z) < g(y), so
flg(x)) < flg ( )). Note that f(x)g(z) need not be increasing, e.g. f(z) = g(z) = z, both increasing for all z, yet
f(x)g(x) = 22, not an increasing function.

On [0,1] let f(z) = z—2, g(x) = 2—=x, then f and g are one-to-one but f+gisnot. If f(z) = x+1, g(z) = 1/(x+1)

then f and g are one-to-one but fg is not. Finally, if f and g are one-to-one and if f(g(z)) = f(g(y)) then, because
f is one-to-one, g(x) = g(y), and since g is one-to-one, x =y, so f(g(x)) is one-to-one.

= 7e™.
dz ¢
d
ﬁ = —10ze™""
dy _ z3e” + 32%e” = 2% (x + 3)
dx
dy_ 1.
dx x?

dy (ez + e—x)(ea: + e—x) _ (ew _ e—w)(ew _ e—w) (e2$ + 2 + e—2w) _ (622 -2 + e—2w)

_ = = = 4 z - 2.
dx (em + e—x)Q (ex + 6—1)2 /(6 +e )
d

ﬁ = e” cos(e”)

d

ﬁ = (zsec’ z + tanz)e® 4 n T,

dy  (Inz)e” —e*(1/z) e“(zlnz—1)

de (Inx)2 — z(lnz)2

d 3z

% = (1 — 3e3)e=e"),

dy 1 1 9 NG 15 3y—1/2 1+ 513

dy (z—1)e® z-1

dr  1—xe ®  e*—q’

d 1

& _ [—sin(e”)]e” = —e” tan(e®).

dr  cos(e®)

1
f(x)=2"In2;y=2% ny=2xIn2, —¢y =In2, y =yln2=2%1n2.
Y
! — — 1 / / —
fllx)==-3""In3;y=3"" Iny=—2In3, -y = —-In3,y = —yln3 =-3""1n3.
)
/ i ; . 1, , .
fl(x) =7""%(n7)cosx; y = 7% Iny = (sinz)Inm, -y’ = (In7) cosz, y' = 7 *(ln ) cos z.
Y

1
f'(x) = a*22(In7)(zsec?x + tanz); y = 7°"% Iny = (zrtanz)lnm, —y = (In7)(zsec’z + tanz), y =
Y

2t (In ) (x sec?  + tan ).
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45. —

46.

47.

48. —~—

- 1d 22 1 d -
Iny = (Inz) In(2® — 2z), - dy _ 3z Inz + — ln(x —2z), d—y = (23 — 2z)n® {
x

3
ydr 72 Inz + —In(z” — 2z)|.

3 — 2 x

322 —2 1 ) }

Iny = (sinz)Inz, 1 Z—i sin. + (cosz)Inz, Z—i = g5ine s + (cosx) lnm}

Iny = (tanz) In(In z), % % = (Elilx tanz + (sec? z) In(ln z), % = (Inz)™= {:;Ez + (sec? z) In(In as)} .

Iny = (Inz) In(2? + 3), i Z—z = 22+3 Inz + fln( 243), % = (22 + 3)n" [x 2+ Inz + — ln(ac + 3)]

Iny = (In2)(n(n2)), /% — (1/2) (n(n 2)) + (lnx)ll/ = (1/2)(1 + In(Inz)), dy/da = %(mx)l”a +Inlnz).
(a) Because z* is not of the form a® where a is constant.

1
b)) y=2°, lny=xlnz, —y' =1+Inz, ¢ =2°(1 +Inz).
Y

d

% = (32 —dz)e” + (2° — 22° + 1)e” = (2° + 2% — 4z + 1)e”

d ,

d7y = (4o — 2)e** + (222 — 2z + 1)2** = 422,
x

dy 1 2

29 _ (9 z “1n 3.

o (z+2ﬁ)3 + (2* +v1)3"In3

d 1

Y _ (322 + Z272/3)5% + (23 + ¥z)5% Inb.

dx 3

d . =

% = 4357~ In 4(3cosz — ).

d 1

% = geosztinw In2(—sinx + ;)

dy 3 3

dv 1= (322 V1-922

dy 1/2 L 1

dr w12 A (@112

Vi- ) @+

d 1 1

d = (et = e

der /1 —1/a2 lz|vVa? — 1
@ B sinx _ sinz 1, sinz >0
dx_m_\sinx\_ —1, sinz <0 °
dy 3z 3z

dz 1+ (x3)2 T 14426

dy 5zt 5

de ~ of /@ =1 JelVa® 1
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49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

y=1/tanz = cotz, dy/dr = — csc? x.

1
= -1 ) — —1,3-2
y= (tan"'2)71, dy/dx = —(tan"' z) <1—|—a:2>

@ = L +e®sec
dr  |x|va? — 1 '
@ _ 1

dx (cos_1 x)\/ 1—22

dy

—~ =0.

dzx

dy 322(sin ! x)?

s —1,03
Ir i + 2z(sin” " x)°.
dy
— =0.
dz
@:—1/\/625”—1.
dz
dy L (L)1
dr — 1+2\2 o 2(1+a)a

dy 1

dux 2Veot Ta (1 +a2)

d
False; y = Ae® also satisfies Y _ Y.
dz
False; dy/dx = 1/x is rational, but y = Inx is not.

True; examine the cases > 0 and x < 0 separately.

d
True; — sin 'z 4+ —cos la = 0.
dx dx

(a) Let z = f(y) =coty, 0 <y <m, —oo<x < +oo. Then f is differentiable and one-to-one and f'(f~!(x)) =

d 1 1
2/ 1 2 -1 . .
— t =—x"—1+#0 d —|cot =lm —>——+—=-1 =-1.
csc?(cot™ " x) x # 0, an T [cot™" z] » lim @) lm g
d d 1 1 1 1
(b) If z # 0 then, from Exercise 48(a) of Section 0.4, . cot™la = . tan~! S /2 =i
d 1
For x = 0, part (a) shows the same; thus for —co < 2 < 400, %[cot_1 7] = T
(c) Fo < u < +00, by the chain rule it follows that d [cot ™1 ] 1 du
r —oo < u 00 in rule i W — ul = ——— 27,
Y dz u? + 1dx
1 1 1 —1
a) By the chain rule, —[csc 2] = —sin™! = = —— — ]
(a) By dx[ ] dx x 2. /1= (1/z)2 |x\m
d du d -1 d
(b) By the Chain rule, @[Cscil U] = i@[cscil U] = Mi mﬁ
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(c) From Section 0.4 equation (11), sec™*z + csc™ ! x = /2, so 4 seclo=——cscla = ———— by part
dx dx |x‘\/x2 —1
(a).
du d 1 d
(d) By the chain rule, ﬁ[se(f1 u] = dZ Tu [sec™ ! u] = W%
65. 2° +xtan~ty =e¥, 322 + a y +tanly =e¥y, Y = (32 + tan—" y)(1 +37)
' BT T ’ Trer—z
1 1 1— — 2 1 — 2242
6. sin"(ay) = cos(z — y), o (af +9) = (1 ),y = DA C W VI
V1—ax2y? 1—(z—y)? V1—22y2 —2\/1— (z — y)2
67. (a) f(z) =23 322+ 2z =x(z — 1)(x —2) so £(0) = f(1) = f(2) = 0 thus f is not one-to-one.
6+ /36 —24
(b) f'(z) =32%2—62+2, f'(z) =0 when z = % =14+v/3/3. f'(x) > 0 (f is increasing) if z < 1—+/3/3,
f'(x) < 0 (f is decreasing) if 1 —/3/3 <z < 14 +/3/3, so f(x) takes on values less than f(1 —+/3/3) on both
sides of 1 — \/5/3 thus 1 — \/3/3 is the largest value of k.
68. (a) f(z) =a(x —2) so f(0) = f(2) = 0 thus f is not one-to-one.
(b) f(x) =42® — 62 = 42?(x — 3/2), f'(x) = 0 when x = 0 or 3/2; f is decreasing on (—o00,3/2] and increasing
on [3/2,400) so 3/2 is the smallest value of k.
69. (a) f'(x) =42® + 322 = (42 + 3)2? = 0 only at & = 0. But on [0, 2], f has no sign change, so f is one-to-one.
(b) F'(x) = 2 (29(x))g'(x) 50 F'(3) = 2f'(29(3))g/(3). By inspection f(1) = 3, s0 g(3) = f'(3) = 1 and
¢(3) = (F)B) = 1/ 13) = /(1) = 1/7 because f/(z) = 4% + 322, Thus F'(3) = 2f'(2)(1/7) =
(44)(1/7) =88/7. F(3) = f(29(3)) = f(2-1) = f(2) = 25, so the line tangent to F(z) at (3,25) has the equation
y—25=(88/7)(x —3), y=(88/7)x — 89/7.
1
70. (a) f'(z)= —et=’ (2 + $2) < 0 for all x > 0, so f is one-to-one.
. . . . o 1 9
(b) By inspection, f(2) = 1/2, so 2 = f7(1/2) = ¢g(1/2). By inspection, f'(2) = — 2+ 1) =1 and
FU/2) = Flo@P) )| = fl@Pe@e@)| = fe)22g =20
dzx z=1/2 z=1/2 F(9(@)) |21 o f(2)
/ / /
e 22+ 1) 33 11
2+1) 9e12 T 3el?”
T1. y = Aekt, dy/dt = kAeFt = k(AeM) = ky.
72. y = Ae*® + Be™** ¢ = 2A4e* —4Be %y = 4Ae?* +16Be~** s0 y" + 2y — 8y = (4Ae** +16Be™4%) +2(24e%* —
4Be=4%) — 8(Ae** + Be %) = 0.
73. (a) ¥y =—axe " 4+e T=e*(1l—x),zy =ze *(1—2z)=y(l—x).
(b) ¥ = —g2e77"/2 4 o772 = 67“"2/2(1 —22), xy = ze’mQ/Q(l —2?) = y(1 — 2?).
74. (a) Losing 15% of the value means the value after a year’s depreciation is Viyew = 0.85Vjevious- Using induction

gives the formula.
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75.

76.

77.

78.

79.

80.

d d
(b) Differentiating V' = 20000(0.85)" gives dit/ = 200001n 0.85(0.85)". Evaluating this at t = 5 gives dit/ ~ —1442
dollars/year. Thus the car is losing value at about $1442 dollars/year when it is 5 years old.

