Cal culus Early Transcendentals 7th Edition Edwards Sol uti ons Manual

Section 3.1

3.1.1: Given f(x) =4x —5, we have a =0, b = 4, and ¢ = =5, so f/(x) = 2az + b = 4.

3.1.2: Given g(t) = —16t% + 100, we have a = —16, b = 0, and ¢ = 100, so ¢'(t) = 2at + b = —32t.
3.1.3: If h(z) = 2(25 — 2) = —22 + 25z, then a = —1, b = 25, and ¢ = 0, so h'(2) = 2az + b = —2z + 25.
3.1.4: If f(x) = —49x + 16, then a = 0, b = —49, and ¢ = 16, so f'(x) = —49.

d
3.1.5: If y=22%2+32— 17, thena=2,b=3, and c = —17, sod—y:2ax+b:4x+3.
x

d
3.1.6: If x = —100t? 4 16t, then a = —100, b = 16, and ¢ = 0, so d—i = 2at + b = —200¢ + 16.
9 dz
3.1.7: If z =5u* — 3u, then a =5, b= —3, and ¢ =0, so T = 2au + b = 10u — 3.
5 dv
3.1.8: If v = =5y~ 4 500y, then a = —5, b = 500, and ¢ = 0, so v 2ay + b = —10y + 500.
Y

d
3.1.9: If 2 = —5y2 + 17y + 300, then a = —5, b = 17, and ¢ = 300, so d—x = 2ay + b= —10y + 17.
y

d
3.1.10: Ifu="Tt>+13t,thena=7,b=13,and c =0, so M _out + b= 14¢ + 13.

dt
3.1.11: f'(z) = lim feth) —f@) _ . 2wt+h)—1-Qc-1) . 20+2h—1-2z+1
h=0 h h—=0 h h—0 B
h—0 h h—0
h) - 2- h)—(2— 2 — 3z —3h—2
3.1.12: f'(z) = lim fat+h) - fl2) . 2-3@+h)—-(2-32) . 2-32-3 43z
h—0 h h—0 h fr n
. —3h .
=Jim T = fm (-9 =3
h) — h)? — (22
3.1.13: f'(x) = lim LEFDZS@ @R H5 = @0 +D)
h—0 h h—0 h
2 2 _ 2 _ 2
h=0 h h—0 h h—0

fx+h)— f(x) 3—2(x+h)?—(3-22?%)

3.1.14: f(z) = }ILILI%) A = }ILILI%) o
— 222 — 4ah — 2h% — 222 —4xh — 2h?
= Jip S22 W STy 2 (e — 2h) = —4a
h—0 h h—0 h h—0

1 1
mf(x+h)—f(x):hm 2x+h)+1 2z+1
h—0 h h—0 h
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g 22AL-(Qed2h41) 24 l-20-2h—1 —2h
=0 A2z +2h+1)(2x+1)  h—0 2z +2h+1)(2x+1)  h=0 h(2x +2h + 1)(27 + 1)
-2 —2

= 1. = .
hoo (2 +2h+ 1)(2z + 1) (22 + 1)2

1 1
. z+h)— f(z . 3—(zx+h) 3-2
3.1.16: f'(x):}llli%w:}ll% ( h)
— lim (3—x)—(3—x—h):hm 3—z—-3+2x+h — lim h
h—0 h(3—z—h)(3—2) hr—0h(3—2—h)B3—-2) r>0h(3—2—-h)3—-2)
= lim ! = 1

=0 3—z—h)(B3—z) (B-x)?

3.1.17: f(z) = lim w - lim V2 + h) +h1 — V2 T 1

i (V2z +2h+1—-22+1)(V2x +2h+1+ 2z +1)
= 1m
h—0 h(V2r4+2h+1+4+2z+1)
, (2h +2h+1) — (22 + 1)
= lim
h=0 h (V2x+2h+1++22+1)

2h 2
:1. :1-
h%h(\/2x+2h+1+\/2x+1) hli%\/2x+2h+1+\/2:c+1
2
C2V2r+1 V2 +1
3.1.18: f'(x)—nm1(f(x+h)—f(x))—1hnl< L1 >
e TS0 h 0 h \Vztrh+1 Vz+1
i Vet l-vVoe+h+1l . Ve+T-vVe+h+1)Voe+1+Ve+h+1)

h—0 hv/x+h+1Vz +1 =l h(Vz+h+1Vz+1)(Vz+14+Vo+h+1)
. (x+1)—(2+h+1)
h=0 h(Vz+h+1Vo+1) Ve +1+Vo+h+1)

= lim —h

=0 h(Vz+h+1Vo+1) Ve +1+Ve+h+1)
= lim !
o0 (Ve th+ et 1)(Ve 1+ Vr+ht1)
~1 1

(Veriy(2va+l) 20@+1)7%

/ IERT 1 T 1 T+ h x
3:1.19: fi(w) = lm o (f(@+h) = flo)) = lim 5 <1 —2(z + h) 1—233)

— lim 1 (z+h)(1—2z)—(1—2z—2h)(z) _ lim (v — 222 + h — 22h) — (v — 22% — 22h)
h—0 h (1 -2z — 2h)(1 — 22) © h50 h(1 =2z — 2h)(1 — 2x)

. x—22%>+h—2xh—x+ 22+ 22h . h
= lim = lim

h—0 h(l =2z —2h)(1 — 2x) h—0 h(1 — 2z — 2h)(1 — 2x)

. 1 1
= lim =

h—0 (1 — 2r — 2h)(1 — 21/') (1 - Qx)Q .