A
100 -

B0 -
60 o
4{)_
20 -

Pit)

(a) 0 5 10 15 20

(b) The percentage converges to 100%, full coverage of broadband internet access. The limit of the expression in
the denominator is clearly 53 as ¢t — oo.

—_ b2 W = LA

(¢) The rate converges to 0 according to the graph.

12
0 /9
(a) o
. . 60 60 60
(b) P tends to 12 as t gets large; tligloo P(t) = t_13+moo 5 7o 547 Im e 5 12.
t——+oo

32

0 —/ 9

(c) The rate of population growth tends to zero. 0

8w iy — i 4 (2) = f(0) 3
fla) =%, f1(0) = Jim === = 3¢%| =3,
flz) = e, f/(0) = 2ze® = 0.

=0

o 2220 D ygel — Lo g,
h—0 R dz eo dx =0
. tan Y(1+h)—7/4 d 1 1 1
1 = _ - = —.
B0 h e R il H
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9 By A 2
81. lim 2 (g +A) — % (3sin1 )2 — 2(3sin~ #)—— —o3T)—2 19
Az 0 Ax dx o= VI—a2?|,_vs 37\/1—(3/4)
3sectw—m d 3 V3
82. lim ——————— = —3sec 'z ==
w2 w—2 dz w=2  [2lv22 -1 2
. 1-— e_kt . 1-— e_kt d —kt . . .
83. lim 9.8 ——— =98 lim ——— =98 —(—¢ ‘ = 9.8, so if the fluid offers no resistance, then the
k—0+ k k=0t Kk dk k=0
speed will increase at a constant rate of 9.8 m/s%.
Exercise Set 3.4
dy dx
1. —=3—
dt dt
dr dz 1
— =3(2) =6. -1= = ——.
(2) dt 3(2) =6 (b) Y@ a3
dx dy
2. —+4— =0
dt + dt
dy d 1 d
(a) 14470 =050 = = — when v = 2. (b) —+4()*Osod—f:716when:1::3.
dx dy
3. 8z— + 18y— =
8z 7 + 18y Y =0
1 dy dy dz NG dz
8—-3+18——%=— =0, — =—-2. b) 8 — — 18— -8=0, = 6v/5.
(a) z\f * 3v2dt T dt (b) (3>dt 9 dt V5
dx dy dx dy
4. 20— +2y— =2—+4—
dt + Yt dt + dt
dy dy dy
2-3(— 2.1 — o 41—, — = —10.
(a) 2-3(-5)+ L (=5) + 0 d 0

(b) 2(1+\/§)Z—f+2(2+\f) 629 4. 6, dr —12£:—3\/§\/§.

dt dt 2v/2
5. (b) A =22
dA dx
=2z—.
© G =%
(d) Find aa given that 5 From part (c), al 2(3)(2) = 12 ft* /min.
dt =3 dt =3 dt r=3
6. (b) A=mr2
dA dr
(C) E = 2’”"’4%
(d) Find aa given that dr = 2. From part (c), aa = 27(5)(2) = 207 cm?/s.
dt r=5 dt r=5 dt r=5

7. (a) V:7T7“2h,SOV=7T( %—FQ th>.
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10.

11.

12.

13.

14.

15.

(b) Find ud given that dn =1and dr = —1. From part (a), — = m[10%(1)+2(10)(6)(—1)] =
dt ,hffg) h=6, dt |n=s, dt |n=s,

dt
3 = r=10 r=10 r=10
—207 in”/s; the volume is decreasing.

1
. (a) E2:x2+y2,80d€:< dac+ dy)

a0 \Tat TV

de d 1 d 1
(b) Find = - given that d—f =3 and d—i =-1 From part (a) and the fact that £ = 5 when = 3 and y = 4,
dl 1 1 1 1
= - =% [3 (2> +4 (—4)] =10 ft/s; the diagonal is increasing.
xdy ydx ,
Yy 2,00 g 7 g df  cos?O [ dy dx
. (a) tanﬁf;,so sec 957 = v T Ty V)
do d d 1
(b) Find —|  given that d%f  =1land diz =7 Wheno=2amdy=2 tmf=2/2=1s00= %
T N . V2)? 1 5
T 1 de (1/v2 . .
and cos f = cos 17 Thus from part (a), o - =0 [2 (—4) - 2(1)} =15 rad/s; 0 is decreasing.
., dz . dx dy dz 5 dy 9 odx dz
Find — that — =—2and — =3. — =22"y— —_—, — =4 12)(-2) =
T VT 7 P T ) ;T TR g s, ~ WETUD(2)
y= y= y= y=

—12 units/s; z is decreasing.

dA
Let A be the area swept out, and 6 the angle through which the minute hand has rotated. Find ’ given that

dé 1 dA dg 4
pri % rad/min; A = 57'29 = 86, so e 8% = 1—7; in? /min.
. . dA ) dr
Let r be the radius and A the area enclosed by the ripple. We want g given that i 3. We know that
t=10
dA d
A =712, s0 o 27rrd—z. Because r is increasing at the constant rate of 3 ft/s, it follows that r = 30 ft after 10
dA
seconds so — = 271(30)(3) = 1807 ft*/s.
t=10

d dA dA d d 1 dA
Find & given that — = 6. From A = 7r? we get — = omrT g0 &L= =Y p A= 9 then mr2 = 9,

dt | 4_g dt dt dt dt  2mr dt

dr 1

r=23/\/Ts0 — =———(6) =1/y/7 mi/h.

IR0 G| = e © = 1V i

. . 4 4 D . .

The volume V of a sphere of radius r is given by V = 5777‘ or, because r = 0} where D is the diameter,

4 (DY 1 __, dD av 1 v 1__,dD

= — —_ = — . _— 1 _— = . F‘I‘ = — 3 _ = = 227

\%4 37r ( 2> 67TD We want i |, given that o 3 om V 67TD we get o 27TD g
dD 2 dV dD 2 3
e at’ _ 3) = 2 ft/min.
dt — xD2dt’ " dt | _, r@E®) = 5 ft/min

av d 4 av d dv
Find o L given that d—: = —15. From V = §7TT3 we get o 47rr2d—: 50— L = 47(9)?(—15) = —48607.

Air must be removed at the rate of 4860r cm?/min.
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. . . dy . dx 2,2 2
16. Let x and y be the distances shown in the diagram. We want to find p given that i 5. From z*4y* = 17
y=8
d d d d
we get 2xd—f +2yd—‘z =0, so d—:g = —gd—i When y = 8, 224+ 82 = 172, 22 = 289 — 64 = 225, = 15 so
dy 15 75 . .
yr = —§(5) =3 ft/s; the top of the ladder is moving down the wall at a rate of 75/8 ft/s.
y=8
— /\
T 17
i \/
B——
d d d d d d
17. Find d—f B given that d—i = —2. From 22 +32? = 132 we get Zxd—f—i—de—? = 0so d—f = —%d—i Use 22 4+y% = 169
- d 5 5
x
to find that x = 12 wh =580 — =——(-2) == ft/s.
o find that = when y 50— - 12( ) 5 /s
T \
A)L \/
e
. . do .
18. Let 0 be the acute angle, and x the distance of the bottom of the plank from the wall. Find 7 given
r=2
d 1 de 1d
that d—atj . =3 ft/s. The variables 6 and x are related by the equation cosf = 130—0 SO — sin HE = Editc’
dé 1 d
pri fﬁd—f When z = 2, the top of the plank is /102 — 22 = /96 ft above the ground so sinf = +/96/10
sin
de 1 1 1
and — =———= (-2 ) = —= ~0.051 rad/s.
at|,_, V96 ( 2) 2v/96 /
: : 2 2 2 dx dy
19. Let = denote the distance from first base and y the distance from home plate. Then 2°460° = y* and 2$% = ZyE.
dy zdx 50 125
When x = 50 then y = 10v/61 so — = —— = 25) = — ft/s.
y at gy dt 10¢6T( ) V61 /
& .
First
Home
d d d d, d d
20. Find d—f given that di; = 2000. From z2 +52 = 3% we get Zm—x — oy SO @ _ v Use 22 +25 = 32

- s dat Y a T rar
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d V4l
to find that y = v/41 when 2 = 4 so d—f = *—(2000) = 500v/4T mi/h.
=4
Rocket
|
e
Y//// IX
e |
- |
Radar
station %I 5 mi I
d d dy d d d
21. Find il given that el = 880. From y? = 22 + 3000% we get 2y— = 2z —x —y . —x. If
dt | 4—4000 dt | 4—4000 dt at 0t Ty de
dy 4000

x = 4000, then y = 5000 so —

——"(880) = 704 ft/s.
dt | ,_yo00 5000

d d d d
22. Find & given that a9 = 0.2. But z = 3000 tan ¢ so e 3000(sec? ¢) — d¢ do = 3000 (sec 7) (0.2) =
i P— dt | yr /g dt dt’ dt /4 4
1200 ft/s.

23. (a) If x denotes the altitude, then r—xz = 3960, the radius of the Earth. 6 = 0 at perigee, so r = 4995/1.12 ~ 4460;
the altitude is * = 4460 — 3960 = 500 miles. 6 = 7 at apogee, so r = 4995/0.88 =~ 5676; the altitude is
x = 5676 — 3960 = 1716 miles.

(b) If = 120°, then r = 4995/0.94 = 5314; the altitude ib 5314 — 3960 = 1354 miles. The rate of change of the

de dr drdf  4995(0.12sin0) d .
= = T roiseogis g Used =120° and df/dt = 2.7° = (2.7)(x/1
@@ d9dt - (14 012cos0) di’ OF 0° and d/ 7°/min = (2.7)(r/180)

rad/min to get dr/dt ~ 27.7 mi/min.

altitude is given by —

d do
24. (a) Let x be the horizontal distance shown in the figure. Then z = 4000 cot 6 and d—:: = —4000csc? —, so

dt’
do in?6 d
= = —2300 d—f. Use 0 = 30° and da/dt = 300 mi/h = 300(5280/3600) ft/s = 440 ft/s to get do/dt
—0.0275 rad/s ~ —1.6°/s; 0 is decreasing at the rate of 1.6°/s.

(b) Let y be the distance between the observation point and the aircraft. Then y = 4000cscf so dy/dt =
—4000(csc 6 cot 0)(df/dt). Use 8 = 30° and df/dt = —0.0275 rad/s to get dy/dt ~ 381 ft/s.

dh av 1
25. Find T given that i 20. The volume of water in the tank at a depth h is V = 5777"2/1. Use similar
h=16
2
. ro10 1 (5 _ 25 g dV 25 ,dh dh
triangles (see figure) to get 7= %0 —h thus V = 3™ (12h> h 32 wh’, P VL
144 dV dh 144 9
- = = ——(20) = — ft/min.
Drh? db dt|, . Zoe(16) 20 T gor [b/min
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r
24
h
dh dv 1 1 1 (hY 1 v 1 ,dh
26. Find — i that — = 8. V = —ar’h, but r = ~hsoV = -n (= | h = —7h®, — = ~7h’*—
in dt‘h—(s given that — g h, but 7 5l S0 37r(2) 2™ 1 R
dh 4 dV dh 4 8
— =, — = 8) = — ft/min.
R dt |, e ) T gy /min
h
.
av dh 1 1 1 (Y, 1 v 1 _,dh dV
27. Find — iventhat — =5. V = —ar®h,butr = —hsoV = -n | = | h= —=7h®, — = —nh®>—, — =
B |, BT gl DI = e 3”(2) 127 e T A de At |,y
1
Z7r(10)2(5) = 1257 ft /min.
h
.
. . . dc .
28. Let r and h be as shown in the figure. If C' is the circumference of the base, then we want to find ’ given
h=8
av 1 dc dh 1
hat — = 10. It is gi h = —h, th = 27r = — =q—. = Zar2h = —7xh®
that o 0. It is given that r 2h, thus C wr = mh so 7 T Use V 37rr h 127rh to get
v 17‘&'}12@ SO dn_ 4 4V Substitution of dn into ac ives @ _ 4 dv S0 ac = i(10) _3
dt 4" dt’ T dt  mh? dt’ dt at ® dt — h? dt dt |,_s 647 8
ft /min
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dh d 1
29. With s and h as shown in the figure, we want to find T given that d—i = 500. From the figure, h = ssin30° = 58

Jdh_1ds 1 .
0 = =5 = = 5(500) = 250 mi/h.

h
\300
Ground
d d dx d d d
30. Find d—f - given that d—i = —20. From 22 + 10% = y? we get 2:55 =2 d—i d—f %dit/ Use 22 + 100 = >
to find that = /15,525 = 15/69 when y = 125 so dr = &(—20) _ 200 The boat is approachin
’ N Y dt |, 135 15v/69 3769 PP 8
the dock at the rate of ft /min.
3v69
Boat
d d dx d d d
31. Find dit/ given that d—g; . = —12. From 22 +10? = 32 we get QxE =2 d—?z % Ed—f Use 22 + 100 = y?
d 15v/69 36
to find that x = /15,525 = 15v/69 when y = 125 s dzt/ 198 (-12) = — ;{ The rope must be pulled at
36
the rate of \/> ft/mi

32.

Boat

dx d
(a) Let x and y be as shown in the figure. It is required to find —, given that ditJ —3. By similar triangles,
r x4y 1 de 1ldy 1
= , 182 = 6 + 6y, 12z = 6y, © = =W 3y = 2 s,
6~ 18 0 18w =Gr by 120 =6y 0 =gy 0 =50 =509 2/S
Light
9
18
Man
Shadow, 6
—_—

(b) The tip of the shadow is z = x + y feet from the street light, thus the rate at which it is moving is given by

dz dr dy dx 3 dy dz )
prilrr + e In part (a) we found that pria when o = -3 50 i (=3/2) + (=3) = —9/2 ft/s; the tip
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of the shadow is moving at the rate of 9/2 ft/s toward the street light.
d dg 2 d do d
33. Find — given that — = ) rad/s. Then z = 4tan@ (see figure) so &= 4sec? 0—, & =
dt |g_r/s dt 10 5 dt dt” dtly_. 4
2 1) (2) -
4 (sec WA 8m/5 km/s
] X
|
|
4 0
>
|
|
Ship
. dz . dx dy
34. If x, y, and z are as shown in the figure, then we want y given that i —600 and p = —1200.
=2, =2
y=4 y=4
dz dx dy dz 1 /[ dx dy
But 22 = 22 + 2 s0 22— = 20— 4+ 2y2 2 = h =2 =4,22=224+42=2
ut z x° +y* so zd dt+ &t z(xdt+ydt) When x and y z + 0,
3000
20 = 2v/5s0 — ——[2(—600) + 4(—1200)] = ———= = —600+/5 mi/h; the distance between missile
— V30 = 25 dt;_z M[( )+ a(-1200)] = =2 /
and aircraft is decreasing at the rate of 600+/5 mi/h.
Aircraft
r
y:
Missile
. dz . dx dy . 9
35. We wish to find o given — = —600 and 7l = —1200 (see figure). From the law of cosines, z* =
=2, z=2,
y=4 y=4

36.

dz dx dy dy dr dz
2 2 2 12 SR 2 2 _ 2 —1 2 = 2 - = 2 — 2 >, =
2 4y xy cos 120 x°+y wy(=1/2) = 2* +y° + 2y, so i T + Yar T dt Ty Yato at

1

% {(2x+y)tjﬁ+(2y+x)2ﬂ. When # = 2 and y = 4, 22 = 22 +42 4 (2)(4) = 28, so z = /28 = 2/7, thus
dz 1 [(2(2) 4+ 4)(—600) + (2(4) +2)(—1200)] 4200 600v/7 mi/h; the distance between missile
az — _ - =— =— mi/h; istan ween missi
dtl=z 22V7) VT

and aircraft is decreasing at the rate of 600+/7 mi/h.

x  Aircraft

7

Missile

(a) Let P be the point on the helicopter’s path that lies directly above the car’s path. Let z, y, and z be the

d d
dj s, given that ch = —75 and d—zé = 100. In order to find an equation

y=0

distances shown in the first figure. Find
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37.

38.

39.

40.

41.

relating x, y, and z, first draw the line segment that joins the point P to the car, as shown in the second figure.
Because triangle OPC'is a right triangle, it follows that PC has length /22 + (1/2)2; but triangle H PC is also a

. . 2 dz dx dy dz 1 dx dy
2 _ 2 2 2 _ .2 .2 _ ay ez _ 2 (.8
right triangle so z° = ( 22+ (1/2) ) +y° =z"4+y“+1/4 and 22d Qxdt +2y Y +0, il (xdt +vy dt)

dz 1
N h =2 = 2 =(2)2 241/4=17/4, 2 =+/17/2 s0 — = —2(— 1 =
ow, when x and y =0, 22 = (2) + (0)* + 1/ 7/4, z=+/17/2 so = - (\/ﬁ/z)[( 75) + 0(100)]

—300/+/17 mi/h.
North
%mi P

Y x

West < > East
m %

(b) Decreasing, because Z <o

dt
. . . 3 8 89
(a) We want yr p = 6. For convenience, first rewrite the equation as xy° = 5 + =Y then
z=1, z=1,
y=2 y=2
dy dr 16 dy dy y3 dx dy 23 .
3y — + o —y—, - =T — = ——(6) = —60/7 units/s.
1 1, 1
dt at ~ 57at dt - 16 ~ 3y at’ > at e=1 f(z) ~3(1)22
5 5
. dy
(b) Falling, because e < 0.
d d od dy d 2y d
Find d—:; . given that —? o) = 2. Square and rearrange to get 3 = y? — 17, so 3z d—f = deit/’ a% = 3—5267?:,
d
adl [ <5) (2) = 2 units)s.
dt |5 \6 3
The coordinates of P are (,2x), so the distance between P and the point (3,0) is D = /(z — 3)2 + (22 — 0)2 =

dD d dD — d dD 12
V512 — 6z +9. Find =~|  given that —| = -2. o3 dv  dDp 12 5y
dt |,_, dt|,_, At VBa?—6rrodt dt |, /36
units/s.
. ., dD . dx
(a) Let D be the distance between P and (2,0). Find o given that I =4. D= /(z—-2)2+y% =
=3
dD 22 -3 dx dD 3
r—224+2x=v22-3x+4,s0 — = = ——4 = 3 units/s.
VI ) dt 222 —3z+4dt’ dt|,_, 2V /
de d
(b) Let 6 be the angle of inclination. Find — given that a =4 tanf = L = Ve , SO
dt|, s dt|,_, T —2 T —2
g T+2 dx do T+2 dz 1 do
2930 o0 T %Y Whenz =3, D =2 f=_and —| =
T C2yz(x—2)2 dt’ dt cos 2y/z(x —2)% dt” When z =3, 50 o8 g dt|,_4
15 )
————(4) = ———= rad/s.
423 @ 2/3 /

dx dy d
Solve = = Sd— given y = x/(x?+1). Then y(2?+1) = . Differentiating with respect to =, (x2+1)£+y(23:) =1.
d dy/dt 1 1
But ﬁ diédt = 550 (@2 +1)3 422y = 1, @+ 1462y = 3,2°+ 14627/ (2> +1) = 3, (¢?+1)*+60” ~ 32" ~3 =
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42.

43.

44.

45.

46.

0, z* + 522 — 2 = 0. By the quadratic formula applied to =2 we obtain 2% = (=5 £ /25 + 8)/2. The minus sign is

+1/(=5++/33)/2.

spurious since z? cannot be negative, so 22 = (=5 +/33)/2, and = =

2 dv

dP dl
Since P is constant, differentiation yields 0 = o 0.87(31%v ; + 2lv Bdt)' Substituting | = 16, v = 4, and

dl
dv/dt = 0.01 gives 0 = 3-16%-42-0.014+2-16- 43£. Solving for the rate of change of the blade length, we obtain
dl 122.88

7 o1 —0.06 m/s.

) . ds 1 1 1 ds 1dS
Find L o given that o o = —-2. From 5 + 5 < 5 we get i e - O SO
ds S2 ds 1 1 ds 225

— = ——. If s = 10, then — + — = — which S =15. So — = ——(—-2) = 4.5 .
dt s2dt » then 75+ S g Which gives © |y, 1002 em/s

The image is moving away from the lens.