113

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



. fle+h)—fx) . 1/ /x+h+1 z+1
. / — B S AL A S — _ _
3-1.20: f'(x) = Jim, h o \eEh=1 21
— lim 1 @+h+D-1)—(@+h-1)(z+1)
~ h—0 h (x+h—1)(z—-1)
. (@ —z+hr—h+taz-1)—(®+a+hr+h—x-1)
= lim
h—0 h(zx+h—1)(z—1)
. 2’ —zx+hr—h+r—1-2>—-2x—hr—h+z+1 . —2h
= lim = lim
h—0 hz +h—1)(z—1) h—0 h(z+h—1)(z—1)

-2 2

A T h—DE=D @17

d
3.1.21: The velocity of the particle at time ¢ is d_i = v(t) = —32¢, so v(t) = 0 when ¢ = 0. The position of
the particle then is z(0) = 100.

d
3.1.22: The velocity of the particle at time ¢ is d—f = v(t) = —32t + 160, so v(t) = 0 when ¢t = 5. The
position of the particle then is z(5) = 425.

d
3.1.23: The velocity of the particle at time ¢ is d—f = v(t) = —32¢t + 80, so v(t) = 0 when t = 2.5. The

position of the particle then is (2.5) = 99.

d
3.1.24: The velocity of the particle at time ¢ is d—f = v(t) = 200¢, so v(t) = 0 when ¢ = 0. The position of
the particle then is z(0) = 50.

d
3.1.25: The velocity of the particle at time ¢ is d_j: = v(t) = —20 — 10¢, so v(t) = 0 when t = —2. The

position of the particle then is z(—2) = 120.

d
3.1.26: The ball reaches its maximum height when its velocity v(t) = Y 3214 160is zero, and v(t) =0

dt
when ¢ = 5. The height of the ball then is y(5) = 400 (ft).

d
3.1.27: The ball reaches its maximum height when its velocity v(t) = d—i’ = —32t+ 64 is zero, and v(t) =0
when ¢ = 2. The height of the ball then is y(2) = 64 (ft).

d
3.1.28: The ball reaches its maximum height when its velocity v(t) = S 32t 4+1281s zero, and v(t) =0

dt
when ¢ = 4. The height of the ball then is y(4) = 281 (ft).
d
3.1.29: The ball reaches its maximum height when its velocity v(t) = d—i’ = —32t+ 96 is zero, and v(t) =0

when ¢ = 3. The height of the ball then is y(3) = 194 (ft).

3.1.30: Figure 3.1.22 shows a graph first increasing, then with a horizontal tangent at x = 0, then decreasing.

Hence its derivative must be first positive, then zero when x = 0, then negative. This matches Fig. 3.1.28(c).
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3.1.31: Figure 3.1.23 shows a graph first decreasing, then with a horizontal tangent where z = 1, then
increasing thereafter. So its derivative must be negative for z < 1, zero when x = 1, and positive for x > 1.

This matches Fig. 3.1.28(e).

3.1.32: Figure 3.1.24 shows a graph increasing for x < —1.5, decreasing for —1.5 < z < 1.5, and increasing
for 1.5 < x. So its derivative must be positive for x < —1.5, negative for —1.5 < x < 1.5, and positive for

1.5 < x. This matches Fig. 3.1.28(b).

3.1.33: Figure 3.1.25 shows a graph decreasing for x < —1.5, increasing for —1.5 < z < 0, decreasing
for 0 < 1 < 1.5, and increasing for 1.5 < x. Hence its derivative is negative for x < —1.5, positive for
—1.5 < x < 0, negative for 0 < z < 1.5, and positive for 1.5 < z. Only the graph in Fig. 3.1.28(f) shows

these characteristics.

3.1.34: Figure 3.1.26 shows a graph with horizontal tangents near where z = —3, z = 0, and z = 3. So the
graph of the derivative must be zero near these three points, and this behavior is matched by Fig. 3.1.28(a).

3.1.35: Figure 3.1.27 shows a graph that increases, first slowly, then rapidly. So its derivative must exhibit
the same behavior, and thus its graph is the one shown in Fig. 3.1.28(d).

3.1.36: Note that
1
C(F)z%F—? and so F(C):§C+32.

So the rate of change of C' with respect to F' is

ac 5
4 F = —— = —
¢(F) dFr 9
and the rate of change of I’ with respect to C is
dFF 9
F =—=-
©) dc 5

3.1.37: Let r note the radius of the circle. Then A = 72 and C = 2xr. Thus

1
7“22, and so AC)=—C?, C>0.
2w 47

Therefore the rate of change of A with respect to C' is

oy= 4 _ 1
A =56 =53¢

3.1.38: Let r denote the radius of the circular ripple in feet at time ¢ (seconds). Then r = 5¢, and the
area within the ripple at time ¢ is A = 7r? = 257t2. The rate at which this area is increasing at time ¢ is

A'(t) = 507t, so at time t = 10 the area is increasing at the rate of A’(10) = 507 - 10 = 5007 (ft?/s).
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3.1.39: The velocity of the car (in feet per second) at time ¢ (seconds) is v(t) = a’(t) = 100 — 10¢. The
car comes to a stop when v(t) = 0; that is, when ¢ = 10. At that time the car has traveled a distance

x(10) = 500 (ft). So the car skids for 10 seconds and skids a distance of 500 ft.

3.1.40: Because V(t) = 10 — 2t + 212, V/(t) = —% + k-t and so the rate at which the water is leaking

out one minute later (¢t = 60) is V'(60) = —2Z (gal/s); that is, —4.8 gal/min. The average rate of change of
V from ¢t = 0 until ¢ = 100 is
V(100)- V() 0-10 1
100-0 100 10

The instantaneous rate of change of V' will have this value when V'(t) = —1—10, which we easily solve for

t = 50.

3.1.41: First, P(t) = 100 4 30t + 4¢2. The initial population is 100, so doubling occurs when P(t) = 200;
that is, when 4¢2 + 30t — 100 = 0. The quadratic formula yields ¢ = 2.5 as the only positive solution of this
equation, so the population will take two and one-half months to double. Because P’(t) = 30 + 8¢, the rate
of growth of the population when P = 200 will be P’(2.5) = 50 (chipmunks per month).