Suppose that the reservoir has height H and that the radius at the top is R. At any instant of time let h and

dh
r be the corresponding dimensions of the cone of water (see figure). We want to show that T is constant and
d
independent of H and R, given that i —kA where V is the volume of water, A is the area of a circle of radius

1
r, and k is a positive constant. The volume of a cone of radius r and height h is V = §7r7’2h. By similar triangles

R R 1 (RY dv RY ,dh dv
% =g = Eh thus V' = 3™ <H) h?, so priai (H) hQE. But it is given that i —kA or, because
RY , dV R av
A=mrt =7 h?, = —krw | = | A%, which when substituted into the previous equation for — gives
H dt H dt
RY RY ,dh dh
—kr (= | h? = R*—, and — = —k.
T (H) i <H> a’ U dt

dr
Let r be the radius, V' the volume, and A the surface area of a sphere. Show that — is a constant given

d 4 . d d
that —V = —kA, where k is a positive constant. Because V = —mr3, —V = 47rr2—r. But it is given that
qv dt qV 3 dt dt qV
i —kA or, because A = 4mr?, i —47r%k which when substituted into the previous equation for o gives
5 dr dr
—4nr?k = 47r® =, and — = —k.
r mr? 2 and —
Let x be the distance between the tips of the minute and hour hands, and « and § the angles shown in the
d 2
figure. Because the minute hand makes one revolution in 60 minutes, d—(: = % = 7/30 rad/min; the hour
d 2
hand makes one revolution in 12 hours (720 minutes), thus d—f = ﬁﬂ(-) = 7/360 rad/min. We want to find
d d d
d—f given that d—? = m/30 and d—f = 7/360. Using the law of cosines on the triangle shown in the
a=2T,
B=3m/2
d d d
figure, 22 = 32 + 42 — 2(3)(4) cos(aw — B) = 25 — 24 cos(a — fB), soO Zxd—gtc = 0+ 24sin(a — ) (dié - df)’
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dx . (da - dﬂ) sin(a — ). When a = 27 and 8 = 37/2, 2? = 25 — 24cos(2m — 37/2) = 25, z = 5; so

(71'/30 — 7/360) sin(27 — 37/2) = % in/min.

47. Extend sides of cup to complete the cone and let Vi be the volume of the portion added, then (see figure)

1 o4 1 1 1 (hY 1 v 1 ,dh
V = 57('7'2]7,7‘/0 Where E = ﬁ = g SO r = gh andV = 3’/T<3>hVO = ?7771137‘/0, E = §7Th2%,
a9 av a9 o w0
dt — wh?dt’ dt|,_, m(9)? 97 '
- —t—
|
T —r—
|
\ | 2 T
I N
6 \\ :/// J
| v

Exercise Set 3.5
1. () flx)=~fL)+f()(xz—1)=1+3(z—1).
(b) f(1+Az)= f(1)+ f'(1)Az =1+ 3Ax.
(c¢) From part (a), (1.02)% ~ 1+ 3(0.02) = 1.06. From part (b), (1.02)3 =~ 1 + 3(0.02) = 1.06.
2. (a) f(@)= f2)+ [ (2(z—2)=1/2+(-1/2%)(z - 2) = (1/2) — (1/4)(z — 2).
(b) f(2+Ax) = f(2) + f/(2)Az = 1/2 — (1/4)Ax
(c) From part (a), 1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875, and from part (b), 1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875.

3. (a) f(x) =~ f(xo0) + f'(x0)(x —x0) = 1+ (1/(2v/1)(z — 0) = 1 + (1/2)x, so with g = 0 and x = —0.1, we have
V0.9 = f(=0.1) = 1+(1/2)(=0.1) = 1—0.05 = 0.95. With 2 = 0.1 we have v/1.1 = f(0.1) ~ 1+(1/2)(0.1) = 1.05.

y P

Ay

N _A

A=

(b) -0 0.1
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1 1

4. (b) The approximation is /= &~ \/z¢ + e (x—xp), so show that \/xg+ m(x —xp) > /z which is equivalent
v/ v 1 1

to g(z) = VT — ) xxo < % But g(z¢) = %, and ¢'(z) = NN which is negative for x > x and

positive for x < xg. This shows that g has a maximum value at x = g, so the student’s observation is correct.

5. f(x) = (1 +2)' and 1 = 0. Thus (1 + 2)'° =~ f(xo) + f'(z0)(x — 20) = 1 + 15(1)* (2 — 0) = 1 + 15z.

6. f(x) = ! and zop = 0, so ! ~ f(xo) + f'(zo)(x —20) =1 +

1
i — m(w—O):lJrﬂc/Q.

7. tanz ~ tan(0) + sec?(0)(z — 0) = z.

(x—=0)=1-u=.

9. 20=0,f(z)=e" f'(z) =¢", f'(xg) =1, hence e* =~ 1+ 1-z=1+z.
10. 2o =0, f(z) =In(1 +z), f'(z) =1/(1 + z), f'(xo) =1, hence n(1+z) ~0+1-(z —0) = =.
11. 2* ~ (1)* +4(1)%(z — 1). Set Az =2 —1; then x = Az + 1 and (1 + Az)* =1 + 4Ax.

1
12. \/E%\ﬁ—i—m(x—l),andx:l—l—Am,so V1+ Az~ 14 Az/2.

1 1 1 1 1 1

13. ~ — -1 d2 = A — ~ - — —Ax.
e Fu R CFS1ELA A )

3+Az 3 9

14. (4423~ (4+1)3+34+1)2%(x —1) so, with 4 + 2 =5 + Az we get (5 + Ax)3 ~ 125 + 75Az.

15. Let f(z) =tan~'x, f(1) = /4, f/(1) = 1/2,tan"1(1 + Az) =~ % + %AJL‘.
T NS AN S V. S (1 1 N w1
16. f(z) =sin* (5) ,sin”? (2) = E’f () = m,f (1) = 1/\/§ sin™! (2 + ZAgc) ~ e + ﬁAQT.
17. f(x) = vz + 3 and 29 = 0, so \/x+3%\/§+%(x—0):\/§+ 2\1—@96, and ’f(x)— (\/§+2\1/§x)‘ < 0.11if
2| < 1.692.
-2

-0.1
-5+ 259)

1 1 1 1 1 1 1 1
18. f(JT)Z\/g_xSO\/g_xN\/§+2(9_0)3/2($—0)=3+54x,and‘f($)—(3—&-54x>

< 0.1if |z < 5.5114.
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0.06

-6 S - = 6
0

Fo = (4 + £

19. tan2zr ~ tan0 + (sec?0)(2z — 0) = 2z, and |tan 2z — 2| < 0.1 if |z| < 0.3158.

0.06

-0.8 \& - 0.8
0
|f(x) = 2«

20 ! L —5(2) (£ —0) =1—10z, and |f(z) — (1 —10z)| < 0.1
. =~ z—0)=1-10z, an z)— (1 —-10x 1.
(14+2z)5 "~ (14+2-05 ' (142-0)8

0.12
—0.04 \& , =~ 0.04
0

[f() = (1 - 10x)]
21. (a) The local linear approximation sinz &~ x gives sin1° = sin(7/180) ~ /180 = 0.0174533 and a calculator
gives sin 1° = 0.0174524. The relative error |sin(mw/180) — (7/180)|/(sinw/180) = 0.000051 is very small, so for

such a small value of z the approximation is very good.

(b) Use 29 = 45° (this assumes you know, or can approximate, v/2/2).

44 45 447 44
(c) 44° = Fj(; radians, and 45° = Fj(; = % radians. With x = 130 and zp = % we obtain sin 44° = sin é
44
sin% + (cos %) (1875 - D ‘2[ T ‘2[ (180) — 0.694765. With a calculator, sin 44° = 0.694658.

22. (a) tanx =~ tan0 + sec’0(z — 0) = z, so tan2° = tan(27/180) ~ 27/180 = 0.034907, and with a calculator
tan 2° = 0.034921.

(b) Use 2y = 7/3 because we know tan 60° = tan(m/3) = /3.

1
(c) Withzo = g = %andx— ?80 we have tan 61° —tan% ~tan3+(se(32 g) <67r_7r) — V344 =

1.8019, and with a calculator tan 61° = 1.8040.

23. f(x) = 2%, f'(z) = 423, 2o = 3, Az = 0.02; (3.02)* ~ 3* + (108)(0.02) = 81 + 2.16 = 83.16.
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24. f(z) =23, f'(z) = 322, 3o = 2, Az = —0.03; (1.97)% ~ 23 4 (12)(—0.03) = 8 — 0.36 = 7.64.

1 1 1
25. f(x) =z, f'(z) = N =64, Az = 1; V65 ~ \/@+1—6(1) =8+ 15 = 8.0625.

26. f(z) =z, f'(z) = % zo =25, Az = —1; V24 ~ /25 + %(—1) =5-0.1=4.9.

1 1
27. f(x) =z, f'(z) = N 81, Az = —0.1; V80.9 ~ V81 + g(-0.1) ~ 8.9944.

1 1
28. f(x) =z, f'(z) = ﬁ, xo = 36, Az = 0.03; v36.03 =~ v36 + E(O.OS) =6+ 0.0025 = 6.0025.

29. f(x) =sinz, f'(z) = cosz, xg =0, Az =0.1; sin0.1 = sin 0 + (cos 0)(0.1) = 0.1.

30. f(z) =tanz, f'(z) =sec’z, zop = 0, Az = 0.2; tan 0.2 ~ tan 0 + (sec? 0)(0.2) = 0.2.

1 3
31. f(x) =cosz, f'(z) = —sinz, zg = /6, Az = 7/180; cos 31° ~ cos 30° + (—2> (L) = V3 — T ~0.8573.
32. f(z)=lnz,z0 =1,Az =0.01,Inz ~ Az,In1.01 ~ 0.01.

1
33. tan~ (1 + Az) ~ % + 302, Az = ~0.01, tan ™" 0.99 ~ % — 0.005 ~ 0.780398.

34. (a) Let f(x) = (1+ ) and 29 = 0. Then (1 +2)¥ ~ 1¥ + k(1)*~*(z — 0) = 1 + kx. Set k = 37 and 2 = 0.001 to
obtain (1.001)37 ~ 1.037.

(b) With a calculator (1.001)37 = 1.03767.

(c) Tt is the linear term of the expansion.
35. V/8.24 = 8'/3Y/1.03 &~ 2(1 + 10.03) ~ 2.02, and 4.08%/2 = 43/21.02%/2 = 8(1 + 0.02(3/2)) = 8.24.
36. 6° = /30 radians; h = 500 tan(w/30) ~ 500[tan 0 + (sec? 0)%] = 5007 /30 ~ 52.36 ft.

37. (a) dy=(—1/2%)dx = (-1)(=0.5) =05 and Ay =1/(z + Ax) —1/r =1/(1-05)-1/1=2—-1=1.