3.1.42: In our construction, the tangent line at 1989 passes through the points (1984, 259) and (1994, 423),
and so has slope 16.4; this yields a rate of growth of approximately 16.4 thousand per year in 1989. Alterna-
tively, using the Mathematica function Fit to fit the given data to a sixth-degree polynomial, we find that

P (in thousands) is given in terms of ¢ (as a four-digit year) by

P(t) ~(1.0453588 x 10~ )25 — (4.057899 x 10~ *1)2® + (3.9377735 x 10~ %)2*

+ (5.93932556 x 10~ 1) 2® + (5.972176 x 107 1)2? + (5.939427 x 10~ 17)2 + (3.734218 x 10'2),

and that P’(1989) ~ 16.4214. Of course neither method is exact.

3.1.43: On our graph, the tangent line at the point (20,810) has slope m; = 0.6 and the tangent line at
(40, 2686) has slope mg = 0.9 (roughly). A line of slope 1 on our graph corresponds to a velocity of 125 ft/s
(because the line through (0, 0) and (10, 1250) has slope 1), and thus we estimate the velocity of the car at
time ¢ = 20 to be about (0.6)(125) = 75 ft/s, and at time ¢ = 40 it is traveling at about (0.9)(125) = 112.5
ft/s. The method is crude; another person with his own graph measured slightly smaller values of the two
slopes and obtained the two velocities 68 ft/s and 102 ft/s shown in the back of the book. When we used

the Mathematica function Fit to fit the data to a sixth-degree polynomial, we obtained
x(t) ~ 0.0000175721 4 (6.500002)x + (1.112083)x% 4 (0.074188)2>
— (0.00309375)z* + (0.0000481250)z° — (0.000000270834)z°,
which yields 2'(20) &~ 74.3083 and 2/(40) & 109.167. Of course neither method is highly accurate.
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av
3.1.44: With volume V and edge z, the volume of the cube is given by V(x) = 23. Now T 322, which

is indeed half the total surface area 622 of the cube.

d
3.1.45: With volume V and radius r, the volume of the sphere is V (r) = %m"o’. Then d_v = 47r?, and this
r

is indeed the surface area of the sphere.

3.1.46: A right circular cylinder of radius 7 and height h has volume V = 7r?h and total surface area S
obtained by adding the areas of its top, bottom, and curved side: S = 2712 + 27rh. We are given h = 2r,
so V(r) = 27r® and S(r) = 6mr?. Also dV/dr = 67r® = S(r), so the rate of change of volume with respect

to radius is indeed equal to total surface area.

3.1.47: We must compute dV/dt when t = 30; V(r) = %777“3 is the volume of the balloon when its radius is

-1
r. We are given r = 01—2, and thus
4 (60-t\> 7«
t) = — ) = —=(21 —1 t + 180t% — t3).
V(t) 37 ( 13 > 1296( 6000 — 10800t + 180 )
Therefore
av T
2 - (-1 _ 942
7 1296( 0800 + 360t — 3t),
, 25T, 3 . .. . . .3
and so V'(t) = —1g I /s; that is, air is leaking out at approximately 6.545 in.” /s.
1.68 . , 1.68 .
3.1.48: From V(p) = —— we derive V'(p) = L The rate of change of V' with respect to p when p = 2

p
(atm) is then V'(2) = —0.42 (liters/atm).

3.1.49: Let V(¢) denote the volume (in cm?) of the snowball at time ¢ (in hours) and let 7(¢) denote its
radius then. From the data given in the problem, » = 12 — ¢t. The volume of the snowball is

4 4 , 4
V= gwr?’ = gm(12 - t)? = 7 (1728 — 432t + 3612 — %),

so its instantaneous rate of change is
! 4 2
V() = 37 (—432 + 72t — 3t7) .
Hence its rate of change of volume when ¢ = 6 is V/(6) = —1447 cm?/h. Its average rate of change of volume

from t =3 to t =9 in cm3/h is

V(9)—V(3) 36r— 9727
9—3 o 6

= —1567 (cm®/h).

d
3.1.50: The velocity of the ball at time ¢ is d—i’ = —32t + 96, which is zero when ¢t = 3. So the maximum
height of the ball is y(3) = 256 (ft). It hits the ground when y(¢) = 0; that is, when —16t> + 96t + 112 = 0.
The only positive solution of this equation is t = 7, so the impact speed of the ball is |y/(7)| = 128 (ft/s).
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3.1.51: The spaceship hits the ground when 25t — 100t + 100 = 0, which has solution ¢ = 2. The velocity

of the spaceship at time ¢ is y/(t) = 50t — 100, so the speed of the spaceship at impact is (fortunately) zero.

3.1.52: Because P(t) = 100 + 4t + 512, we have P'(t) = 4 + 2t. The year 1986 corresponds to ¢ = 6, so
the rate of change of P then was P’(6) = 7.6 (thousands per year). The average rate of change of P from
1983 (t = 3) to 1988 (¢t = 8) was

P(8)—P(3) 151.2—114.7
8—3 n 5 o

7.3 (thousands per year).

3.1.53: The average rate of change of the population from January 1, 1990 to January 1, 2000 was

P(10) — P(0 6
% =10 = 0.6 (thousands per year).

The instantaneous rate of change of the population (in thousands per year, again) at time ¢ was
P'(t) = 1—(0.2)t + (0.018)¢2.

Using the quadratic formula to solve the equation P’(t) = 0.6, we find two solutions:

—1 1
= w ~ 2.6158318766 and = w

~ 8.4952792345.

These values of t correspond to August 12, 1992 and June 30, 1998, respectively.

3.1.54: (a) If f(z) = |z|, then

f2(0) = fim —— = lim 5= =—1

similarly, f/(0) = 1. (b) The function f(x) = |2z — 10| is not differentiable at = 5. Its right-hand

derivative there is

o 2:(5+h)—10/—0 . 104+2h—10
f+ (5) o h,li>r(r)lJr h o h,li>r(r)lJr h =2

Similarly, f* (5) = —2.

3.1.55: The graphs of the function of part (a) is shown next, on the left; the graph of the function of part
(b) is on the right.

y y
2
1
1
1 i X
1 -1 i
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(a) f.(0) =1 while f| (0) = 2. Hence f is not differentiable at z = 0. (b) In contrast,

. (04+h)2—-2-07
! = 1 (—:
=) heo- h 0
and
2. 2_-2.0%
Fo0) = tim ZOFRT 2200,

h—0t

therefore f is differentiable at « = 0 and f/(0) = 0.

3.1.56: The function f is clearly differentiable except possibly at x = 1. But
2-(I+h)+1-3

(1) = 1l 2
f_() h,ir(r)l* h
and
pon o 4-(I+h)—(Q+h)?*=3 . 4+4h—1—-2n—h*-3 _
f+@) = hli%l+ h B hli%l+ h N iz,lgf)l+ @-h=2.

Therefore f is differentiable at z = 1 as well.

3.1.57: Clearly f is differentiable except possibly at x = 3. Moreover,
114+6-(3+h)—(3+h)2-20

"(3) = 1
=3 hir%)l* h
. 11+184+6h—9—6h—h>—20 . —h?
= lim = lim — =0
h—0— h h—0— h
and
) 3+ h)2—6-(3+h)+29—20
! 3 — 1 (
£ @) = Jlim, h
. 946h+h?—18—6hA+29—20 . h?
= lim = lim — =0.
h—0+ h h—0+ h

Therefore the function f is also differentiable at x = 3; moreover, f/(3) = 0.

3.1.58: The graph of f(z) = - |x| is shown next.

y
1
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Because f(x) = 22 if x > 0 and f(x) = —a? if 2 < 0, f is differentiable except possibly at = = 0. But

. 0+ h)-|0+h| —h?
/ = 1 (— = 1 _— =
J=0) hmo- h h—0— h 0
and
P (o O I (= R
fi0) = Jim T = lim S =0,
Therefore f is differentiable at z = 0 and f’(0) = 0. Because
2x if x >0,
fla)=40 itz =0,
—2x if z <0,
we see that f/(z) = 2|z| for all .
3.1.59: The graph of f(z) = x + || is shown next.
y
2
1
1 i X

Because f(z) =0if x < 0 and f(z) =2z if © > 0, clearly f is differentiable except possibly at = 0. Next,

O+h+|0+h _ . h=h_

"(0) = lim 1 — =0
J=(0) B0 h h—o- h ’
whereas
. 04+h+|0+4] . 2h
! P —_— = —_— =
£ 0) = hha%h h hhj€+ w2 7 0.

Therefore f is not differentiable at = 0. In summary, f'(z) = 2 if 2 > 0 and f'(z) =0 if z < 0. For a

“single-formula” version of the derivative, consider

PR 4
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3.1.60: The graph of f(z) =z - (z + |z|), is shown next.

-1 1

Because f(z) = 222 if # > 0 and f(z) = 0 if z < 0, f/(x) exists except possibly at x = 0. But

b on o (O+h)-(O+h+|0+h]) . h-(h—h)

J2(0) =t h =i =0
and

i . (O+h)-(O+h+|0+n]) . h-(h+h)

J4(0) = lim, K = im =0

Therefore f is differentiable at x = 0 and f/(0) = 0. Finally, f/(z) = 4z if x > 0 and f'(z) = 0 if x < 0. For

a “single-formula” version of the derivative, consider f'(z) =2 - (z + |z|).

Section 3.2

3.2.1: Given: f(x) =322 —2+5. We apply the rule for differentiating a linear combination and the power

rule to obtain

f'(x) =3D,(2%) — Dy(2) + Dp(5) =322 — 140 =62 — 1.

3.2.2: Given: g(t) = 1 —3t%2—2t*. We apply the rule for differentiating a linear combination and the power

rule to obtain
g (t) = Di(1) = 3Dy (t?) —2D;(t*) =0 — 3 -2t — 2- 4¢3 = —6t — 8¢°.
3.2.3: Given: f(z)= (22 + 3)(3xz — 2). We apply the product rule to obtain
f(x)=22+3)D,(3x —2) + (Bx —2) D, (22 +3) = 2z +3) - 3+ (3z — 2) - 2 = 122 + 5.
3.2.4: Given: g(z) = (222 — 1)(2® + 2). We apply the product rule, the rule for differentiating a linear
combination, and the power rule to obtain
g (z) = (227 — 1) Dy(2® 4+ 2) + (2 +2) D, (22% — 1) = (22 — 1)(32?) + (2® + 2)(4x) = 102" — 32% + Sz.
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3.2.5: Given: h(z) = (z +1)3. We rewrite h(z) in the form
hz)=(x+1)(z+1)(x+1)
and then apply the extended product rule in Eq. (16) to obtain
W(z)=(z+1)(z+1)Dy(z+ 1)+ (z+1)(x+1)Dy(x+ 1)+ (z + 1)(z + 1) Dy(x + 1)
=@+ D+ + @+ D+ 1)1) + (x+1)(z+1)(1) = 3(z + 1)
Alternatively, we could rewrite h(x) in the form
h(x) = 2® + 322 + 32 + 1
and then apply the power rule and the rule for differentiating a linear combination to obtain
B (z) = Dy (2) + 3D4(2%) + 3D, (x) + Do(1) = 32 + 62 + 3.

The first method gives the answer in a more useful factored form that makes it easier to determine where

h'(x) is positive, where negative, and where zero.