AyiL
dy=0.5
1 —

(b) 0.5 1

38. (a) dy = (1/2y/@)de = (1/(2-3))(—1) = —1/6 ~ —0.167 and Ay = vz + Az — 7T = /9 + (1)~ I = V83 ~
—0.172.
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39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

T T dy=—0.167
Ay 0.171

¥

E=]

(b) !

dy = 32%dr; Ay = (z + Az)® — 2 = 2° + 32°Ax + 3x(Ax)* + (Az)® — 2% = 322 Az + 32(Ax)? + (Ax).

dy = 8dx; Ay = [8(x + Az) — 4] — [8z — 4] = 8Ax.

dy = (2z—2)dx; Ay = [(z+Az)? —2(z+Az)+1] = [22 —22+1] = 22+ 22 Az +(Az)? —22—-2Ax+1—22+20 -1 =

2z Az + (Ax)? — 2Ax.
dy = cosx dx; Ay = sin(x + Ax) —sinz.

(a) dy = (1222 — 14x)dx.

(b) dy = xd(cosx) + cosx dr = x(—sinx)dx + cos xdx = (—x sinx + cos z)dz.

(a) dy = (—1/2?)dx.

(b) dy = 5sec? x du.

T 2-3z
(a) dy= (\/1 —z— m) dz = ﬁdl‘.
(b) dy=—17(1+ z)"¥dz.
(@ —-1d(1) — ()d(=® —1) (2 —1)(0) — (1)32%dx 3z
@ = @17 I G

(b) dy — (2 — 2)(=322)dx — (1 — 23)(~1)dx _ 93 _ 622 41

False; dy = (dy/dx)dz.
True.
False; they are equal whenever the function is linear.

False; if f/(x¢) = 0 then the approximation is constant.

3 3
dy = ———dz, z = 2, dv = 0.03; Ay ~ dy = >(0.03) = 0.0225.
W e L x y~ dy = 7(0.03)

X
dy = dz, z = 1, dv = —0.03; Ay ~ dy = (1/3)(~0.03) = —0.0L.
V= y~dy = (1/3)(-0.03)
dym T e e =9 dr— 004 Ay~ dy = [~ (—0.04) = 0.0048
YT @t t T e E R Ay = Ty R

4
dy = (x + VB + 1) dz, x = 3, dv = 0.05; Ay ~ dy = (37/5)(0.05) = 0.37.

V8x +1
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55

56

57

58.

59.

60.

(a) A = z? where z is the length of a side; dA = 2z dz = 2(10)(£0.1) = +2 ft*.

d +0.1
(b) Relative error in  is within @ _ o
x

dA  2zd d
a = Z;C = 2% = 2(£0.01) = £0.02 so percentage error in A is +2%.

= +0.01 so percentage error in x is +1%; relative error in A is within

(a) V = 2 where x is the length of a side; dV = 3x2dx = 3(25)%(£1) = £1875 cm?.
. o de F] o . e
(b) Relative error in z is within — = — = 40.04 so percentage error in x is +4%; relative error in V' is within

r 25
d 2d d
7‘/ = ?;xigm =3% = 3(£0.04) = +0.12 so percentage error in V' is £12%.
x x

(a) x = 10sinf, y = 10cosf (see figure), de = 10cosfdf = 10 (COS%) (i%) =10 <\/§> (:I:i) R
£0.151 in, dy = —10(sin 0)df = —10 (sin %) (ﬁ:%) =10 (;) (j:%) ~ £0.087 in.

10”

\9

y

d
(b) Relative error in z is within & (cot 8)df = (cot %) (:ti) =3 (:I: T ) ~ £0.030, so percentage error

x . 180 180 X
in z is & +3.0%; relative error in y is within gy = —tanfdf = — (tan %) (i%) = _ﬁ (i%) ~ +0.010, so

percentage error in y is &~ +1.0%.
4
(a) = = 25cotf, y = 25csch (see figure); do = —25csc? 0df = —25 (0502 g) (i;ﬁ) = -25 (3) (i%) ~

40.291 cm, dy = —25 cscf cot 0df = —25 (csc g) (cot g) (i;ﬁ) =-25 <5§> (\}g) (i%) ~ £+0.145 cm.

y 25cm

A

X

d sc? 6 4/3
(b) Relative error in z is within @ _ 8 T = _AB (ii> ~ =£0.020, so percentage error in z is
x cot 1/v/3 \" 360
d 1
~ +2.0%; relative error in y is within Y _ —cotfdf) = —— (:l:i) ~ +£0.005, so percentage error in y is
Yy V3 \360
~ £0.5%.
d —2k/r3)d d d d
fR = ((k//;))r = —2%, but % = 40.05 so fR = —2(%0.05) = £0.10; percentage error in R is +10%.
F =36/L, thus AF ~ dF = —36L"2dL = —36-1872-0.9 = —0.1. Hence the value of F' decreases by about 0.1

microtesla.
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1
61. A= 1(4)2 sin 20 = 4sin 26 thus dA = 8 cos 20d so, with § = 30° = 7/6 radians and df = 15" = +1/4° = £7/720
radians, dA = 8 cos(r/3)(£m/720) = +m/180 ~ £+0.017 cm?.
dA 2z dr dx dz

dA
62. A = 22 where z is the length of a side; A= 2 = 2— but — = £0.01, so o= = 2(£0.01) = £0.02;
x x

percentage error in A is +2%

d 2d d d av
63. V = 23 where z is the length of a side; v = Su”dz - 3% , but @ _ +0.02, so v = 3(£0.02) = £0.06;
x x

1% a3
percentage error in V is £6%.
av  4mrid d av dr d
64. — mrer , but — = +0.03 so 3— 40.03, o 40.01; maximum permissible percentage error in r
14 47r7"3/3 r v T
is £1%.
dA D/2)dD dD dA dD
65. A = Z?TD2 where D is the diameter of the circle; a = (7r7rD/2;4 = 26 but 0= = %0.01 so 23 = +0.01,
dD
o= +0.005; maximum permissible percentage error in D is +0.5%.
66. V = 2 where z is the length of a side; approximate AV by dV if x = 1 and do = Az = 0.02, dV = 32%dx =
3(1)%(0.02) = 0.06 in®.

67. V = volume of cylindrical rod = 7r2h = mr%(15) = 157r?; approximate AV by dV if » = 2.5 and dr = Ar = 0.1.
dV = 307 dr = 307m(2.5)(0.1) ~ 23.5619 cm®.

P:QW\F, 21 T Ty dP 1dL

1
68. — = —— L, —— so the relative error in P = — the relative error in L.
Vi Vi 2vVEL ff T2L 2
Thus the percentage error in P is ~ 5 the percentage error in L.
d 1 1 dA dA
69. Differentiating R = log;,(A/Ap), we obtain d—]j = 1nio" Thus dR = Lio A’ and AR ~ dR =~ 0. 43437

10In2 dVy
70. Differentiation gives dT = —m V
10In2 +0.4

dl' = — ~ £0.3 days.
(m33—m20)2 33 00 days

. Using V; = 33 and dV; = AV; = +0.4, we obtain that AT =

Exercise Set 3.6

24 -2 2 2 2
1. (a) 11 T "%  _lim w — lim 2 te_Z or, using L’Hopital’s rule,
S22 127 8 e=2 (x+4)(x—2) «o22x4+4 3
. x? —4 . 2 2
lim ——— =lim ——— = .
1222 +2x -8 2222 +2 3
5
2— lim -—
. 255—5 x—>+oox_2 - STT A - s 2x — 5 . 2_
(b) mL—i—oo ST —— 7 = 3 or, using L’Hopital’s rule, ETOO Sr 17 rll)riloo 3= 3
3+ lim -—
T—+00 T
2. (a) sin @ = cosz 5o lim o = lim cosa = 1 or, using L'Hopital’s rule, hm ST i ST
z—0tanx  2—0 —0tanz  2—0sec?x
21 -1 1 1 21 2
(b) x = (z—-Di@+1) _ Tt so lim 2 — - — % or, using L’Hopital’s rule,

-1 (x—-D(@@2+2+1) 224+z+1 2-123-1 3
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ozr—-1 2 2
lim = lim —- = —.
z—1 ,’1}3 —1 rz—1 33?2 3

3. True; Inz is not defined for negative x.
4. True; apply L’Hopital’s rule n times, where n = deg p(x).
5. False; apply L’Hopital’s rule n times.

6. True; the logarithm of the expression approaches —oo.

xT

7. lim

rz—0 COS T

=1

2cos 2x 2

im = -.
z—0 5 cosdHr 5
sec2 6

9. lim
6—0 1

=1

t t t
10. lim &€
t—0 —e

=—1.

11. lim

12. lim cos® = +o0.
z—0+ 2T

13. lim U—xzo.

r—+o0 1

3 3z 9 3z
14. lim c - lim ° ~+00.
xr——+00 2(E xr——+00 2

2
. —csclx . —x . -1
15. lim ——— = lim — = lim —— = —00.
a0t  1/x z—0+ sinx  z—0+ 2sinx cosx

i —1/z ) x
16. ;plgng (—1/x2)et/z mlg(r)l+ et/ 0

17. lim 100“799: lim M:...: lim (100)(99)(98) - - - (1)

r—+00 e’ T—+00 er T—+00 er

=0.

cosx/sinx

18. lim — = lim cos?z = 1.

z—0+ sec?x/tanx  z—0+

2/vV1 — 422

19. lim VI

x—0 1

1

D = I S

20 i e T i) T 3
1

21. lim ze ®* = lim T lim — =0.

T—+00 r—+oo et r—+o0o et
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Tr—T 1
li — )t 2)=lim ——— = 1i = 2.
d (@ —m)tan(e/2) = lim Sy = I o @)
: .2
lim asin(r/z) = lim sin(r/z) = lim (=m/a”) cos(r/z) = lim mcos(w/z) = .
r—+00 T—+00 1/1’ r—+00 7]_/‘%2 r—+00
1 1 _ in2 —94i .
lim tanzlnz = lim Ny im i: lim ST lim TESmMT oSy =0.
z—0+ z—0+ cotT  z—0+ —csc2T  z—0+ T z—0+ 1
5 —5sinb —5(+1 5
lim sec3xcosbxr = lim cosoT lim S}n - (+1) = ——.
z—(m)2)~ z—(r/2)~ cos3x  z—(n/2)- —3sin3z  (—3)(—1) 3
lim(m—ﬂ')cotx:limx_ﬂ:lim =1.
prawe z—7 tan x z—m sec? x
- . In(1-3/x) . -3 i 3
y=0- 3/.%') ’ xEI—ir-loolny o xgr}-lool/iz o xEI—&I-loo 1-3/x =3 ;CEI-ir-looy —¢
31n(1 + 2x) 6
= _3/'t 1 =1 _ =1 — = — i == —6
y= (2o gy = iy = S T T YT
In(e® T 1]
y=(e* + )%, lim Iny = lim n(e” + ) — lim & + =2, limy = €%
x—0 x—0 x z—0e? + x —0
bln(l +a/x) ab
_ br 1; o _ _ . _ ab

In(2 — 2sin®(7x/2
y = (2 — z)2(*/2) lim Iny = lim u = lim M =2/m, limy = e/,
z—1 z—1 cot(ﬂ'x/Z) z—1 77(2 — x) z—1

2 . Incos(2/x) . (=2/2?)(—tan(2/2)) . —tan(2/x)

— 3,2 — — e _— =

vy= [608(2/:1;)] 7x£I—&r-loo Iny = xEI—&I-loo 1/x? a:gr—ir-loo —2/x3 xgr-iI-loo 1/x
2/2?%) sec?(2
T G Ll ) P TR
T—+00 71/{52 r—+00
. 1 1 . x—sinx . 1—cosz . sin x

lm|—-—-)=lm—F——=llm———=llm —————— =
z—0 \sinx z—0 xsinx z—0xcosT +sinx z—02cosx —xsinx
T 1—cosdzr . 3sin3x_1, g 3y D
mli}}) .’b2 _Ili}%) 2z _1:1£>I%)200b 33—2

. (2?4 a)—a? ) x ) 1

lim ——= lim — = lim — =1/2.
zotoo 2 4 x+x et rZ 4 x4 wotoo 14+ 1/x 41
T _ 1 _ T _ 1 z

im &2 "% fm — & "% jjim—&% 1/2.
z—=0 ze¥ —x z—0 e + e —1  z—0 ze® 4 2e”

1 — 2 = 1 T _ 2 = 1 ’ 1 ; = 1 —’E = 1 i =
rEToo[x hl(x T 1)} xgr-lr-loo[lne ln(m T 1)] xkr—i{loo In 2 +1’ TEI—&I-IDO 2 +1 xgr-‘,r-loo 2x tEI—&I-loo 2 00,
SO lirf [z —In(z? +1)] = +o0

r—r+00

1

1 —
VRS

lim In = lim
r—+00 1 +x r—+o00

In(1) = 0.



114 Chapter 3
. ) ) . Inz . 1/x . sinx
39. y=2"% Iny =sinzlnz, lim Iny = lim = lim —— = lim (—tanz) = 1(-0) =0, so
z—0+ z—0t CSCT  z—0+ —cscxrcotxr  z—o0+ T
lim 25"% = lim y=¢" = 1.
z—0t z—0t
In(e?* — 1) 2¢%®
_ (2% x _ 2 : _ 1 _ 1 PARNE
40. y = (e*® — 1), lny = zln(e** — 1)7mll>%1+ Iny = mli,rfﬁ Y zli{{)h ﬁ(_x ) =
T x s o 2Ty 1 '72z71‘7 . 0
o rli)%l+ e2r — 1 zligl*( 2ze ) - zli)%lJr 2e2% mllg)lJr( 2we ) - 2 0= O7a:1l>%l+y o=t
11® In[—:1] 1 x
41. y = |-—| lny =zln[-:], lim Iny = lim ——2% = lim (- —2%) = — lim — =0
Y [ lnx} Ay = i [-55] Camor T Lo 1/z T 0+ < a:lna:) (=27 o50+ Inz 50
lim y=e’=1.
r—0t
1 1 1
42, y =z Iny = ﬂ, lim Iny= lim 2T lim ﬁ =0,s0 lim y=¢€"=1.
X T—r+00 r——+oco I T—r+00 T—r+00
) . Inlnz . 1/(z1nz) .
= 1/x = = = _— =
43. y = (ln2)"* lny = (1/x) lnlnx7wgl_~r_100 Iny xll}ar_loo - xll}r_‘r_loo T 0, so xgar_looy 1.
1/(z1
44. y = (=Inx)*, Iny = xln(—lnx),mlirg+ Iny = zhj& In(—=Inz)/(1/z) = JL%&W - mlf(rﬁ(_é) =0, so
lim y=1.
z—0t
In tan x (sec? z/ tanz)
45. y = (tanz)™?> % lny = (7/2 — z)Intanz, lim Iy = lm —-—— = lim ~—7F"—"7 =
( ) (m/ ) z—(m/2)~ a—(r/2)- 1/(m/2 — x) a—(n/2)~ 1/(7/2 — x)?
2 — 2 — 2 — 2 —
g 2o @2mn) o T2 T270) ) 0 s0 lim g1
z—(m/2)~ COoST S T z—(m/2)— cCoST z—(mw/2)— smx z—(m/2)~
1 1
46. (a) lim — = lim /xl = lim = 0.
r—+oco ™ x—+oo nx— Tz—+oo N’
(b) i n _ nznfl _ 0
g = T = e = e
. . 3z -2z +1 . . .
47. (a) L’Hopital’s rule does not apply to the problem hrn1 R — because it is not an indeterminate form.
T—r T — 2
322 —2x 41
(b) lim R
z—1 372 — 2z
322 —12x+12
48. , because it is not an indeterminate form.

49.

(a) L’Hopital’s rule does not apply to the problem lim — ————
r—2 x* — 16

(b) lim and lim+ exist, with values —oo if x approaches 2 from the left and +o0o if from the right. The general
T2~ r—2

limit lim does not exist.
r—2

1/(zlnx)

A ey

1m —7F——-
z—+oo y/xlnx
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In 0 Jos
50. y=2% lim Iny= lim — = lim —x =0, lim y=1. 0
-0+ z—0+ 1/ a0+ -0+
25
3lnsinz x 0 ~ 0.5
51. y = (sinz)? % lim Iny = lim ——= = lim (3cosz)—— =3, lim y=¢3 19
z—0+ z—0+ Inzx x—0+ sin x z—0+
4.1
4 sec? 4 14 216
52. im et im — =4. 33
z—7/2- secxtanr  z—n/2- SINT
1 e Flnxr—1 Inx 1/x
53. Inz — € = lnz — = ———; lim e lnz = lim — = lim L = 0 by L’Hopital’s rule, so
e~ e~ T—~+00 z—+oo eT z—+4oo eT
. - . e Flnr-1 .
lim [lnz —e*] = lim —————— = —o0; no horizontal asymptote.
T—+00 T—+00 e 7T
0
(i A 3
-16
54. lim [lne® —In(1+2e%)] = lim In _ lim In =In L horizontal asymptote y = —In2. Also
Yz Foo z—+oco 14 2e* rz—+oco e~ T 4 2 2’ ' ’

0 N 12

-1.2
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In(ln x)

55. y = (Inz)"/*, lim Iny= lim = lim =0; lim y=1,y=1/is the horizontal asymptote.
r——+00 xr——+00 X r——+00 1'11’11' xr—+00
1.02
100 \¥ 10000
1
1 z+1
1 x n 2
56. y = s , lim lny = lim _zT+2 _ lim . —1; lim y = e ! is the horizontal
T+ 2 r—+o00 r—+oo 1/1‘ r—+oo (x =+ 1)(3} + 2) r—+oo
asymptote.
1
0 =/ 50
0
57. (a) 0 (b) 40 (c) O (d) - (e) +o0 f) -
Ina)l |
58. (a) Type 0°; y = x@)/0F02) iy Iny = lim (na)nz = lim (na)/z = lim Ina = Ina, so we obtain
z—0+ a—0+ 1+1Inz a—0t+  1/x T—0+
that lim y = e™® = a.
z—0+t

(b) Type oc?; same calculation as part (a) with  — +oo0.

) . (lna)ln(z+1) . Ilna )
0. o — (Ina)/x _ ( —_ — _ olna _
(c) Type 1=, y=(z+1) , il_)molny ill)% . ill}l}) P Ina, so lim, ,oy =¢ a.
142 2 in 2 in 2
59. lim 1hacosar does not exist, nor is it +oo; lim TESInAT lim (1 + St x> =1.
r—r+o0 1 r—+o0 xX r—+00 €T
2 — 2x — si 2 — (si 2
60. lim L o8 does not exist, nor is it +00; lim w = lim M = —.
=400 34 cosx g—+o0 3x +sinx  x—+o0 3+ (sinz)/x 3
2+sin2 2 in 2
61. lim (2+ zcos2x + sin2x) does not exist, nor is it +oo; lim w = lim w, which does not
z—Foo z—+00 x+1 z—+oo 1+ 1/x
exist because sin 2z oscillates between —1 and 1 as z — +00.
1 1 i 2 i 2 i
62. lim (—+ -cosz+ Smr does not exist, nor is it £oo; lim w = lim Zhsme =0
zotoo \x 2 2x z—+oo 12 +1 z—+oo x + 1/x
Vit —Rt/L
e %7
63. lim L—— = —.
Rgrol+ 1 L
2 — -1
64. (a) lim (7/2 —2x)tanz = lim m2-e = lim ——— = lim sin?z = 1.

r—/2 z—m/2 cotw z—m)2 —CSC2 T wow/2
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65.

66.

67.

68.

69.

70.

1 1 5 — 2 —x)si

(b) lim Ctanz) — lim _sinz) . cosT (r/2 —x)sinx _
aon/2 \ /2 —x zor/2\T/2—2x cosx a—m/2 (m/2 — x)cosx

~ m —(7/2 — x)cosx L (r/2 —x)sinx + cosx

zn/2 —(7/2 —x)sine —cosx  a—n/2 —(7/2 — x)cosz + 2sinx

= 0 (by applying L’H’s rule twice).
(c) 1/(m/2 — 1.57) ~ 1255.765534, tan 1.57 ~ 1255.765592; 1/(r/2 — 1.57) — tan 1.57 ~ 0.000058.

- t
(b) lim (k" —1) = lim ST~ i (nk)k

T—+00 t—0+ t t—0t

=Ink.