3.2.6: Given: g(t) = (4t—7)% = (4t —7)- (4t — 7). We apply the product rule and the rule for differentiating

a linear combination to obtain

g t) = (4t —T)Dy(4t —T)+ (4t =)Dy (4t —T) =4 - (4t —T)+4- (4 —7) =8 - (4t — T) = 32t — 56.

3.2.7: Given: f(y) =y(2y —1)(2y +1). We apply the extended product rule in Eq. (16) to obtain
f'y) =2y =12y +1)Dy(y) +y(2y + 1) Dy(2y — 1) + y(2y — 1) Dy(2y + 1)
=Qy-DQRy+1)-1+yQy+1)-2+y(2y —1)-2=14y> — 1 + 49> + 2y + 4y* — 2y = 12¢* — 1.

Alternatively, we could first expand: f(y) = 4y —y. Then we could apply the rule for differentiating a
linear combination and the power rule to obtain f’(y) = 4D, (y®) — Dy(y) = 12y — 1.

1
3.2.8: Given: f(z) = 4ot — o We apply various rules, including the reciprocal rule, to obtain

’ D, 2 E 2 . 2
f'(@) = 4Da(a") ~ (— (xg"fg)) =440’ + 5 = 1627 + S

Alternatively, we could rewrite: f(z) = 4a* — 272, Then we could apply the rule for differentiating a linear

combination and the power rule (both for positive and for negative integral exponents) to obtain
2
J'(x) =4Dy(z*) — Dy(27%) =4 42° — (=2)27° = 162° + 227° = 162° + —;.
T
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3.2.9: We apply the rule for differentiating a linear combination and the reciprocal rule (twice) to obtain

O e s =1

D,y(z+1) Dy(x—1) 1 1

= + .

(z +1) (x—1) (x+1)>  (z-1)
Looking ahead to later sections and chapters—in which we will want to find where ¢’(z) is positive, negative,
or zero—it would be good practice to simplify ¢'(z) to

, _(x+1)2—(x—1)2_ 4x
@)= e G rPe=17

1
3.2.10: We apply the reciprocal rule to f(t) = s to obtain

v D=7 —2t 2t
FO=-"pr =~ a—ep  G-er

3.2.11: First write (or think of) h(x) as

1
2t t1’

h(z) =3

then apply the rule for differentiating a linear combination and the reciprocal rule to obtain

Dy(a*+2+1)\  —3-(2z+1)
(2+z+1)2 ) (22424 1)2

W(z)=3- (—

Alternatively apply the quotient rule directly to obtain

(x2 +2+1)2 (22 +2+1)%

3.2.12: Multiply numerator and denominator in f(z) by z to obtain

1 T
flz) = 1_—_ T 9
x
Then apply the quotient rule to obtain
f,(x):(x—Z)Dx(x)—a:Dx(a:—Z):(a:—2)-1—a:-1: -2
(-2 (@2 @27

3.2.13: Given g(t) = (t> + 1)(t3 + t*> + 1), apply the product rule, the rule for differentiating a linear

combination, and the power rule to obtain
g'(t) = + 1)Dy(t® + 2 + 1) + (t* + 1> + 1) Dy(t* + 1)
=+ 1B+ 2t +0) + (£ + >+ 1)(2t + 0)
= (3t + 2¢3 + 3t% + 2t) + (2t* + 2% + 2t) = 5t* + 4¢3 + 3t + 4¢.
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Alternatively, first expand: g(t) = t° + t* + ¢ 4+ 22 + 1, then apply the rule for differentiating a linear

combination and the power rule.

3.2.14: Given f(x) = (22 — 3)(172* — 62 + 2), apply the product rule, the rule for differentiating a linear

combination, and the power rule to obtain
f(x) = (22° — 3)(682° — 6) + (62)(17x* — 62 + 2)

= (13625 — 2162° + 18) + (1022° — 362° + 122%) = 2382° — 2522% + 122% + 18.
Alternatively, first expand f(x), then apply the linear combination rule and the power rule.

3.2.15: The easiest way to find ¢’(z) is first to rewrite g(z):

Then apply the linear combination rule and the power rule (for negative integral exponents) to obtain
1 2 4-3z
222 323 623
The last step is advisable should it be necessary to find where ¢'(z) is positive, where it is negative, and

where it is zero.

3.2.16: The quotient rule yields
22D, (20% — 32% 4+ 4w — 5) — (22® — 3a? 4+ 4o — 5) D, (a?)

/
(e 5
~ (@?)(622 — 62 +4) — (22 — 32 + 4z — 5)(22) (62! — 62° + 42?) — (42" — 62° + 822 — 102)
o 4 o x4
2t — 623 + 422 — 4z* + 623 — 822 + 10z 2t — 422 + 10z 23 —dx +
62t — 62 + 42% — 4a* 4 623 — 822 + 10 224 — 422 + 10 223 — 4z 4 10
= x4 = x4 = x?) .

But if the objective is to obtain the correct answer as quickly as possible, regardless of its appearance,
you could proceed as follows (using the linear combination rule and the power rule for negative integral
exponents):
fx)=22—-34+427 ' =522 so fl(z)=2—4z"2+10z3
3.2.17: Apply the extended product rule in Eq. (16) to obtain
9'(y) = By* = D)(y* + 2y + 3) D, (2y) + (2y)(y° + 2y + 3) Dy (3y” — 1) + (2y)(3y* — 1) Dy (y° + 2y + 3)

= (3y* = D(y* + 2y +3)(2) + (2y) (y* + 2y + 3)(6y) + (2y)(3y* — 1)(2y +2)

= (6y* 4 123 + 18y* — 2% — 4y — 6) + (12y* + 249> + 36y2) + (12y* — 49 + 12y° — 4y)

= 30y" + 48y> + 48y* — 8y — 6.
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Or if you prefer, first expand g(y), then apply the linear combination rule and the power rule to obtain

g(y) = (6y° — 2y)(y* + 2y + 3) = 6y° + 12y* + 16y° — 4y® — 6y, so

g’ (y) = 30y* + 48y> + 48y* — 8y — 6.

3.2.18: By the quotient rule,

() = (22 + 4) Dy (2? — 4) — (22 — 4) D,(22 + 4) _ (22 4+ 4)(2z) — (22 — 4)(22) _ 16z
(x2 +4)2 (22 +4)2 (x2 +4)%

3.2.19: Apply the quotient rule to obtain

) — (2 +2t+1)Dy(t —1) = (t —1)Dy(t2 +2t+1) (2 +2t+1)(1) — (t —1)(2t + 2)
g'(t) = (t2 + 2t +1)2 - [(t+1)2]2

(P21 — (22 —-2) 342t —12  (t+1)(t—3) 3—t

(t+1)4 4+t (t+1)4 (t+1)3"

3.2.20: Apply the reciprocal rule to obtain

by Dp(a?+4x+4)  2z+4 2
e i e A TRy

3.2.21: Apply the reciprocal rule to obtain

) — Dy(t* =3t +3t—1)  3t*—6t+3  3(t—1)* 3
v =- (t— 1) B (S L ([ R R D

3.2.22: The quotient rule yields

(22 — 5) Dy (22% + 2% — 32+ 17) — (223 + 22 — 32 + 17) D, (22 — 5)

h(z) =

(2z — 5)2
(22 -5)(62% 4+ 22 — 3) — (22° + 2 — 3z + 17)(2)
- (2x — 5)?
(1223 — 2622 — 162 + 15) — (42° + 22% — 62 + 34)
B (22 —5)2
_ 1223 — 2622 — 162 + 15 — 42 — 222 + 62 — 34 _ 823 — 2822 — 10z — 19
B (2z — 5)2 B (2z — 5)2
3.2.23: The quotient rule yields
() = (2> + 72 =5)(3) = (Bx)(32* +7) 32 +2lx-15-92° 21z 62°+15
g = (3 + 7z — 5)2 N (3 + Tz —5)2 (@34 Tz —5)2
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3.2.24: First expand the denominator, then multiply numerator and denominator by ¢2, to obtain

1 1 t2
f(t) = z = = :
1 1 2
1 t*+2t° 4+ 1
(t t) t2+2+t_2

Then apply the quotient rule to obtain

(t* + 202 +1)(20) — (12) (4% + 48) 207 + 483 + 26 — 45 — 4t 2t — 21

[(82 + 1)) (2 + 1)t (2 + 1)

fi(t) =

A modest simplification is possible:

2(t' —1) 2@+ 1) 2> 1)
(t2+1)4 o (t2 + 1)4 o (t2+1)3 '

£ = -

3.2.25: First multiply each term in numerator and denominator by z* to obtain

()_x3—2x2
I = o3

Then apply the quotient rule to obtain

(2z — 3)(32% — 4z) — (2% — 222)(2)  (62® — 172% + 122) — (22° — 42?) 423 — 1322 + 122

9@ = (2 — 3)2 - (22 — 3)2 T (@z-3)2

It is usually wise to simplify an expression before differentiating it.

3.2.26: First multiply each term in numerator and denominator by 2 + 1 to obtain

fa) (22 4+1)-1 2P+23-1
T) = = :
2?4+ 1)+1  ab+azt41

Then apply the quotient rule to obtain

(25 + 2* + 1)(5z* + 322) — (25 + 2% — 1)(62° + 423)
(26 4+ 2% 4+1)2

fiz) =

(5210 + 828 + 32° + 52* + 322) — (6210 + 102% + 425 — 62° — 4a®)
(6 4zt 4 1)2

529 4 82® 4 32° 4 ba* 4 3% — 62! — 102® — 428 + 62° + 42
B (26 4 2t +1)2

—z10 — 248 — 46 4 625 + 5a? + 43 + 322
(6 + 24 4 1)2 '

3.2.27: If y(x) = 2® — 62° + %x“l + 12, then the linear combination rule and the power rules yield
B (z) = 322 — 302* — 6275.
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3.2.28: Given:
3 4
H==——_—5=3t""'—42-5
o) =2 - 5 ,

it follows from the linear combination rule and the power rule for negative integral exponents that

8 3 8§ —3t
/ _ —2 -3 _ _
(E(t)——?)t +8t —t—3—t—2— t3 .
3.2.29: Given:
5_4 2 5 5 4 2 5
y(z) = i oo v T —pr3 gp? + 22,

x3 o3 3 a3
it follows from the linear combination rule and the power rules that

4 15 22° +42% - 15
y’(m):—15x_4+4x_2+2x:2x+—2—— = x—l——x
x

3.2.30: Given
2v -3z 422 2 , 3 2
=———F@ 5% —gtpv

u(@) 522 5 5

it follows from the linear combination rule and the power rules that

4 473 — 2
/ _f2 2 L
u'(z) = T +5a: P12

3.2.31: Because y(z) can be written in the form y(z) = 3z — 272, the linear combination rule and the

power rules yield y'(x) =3+ %x‘3.