(c) In0.3=-1.20397, 1024 ( "*4/0.3 — 1) = —1.20327; In2 = 0.69315, 1024 ( "*3/2 — 1) = 0.69338.

k ¢
If kK # —1 then lim (k + cosfx) = k+ 1 # 0, so lim w = 4o00. Hence k = —1, and by the rule
z—0 z—0 T
1 . ™ 2 e 2
lip LTSt Sheinbe g, ZOeostr L it =29v3.
z—0 X z—0 2 z—0 2 2

(a) No; sin(1/x) oscillates as  — 0.

0.05

-0.35 0.35

(b) -0.05

(c) For the limit as z — 0% use the Squeezing Theorem together with the inequalities —z? < z?sin(1/z) < 22,

For x — 0~ do the same; thus lim f(z) = 0.
z—0

—cos(1/x) + 2xsin(1/x)

(a) Apply the rule to get lir% which does not exist (nor is it £00).
r—r

cos
(b) Rewrite as lim [ = } [xsin(1/2)], but lim —— = lim =1 and lim xsin(1/2) = 0, thus
z—0 Lsinx z—=0sinxr z—0COST z—=0

lim [~ ][msin(l/x)]:(l)(O):O.

z—0 [sin T

sin(1/z) .. sinz

- , =1 but lim sin(1/x) does not exist because sin(1/x) oscillates between —1 and 1 as
z—0+ (sinz)/z’ z—0t z—0+

in(1
x — +00, so lim Tsm/z) Sn.l( /)
¢—0+  sinz

does not exist.

i = g(a) = en for x a 1(@) = (f(@) — f(a)/(z —a) ow take the limit: imM =
Since Jla) = gla) = 0, then for & # 0. "0y = (o)~ gla)flw—a) O ke the it o)
b Y@ = F@/@=a) _ [0

w=a (g(z) — g(a))/(x —a)  g'(a)’

Chapter 3 Review Exercises

1.

dy dy 2—y—322
322 = -2=0—-—=—".
(a) 3z +xdx+y " dx x

) y=Q+2zx—23)/z=1/z+2— 2% dy/de = —1/2* — 2z.
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dy 2—(1/x+2—2?)— 32? 9
e A = —1/2% — 2z.
(c) . - /x x
dy dy dy 1-y
2. = — —_— = ]_ —_—— —_ = .
(@) ay=z-y, Tar Y de’ dx x+1
T 1
b 1) = = = .
( ) y(x+ ) T,y .’L’+17y (.’E+1)2
dr  z+1 1+2  (z+1)%
1d 1 2
g _Ltdy 1 _, dy v
y2dr x? dx z2
dy dy dy dy 2% -2y
4. 3% = 3y*—= =6(z— —(3y* + 62)—= =6y — 32° so = = .
o Y dx (zdaz ty), —By x)dx Yo s y2 + 2z
dy dy dy ysec(xy) tan(zy)
5 (2= t =2 ¥ .
(m dx + y) sec(zy) tan(zy) dx’ dr 1 — zsec(zy)tan(zy)
1 —csc? y)(dy/dx) — (coty)(— ty)(dy/d d
6. 95 — L+ oscy)(=esciy)(dy/dz) — (cot y)(—cscycoty)(dy/ x)’%(HCSCy)z _ _esey(escytosc? y—cot? y) Y
(14 cscy)? dx
d 2x(1 S
but csc?y — cot?y =1, so Y _ —w.
dx cscy
Ly 3r @y (4)() - (u)(ddy/dr) _ 129 120(3/(dy) 127~ 9% 332 -?) |,
“dr 4y da? 1642 - 1642 T R 1647 v
a2y —3(7) 21
750 —5 = =——.
dx? 16y3 16y3
2 (y:c)( ! )y( Y 1> 2
dy _y dy _ (y—=)(dy/dz) —y(dy/de —1) _ y—= y—= _ Y2y 2
8. = = , = = = , but y* —
de y—a da? (y —x)? (y —x)? (y—x)?
d?y 3
gy = —3, 50 ¥ — 2
xy )80 -3 =)
dy dy o y dy dy 2
9. — =tan(ny/2) + z(n/2)— sec*(ny/2), — =14 (n/4)—= (2), == = .
dx dx dx y=1/2 dx y=1/2 dx y=i/2 2—T
10. Let P(xo,yo) be the required point. The slope of the line 4 — 3y + 1 = 0 is 4/3 so the slope of the tangent to
y? = 223 at P must be —3/4. By implicit differentiation dy/dx = 322 /y, so at P, 3x3/yo = —3/4, or yo = —4a?.
But y2 = 2x3 because P is on the curve y?> = 2z%. Elimination of yo gives 16x§ = 223, 23(879 — 1) = 0, so
2o =0 or 1/8. From yo = —4:33 it follows that yo = 0 when xg = 0, and yo = —1/16 when zy = 1/8. It does not
follow, however, that (0,0) is a solution because dy/dx = 3z%/y (the slope of the curve as determined by implicit
differentiation) is valid only if y # 0. Further analysis shows that the curve is tangent to the x-axis at (0,0), so
the point (1/8,—1/16) is the only solution.
11. Substitute y = ma into 22 + zy + y> = 4 to get 22 + ma? + m22? = 4, which has distinct solutions r =

+2/v/m? + m + 1. They are distinct because m? +m +1 = (m+1/2)? + 3/4 > 3/4, so m? + m + 1 is never zero.
Note that the points of intersection occur in pairs (xg,yo) and (—zg, —yo). By implicit differentiation, the slope of
the tangent line to the ellipse is given by dy/dx = —(2z + y)/(x + 2y). Since the slope is unchanged if we replace
(x,y) with (—z, —y), it follows that the slopes are equal at the two point of intersection. Finally we must examine
the special case x = 0 which cannot be written in the form y = mz. If x = 0 then y = £2, and the formula for
dy/dx gives dy/dx = —1/2, so the slopes are equal.
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12. By implicit differentiation, 322 — y — 2y’ + 3y%y’ = 0, so v’ = (322 — y)/(x — 3y?). This derivative is zero when
y = 3x2. Substituting this into the original equation 23 —zy+y3 = 0, one has x® — 323 +272° = 0, 23(2723-2) = 0.
The unique solution in the first quadrant is z = 2/3/3,y = 322 = 22/3/3.

13. By implicit differentiation, 322 —y —ay'+3y%y’ = 0, s0 3y = (3% —y)/(x—3y?). This derivative exists except when
x = 3y?. Substituting this into the original equation x® —xy-+y3 = 0, one has 27y° —3y>+y3 = 0, y>(27y> —2) = 0.
The unique solution in the first quadrant is y = 2/3/3, 2 = 3y? = 22/3/3

14. By implicit differentiation, dy/dx = k/(2y) so the slope of the tangent to y* = kx at (zo,yo) is k/(2y0) if yo # 0.

The tangent line in this case is y — yo = 2—(x — x0), or 2yoy — 2ya = kx — kxo. But y2 = kx because (x, yo)
Yo

is on the curve y?> = kz, so the equation of the tangent line becomes 2yoy — 2kzg = kx — kxo which gives

Yoy = k(z + 20)/2. If yo = 0, then x¢ = 0; the graph of y? = kx has a vertical tangent at (0,0) so its equation is

x =0, but yoy = k(z + z0)/2 gives the same result when xy = yo = 0.

1 n 2 3 4
x+1 22+2 x+3 x+4

15. y=In(z+1) +2In(z + 2) — 3In(x + 3) — 41n(x + 4), dy/dz =

1 1 dy 1 1 cosx  sinx 5T + 3
16. y=—1 -1 1) — Insi 1 - =— - - = —cotx — tanzx.
y=5 nx+ 3 n(z+1) —Insinz + lncos z, so I = 22 + 3as1)  sms  coss  Ge(m L1 cotx — tanx
dy 1
17, — = — =1/z.
7 dx 2x(2) /@
dy 1 2Inx
18. — =2(1 — | = .
dz (In) (gc) x
dy 1
19, — = —————.
? dr  3z(lnx+1)%/3
1 1
20. y= -1 1),y = ——.
y=g3h(z+1)y 3G D)
dy Inlnz 1
21. —= =log;glnz = = .
e PR T R (In10)(zInx)
29, 4 — I+Inz/In10  Wm10+hzr , (nl0—-Inz)/z+(nl0+nz)/z 2In10
YT 1—lnx/ln10_ln10—lnx’y N (In10 — Inx)? ~ 2(In10 — Inx)?’
23 —§lnx+lln(1+x4) /—i—ki
YT 2 T o T ety
1 1 sinx 2z 1— 322
24. y=-1 1 —In(l+2%),y = — - - = — tanz.
y=glnz+lncosz n(l+z%),y 2% cosz 142 mxa?) anx

25. y=122+1s0y = 2.

x

(14 e* + e%)
(1 —e)(1+e” +e2r)

o Y e
=—In(l—e )’%:1—65”'

26. y=1In

. —d - ~
27. ' =2eVP 4+ 2meﬁd—\/§ = 2eVT 4 \JzeV7.
z

—T

abe

28. ¢y = ——~——.
Y (14 be—7)2
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29 [ #
YT R+ 42
so—1 In2 so—1
30. — e(sm :c)ln2’ I gsin™ @
Y Y T2

/

31. Iny =e*Inz, LI <+lnx>, Yo er <+lnx> =e” [Jce g lnx]
Y x dx x

In(1 ! 1 —In(1 1 In(1 1 1 (1/z)
32. 1nyzw’ ¥y _ z/(l+a) —In(l+z) _In(1 + ) @:7(1_"_%,)(1/1)—1_( +332)

= In(1 .
x y x2 z(l+2) 2 dr oz x n(l+)

2
NPT/ Cr

1 d 19 1 T

34. Y = ———— —cos ‘a2t =— .
Y 2v/cos—1 22 dx Veos—1 22 /1 — xt
1 3 T 322 zt
35. Iny =3Inz— s’ + 1),y /y="- 45—,y = - :
ny=3nz 2H($+)7y/y z 22117 2 +1 (22 +1)3/2
1 y 1 2x 2x 4z 4z x? -1
36. lny = -(In(z? — 1) — In(z® +1)), L = ¢ - = ‘= \ :
ny = g(n(@” —1) —In(@"+ 1)), = 3<x2_1 :1:2—|—1> 3 1) Y T3@ Vg
y
6,
4,
2
‘/x
37. (b) I 2 3 4
d 1 1 d d
(c) ﬁ:§—;750£<03tleand£>Oatx:e.