3.2.32: We use the reciprocal rule, the linear combination rule, and the power rule for positive integral

exponents:

D, (2% +22% + 22) 322 +42+2

’ _ __ .
F'z) = 22(22 4+ 2z + 2)? 22(22 + 22+ 2)2

3.2.33: If we first combine the two fractions, we will need to use the quotient rule only once:

T x—|—1_3x2+x2—1 422 — 1

y(x):x—1+ 3z 3z(z—1) T 322 — 3z

and therefore

(32% — 32)(8z) — (42® —1)(62 — 3)  24a® — 24a? — 2423 + 1222 + 62 —3  —122%2 4 62 — 3
(322 — 3z)2 N (322 — 3z)2 (322 —3x)2

y'(z) =

3.2.34: First multiply each term in numerator and denominator by ¢? to obtain

1 2

T2 g_g

u(t)
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then apply the quotient rule:

3.2.35: The quotient rule (and other rules, such as the linear combination rule and the power rule) yield

(22 +9)(322 — 4) — (2® — 42 + 5)(22)

/ _
Y ((E) - (.232 + 9)2
3z 42327 — 36 — 22" + 82 — 10z 2! + 312 — 10z — 36
- (a2 +9)2 T @9y

3.2.36: Expand w(z) and take advantage of negative exponents:
3 3
_ .2 3 _ 9.5 -2
w(z) =z (22 —424)—22' VL

and so
3 3 202"+3
TN 10 .4 -3 _ 4 _
w'(z) =10z —|—§z =10z +223 =5

3.2.37: First multiply each term in numerator and denominator by 5x% to obtain

1028

@) =155

Then apply the quotient rule (among others):

(152° — 4)(602°) — (102°)(752*)  900z'Y — 2402° — 7502'0  1502'0 — 2402°  302°(52° — 8)
(1525 — 4)2 N (1525 — 4)2 -~ (15z% —4)2  (15ad —4)2

y'(z) =

3.2.38: First rewrite
1

o L
2(t) 61249’

then apply the linear combination rule and the reciprocal rule to obtain

) = —4 AP —12¢ 48t —16t°  16t(t*-3) 16t
T W62 492 (2—3)F  (2—3)1 (12 —3)®

3.2.39: The quotient rule yields

(z+1)(2z) — (2*)(1) 222 +22—2> a(z+2)

(z+1)2 (x4 1)2 (x4 1)2

Y (z) =

3.2.40: Use the quotient rule, or if you prefer write h(w) = w~! + 10w~2, so that

w3

_ _ 1 20 w + 20
hl(w):_w2—20w3:—(ﬁ E):_
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3.2.41: Given f(x) = 2 and P(2, 8) on its graph, f/(x) = 322, so that f’(2) = 12 is the slope of the line
L tangent to the graph of f at P. So L has equation y — 8 = 12(z — 2); that is, 12z — y = 16.

3.2.42: Given f(x) = 322 — 4 and P(1, —1) on its graph, f/(z) = 6x, so that f’(1) = 6 is the slope of the
line L tangent to the graph of f at P. So L has equation y + 1 = 6(x — 1); that is, 6z —y = 7.

3.2.43: Given f(z) =1/(z — 1) and P(2, 1) on its graph,

, __Dm(x—l):_ 1
F@) === 19 (@— 12’

so that f'(2) = —1 is the slope of the line L tangent to the graph of f at P. So L has equation y—1 = —(x—2);
that is, z +y = 3.

3.2.44: Given f(z) = 2z — 27! and P(0.5, —1) on its graph, f/(z) = 2 + 272, so that f/(0.5) = 6 is the
slope of the line L tangent to the graph of f at P. So L has equation y+1 =6 (x — %), that is, 62 —y = 4.

3.2.45: Given f(z) = 2% + 32% — 4z — 5 and P(1, —5) on its graph, f/(z) = 322 + 6z — 4, so that f'(1) =5
is the slope of the line L tangent to the graph of f at P. So L has equation y +5 = 5(x — 1); that is,
5z —y = 10.

3.2.46: Given

and P(2, 4) on its graph, 2 2
oy (@=1D2x)—a? 2? -2
fi(z) = (x — 1)2 - (x—1)2’

so that f’(2) = 0 is the slope of the line L tangent to the graph of f at P. So L has equation y—4 = 0-(z—2);
that is, y = 4.

3.2.47: Given f(z) = 3z72 — 4273 and P(—1, 7) on its graph, f/'(z) = 1227% — 6273, so that f'(-1) = 18
is the slope of the line L tangent to the graph of f at P. So L has equation y — 7 = 18(x + 1); that is,
182 — y = —25.

3.2.48: Given

and P(2, 0.5) on its graph,
() = (Bz+2)(3)—(Bz—2)(3) 12
= (32 + 2)2 T Br+2)?

so that f/(2) = 1—36 is the slope of the line L tangent to the graph of f at P. So L has equation y—% = % (x—2);
that is, 3z — 16y = —2.
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3.2.49: Given
32

Mo =y

and P(—1, 3) on its graph,

PR | (SR T VO Ta
xr) = ({E2+(E+1)2 _($2+$+1)2’

so that f’(—1) = —3 is the slope of the line L tangent to the graph of f at P. So an equation of the line L
isy—3=-3(x+1); that is, 3z +y = 0.

3.2.50: Given

and P(2, —2) on its graph,
—2x 12z

fiz)=—-6- (1—22)2 = (1—22)2’

so that f/(2) = % is the slope of the line L tangent to the graph of f at P. So L has equation y+2 = %(m—2);

that is, 8x — 3y = 22.

3.2.51: V = Vo(1+aT+BT?*+~T?) where a ~ —0.06427 x 1073, 8 ~ 8.5053 x 1076, and v ~ —6.79 x 1078.
Now dV/dt = Vo(a + 28T + 3yT?); V = Vo = 1000 when T' = 0. Because V'(0) = aVy < 0, the water
contracts when it is first heated. The rate of change of volume at that point is V’(0) ~ —0.06427 cm® per
°C.

2 X 109 dW 4 x 109 dW 62500
= (2 1 9 -2 T — -
>— = (2 x10°)R™%, so R FTER when R = 3960, R = 970299

Thus W decreases initially at about 1.03 ounces per mile.

3.2.52: W =

(Ib/mi).