(d) The slope is a continuous function which goes from a negative value to a positive value; therefore it must
take the value zero between, by the Intermediate Value Theorem.

d
(e) %zOWhenx:Z

dp 10
38. g =10log I — 10log Iy, T Tmio
dp 1
— = dB/(W/m?).
@ a7 o, Toln10 /(W/m?)
ds 1
b) — =——— dB/(W/m?).
(®) a1 —wo0r, 1011010 /(W/m)
dp 1
— =———— dB/(W/m?).
© a1 1—100r, 1000751010 /(W /m®)
d d d dy d d
39. Solve & — 3¢ given y = zlnz. Then W _ e (1 —s—lna:)—x, sol+Ilnz=3lnzx=2z=e¢e

dt dt dt — dx dt dt
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40.

41.

42.

43.

44.

45.

46.

47.

r=2y=0;y =-22/5b—2%)=—-datz=2,50y—0=—4(x —2) or y = —4x + 8.

1

xlnbzlsox:

Set y = log, « and solve ¢y = 1: ¢ = The curves intersect when (z, ) lies on the graph

1
Inb’ |
of y = log, z, so x = log, . From Formula (8), Section 1.6, log, = = % from whichlnz =1, z =e¢, Inb=1/e,

n

b=el/e ~1.4447.

y
2,
| X
2
. . . . 1 1
(a) Find the point of intersection: f(z) = +/r+k = Inz. The slopes are equal, so m; = S =me= N VT =2,
z=4. Thenln4d=+vV4+k, k=1nd—2.
y
2%
. ! ! X
V 2
, k 1 . . .
(b) Since the slopes are equal m; = NG =mz = —, 50 ky/r = 2. At the point of intersection ky/r = Inzx,

2=1Inz,z=¢% k=2/e.

As long as f’ # 0, g must be differentiable; this can be inferred from the graphs. Note that if f/ = 0 at a point
then ¢’ cannot exist (infinite slope). (For example, f(z) = 23 at z = 0).

(8) f@) = 8/(e+ 1% o= [(y) = 3/(y +1) theny = [71(x) = (3/2) 1, s0 -~ (x) = —: and
1 (MR (a3

F(f1(2)) 3 3 2

1

=2 [T @/2 2 geInw 91
ff=H )

(b) f(z) = €2, fl(z) = 2e*/2. If 2 = f(y) = e¥/? then y = f~(z) = 2lnz, so %f‘l(x) = ;; and
2
x

Let P(x0,90) be a point on y = €3% then yg = 3. dy/dx = 33" 50 Mian = 3€3%° at P and an equation of the
tangent line at P is y — yo = 3e3%°(x — x¢), y — €3%0 = 3e3%0(x — x¢). If the line passes through the origin then
(0,0) must satisfy the equation so —e3¥0 = —3xe3%0 which gives 7o = 1/3 and thus yo = e. The point is (1/3, ¢).

dy/d d
Iny = In5000 + 1.07z; y; T 1.07, or % = 1.07y.

Iny =2xIn3+ 7x1nb5; dy?/de =2In3+ 7In5, or % =(2In3+ 7In5)y.
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dk o(T —To) q qko o(T —To)
a8. S =hoexp | L0 | (<L) = -8 exp |- B0
ar ~ 0P { 29T, T 27?2 o2 P 20T, T
49. y = ae® sin bz + be™ cos bz, and v = (a® — b*)e® sin bx + 2abe®® cos bx, so
y" —2ay’ + (a® + %)y = (a® — b?)e sin bz 4 2abe® cos b — 2a(ae® sin ba + be®™ cos bx) + (a + b?)e sinbx = 0.
1 -2
50. sin(tan~'z) = z/v1+ 22 and cos(tan™'x) = 1/v/1+22, and y = T3 22 y' = ﬁ, hence y" +
—2z T 1
2si 3y= 2 = 0.
sin y cos” y TEEIE + e e
100
0 >/ 8
51. (a) 20
(b) As ¢ tends to +oc, the population tends to 19: lim P(f) = 1 9 9 % _19
s t tends to +oo, the population tends to 19:  lim = lim = =— =19
’ pop t—o00 t=+oo b —de~t/* 54 lim e /* 5
t—+4o0
(c) The rate of population growth tends to zero.
0
0 w \ 8
-80
_ T o1: (1+h)ﬂ_]‘_d T _ T—1 _
52. (a) y=(1+2) ’flzlg%)f_ﬂ(l—kx) B =n(l+z) =
=0 =0
1—Inzx 1—Inzx dy 1/x 1
b) Let y = . Th =0, and lim ———— = — = — = ——.
(b) Lety Inx en y(e) 8N (x—e)lnz  dx|,_, (Inx)? e
53. In the case 400 — (—00) the limit is +o00; in the case —oo — (400) the limit is —oo, because large positive
(negative) quantities are added to large positive (negative) quantities. The cases +00 — (+00) and —oco — (—00)
are indeterminate; large numbers of opposite sign are subtracted, and more information about the sizes is needed.
54. (a) When the limit takes the form 0/0 or co/cc.
(b) Not necessarily; only if lim f(x) = 0. Consider g(z) = x; lim g(z) = 0. Then lim T s not indeterminate,
r—a z—0 r—0 T
. sinz , . .
whereas lim is indeterminate.
z—0
55. IEIEW(ew —2?) = wgr—i{loc z2(e”/x? — 1), but wEI-&I-loo z— = xll)r-&r-loo ;—x = IEI_EOO % = 400, S0 xli}riloo(e“'/ﬁ —1) =+
and thus lim z?(e®/2* — 1) = +oo0.
T—r+0o0
. Inz . 1z 1, Inz . Inz 1
56 o}:lﬁmlx‘lfl _iﬂw_4’iﬂ\/x4l _\/al:linlx‘ll T2
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57.

58.

59.

60.

61.

62.

63.

limﬁ— lim 3z : limi —1
T |z50sin3z| |a—09 | 9

=0 sin® 3z
lim ¢*Ina = Ina.

x—0
The boom is pulled in at the rate of 5 m/min, so the circumference C' = 2r7 is changing at this rate, which means
that dr_dC 1 5/(2m). A r? and dr 5/(2m), so A _ dAdr 2mr(—5/2m) 250, so the area
_ = — — = — 7). =TT _— = — T —_— = — — = 27T (— mT) = —
dt dt 2m dt odt drdt ’
is shrinking at a rate of 250 m?/min.
de d d
Find s given d—i = g and d—i = —b. From the figure sinf = y/z; when 2 =y = 1, 2 = v/2. So § = sin™*(y/2)
r=1
andﬁ—y; Ldy _ydz = —b— -~ whenz=y=1
dt—\/m zdt  22dt) V2 Ve
y 4
[
X
(a) Az=15-2=-05;dy= LI (=0.5) = 0.5; and Ay = LIRS S S
T T AT TR W E G TS T g Y T YTas-n 2-1) -

(b) Az =0—(—7/4) =7/4; dy = (sec?(—n/4)) (7/4) = 7/2; and Ay = tan0 — tan(—m/4) = 1.

—x -0
T VB2 /25 (02

(¢) Ax=3-0=3;dy (3)=0;and Ay =+v25-32—/25-02=4—-5=—1.

46 46
cot 46° = cot Kg; let ¢ = % and x = é Then
T T T 46w
46° = ~ 7—( 2—)(——):1—2 2T _ T Z0.9651; with a calculator, cot 46° = 0.9657.
cot 46 cot x =~ cot 1 csc 1 T 1 180 4 0.9651; with a calculator, cot 46 0.9657
2 : o ol : o T :
(a) h = 115tan¢, dh = 115sec® ¢ d¢; with ¢ = 51° = 180" radians and d¢ = 4+0.5° = +0.5 (@) radians,

h £+ dh = 115(1.2349) + 2.5340 = 142.0135 4 2.5340, so the height lies between 139.48 m and 144.55 m.

1
(b) If |dh| < 5 then |d¢| < % cos? %7‘( ~ 0.017 radian, or |d¢| < 0.98°.

Chapter 3 Making Connections

1.

(a) If t > 0 then A(—t) is the amount K there was ¢ time-units ago in order that there be 1 unit now, i.e.

1
K-A(t)=1,s0 K = ¥IGE But, as said above, K = A(—t). So A(—t) =

A(t)

(b) If s and ¢ are positive, then the amount 1 becomes A(s) after s seconds, and that in turn is A(s)A(t)
after another ¢t seconds, i.e. 1 becomes A(s)A(t) after s + t seconds. But this amount is also A(s + t), so
A(s)A(t) = A(s+t). Now if 0 < —s < t then A(—s)A(s+t) = A(t). From the first case, we get A(s+t) = A(s)A(2).

If0<t< —sthen A(s+1t) = A1) = A9 AD = A(s)A(t) by the previous cases. If s and ¢ are both
1

negative then by the first case, A(s +1t) = A L ) = A9 AD = A(s)A(t).
s — ) A(—
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@)Hn>0mmA(i)A(v.nA<w:;4@?):Aﬂ%wA(i):AﬂW”:HmﬁmnmmwyH

n n n
1 1 1 1/n 1/n
n < 0 then by part (a), A <n) = A0 = A1 = A()Y™ =p/",
. m \"
(d) Let m,n be integers. Assume n # 0 and m > 0. Then A (—) =A <) = A(1)™/m = pm/m,
n n

(e) If f,g are continuous functions of ¢ and f and g are equal on the rational numbers {@ tn #£ O}, then
n

f(t) = g(t) for all ¢. Because if x is irrational, then let ¢, be a sequence of rational numbers which converges to
x. Then for all n > 0, f(¢,) = g(tn) and thus f(z) = hIJ? ftn) = liIJIrl g(tn) = g(x) .
n—-+0o0o n—-+00

. (a) From Figure 1.3.4 it is evident that (1+h)"/"* < e < (1—h)~'/" provided h > 0, and (1—h)~ /" < e < (14+h)V/"

for h < 0.

(b) Suppose h > 0. Then (14 h)'/" < e < (1 — h)~Y/". Raise to the power h: 1 +h < e < 1/(1 —h);h <

oh
eh—1<h/(1-h);1<
case h < 0.

-1
W < 1/(1 — h); use the Squeezing Theorem as h — 0F. Use a similar argument in the

eh—

1
(c¢) The quotient is the slope of the secant line through (0,1) and (h,e"), and this secant line converges

to the tangent line as h — 0.
ew—i—h —e® h _

d , .-
(@) Zp¢" = fim = = Jim

1 ,
= e” from part (b).
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