3.2.53: Draw a cross section of the tank through its axis of symmetry. Let r denote the radius of the
(circular) water surface when the height of water in the tank is h. Draw a typical radius, label it , and label
the height h. From similar triangles in your figure, deduce that h/r = 800/160 = 5, so r = h/5. The volume
of water in a cone of height h and radius ris V' = %wrQh, so in this case we have V =V (h) = 7—157rh3. The rate
of change of V with respect to h is dV/dh = %WhQ, and therefore when h = 600, we have V/(600) = 144007;
that is, approximately 45239 cm?® per cm.

3.2.54: Because y'(r) = 322 + 22 + 1, the slope of the tangent line at (1, 3) is (1) = 6. The equation
of the tangent line at (1, 3) is y — 3 = 6(x — 1); that is, y = 6z — 3. The intercepts of the tangent line are
(0, —3) and (%, O).

3.2.55: The slope of the tangent line can be computed using dy/dx at * = a and also by using the two
points known to lie on the line. We thereby find that

3
2 a’—5
3a” = 1
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This leads to the equation (a + 1)(2a® — 5a + 5) = 0. The quadratic factor has negative discriminant, so the
only real solution of the cubic equation is @ = —1. The point of tangency is (—1, —1), the slope there is 3,

and the equation of the line in question is y = 3z + 2.

3.2.56: Let (a,a®) be a point of tangency. The tangent line therefore has slope 3a? and, because it passes

through (2, 8), we have
a’—8

30 = ——;
“ a—2"

that is, 3a*(a —2) = a® — 8.

This leads to the equation 2a? — 2a — 4 = 0, so that a = —1 or a = 2. The solution a = 2 yields the line
tangent at (2, 8) with slope 12. The solution a = —1 gives the line tangent at (—1, —1) with slope 3. The
two lines have equations y — 8 = 12(z — 2) and y + 1 = 3(z + 1); that is, y = 122 — 16 and y = 3z + 2.

3.2.57: Suppose that some straight line L is tangent to the graph of f(z) = z? at the points (a, a?) and
(b, b?). Our plan is to show that a = b, and we may conclude that L cannot be tangent to the graph of f
at two different points. Because f’(x) = 2x and because (a, a?) and (b, b*) both lie on L, the slope of L is
equal to both f’(a) and f’(b); that is, 2a = 2b. Hence a = b, so that (a, a?) and (b, b*) are the same point.

Conclusion: No straight line can be tangent to the graph of y = 22 at two different points.

3.2.58: Let (a,1/a) be a point of tangency. The slope of the tangent there is —1/a?, so —1/a? = —2. Thus
there are two possible values for a: i%\/i These lead to the equations of the two lines: y = —2x + 2v/2
and y = —2z — 2v/2.

3.2.59: Given f(x) = 2", we have f'(z) = na"~'. The line tangent to the graph of f at the point P(zo, yo)
has slope that we compute in two ways and then equate:

y — (z0)"

n—1
x — X0 )

= n(xzg

To find the z-intercept of this line, substitute y = 0 into this equation and solve for x. It follows that the
n—1

z-intercept is x = To.

3.2.60: Because dy/dr = 5x* +2 = 2 > 0 for all z, the curve has no horizontal tangent line. The minimal
slope occurs when dy/dz is minimal, and this occurs when « = 0. So the smallest slope that a line tangent

to this graph can have is 2.

3.2.61: Dy[f(2)]’ = f'(x)f(2)f(x) + f(2)f' (@) f () + f(2)f(2) ' (x) = 3[f (@)]* ' (2)-

3.2.62: Suppose that uy, us, us, ug, and us are differentiable functions of . Let primes denote derivatives

with respect to x. Then
! !
D, lurususuy] = Dy[(urugus)us] = (uugus) ug + (ugusus)uy
/ / / !
= (ujugus + urusus + uruous)ug + (Ui ugus)uy
! ! / !
= UU2U3UL + UL USUZU4 + U U2UI UL + UL U2UZ Uy
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Next, using this result,

D, [uiuguszugus] = Dy [(uiugugug)us] = (uiususug) us + (uguguzug)us
= (ujuguzuy + urubuguy + uiusuiug + urugusul )us + (uiusuzug)us

! I I I /
= U UUIUAU5 T UT U U3ULU5 + UTUU3ULU5 + UTUUIUL U5 + U U2UIUA U

3.2.63: Let ui(z) = uz(z) = ug(z) = - -+ = up—1(z) = up(z) = f(x). Then the left-hand side of Eq. (16) is
D.[(f(z))"] and the right-hand side is

@@+ f@) f @U@ 2+ F@P @@ 72+ 4+ @] (@) = nlf ()" - (@),
Therefore if n is a positive integer and f’(z) exists, then

Do (f(2)"] = n(f(@)" ™" f'(2).

3.2.64: Substitution of f(z) = 2% + z + 1 and n = 100 in the result of Problem 63 yields

Dy[(2® + 2 +1)") = Do[ (f(2))"] = n(f(2)" " - f'(x) = 100(2® + 2 + 1)* - 2z +1).

3.2.65: Let f(z) = 2 — 17z + 35 and let n = 17. Then g(z) = (f(x))". Hence, by the result in Problem
63,
g'(x) = Do[ (f(2))"] = n(f(2))" ™" - f'(2) = 17(2° = 1Tz + 35)° - (32 — 17).

3.2.66: We begin with f(z) = az® + b2z? + cx + d. Then f'(x) = 3ax? + 2bx + c¢. The conditions in the

problem require that (simultaneously)

1= f(0)=d, 0=f1)=a+b+c+d,

0= f'(0) =c, and 0=f'(1)=3a+2b+c.

These equations have the unique solution a = 2, b = —3, ¢ = 0, and d = 1. Therefore f(z) = 223 — 32% + 1

is the only possible solution. It is easy to verify that f(x) satisfies the conditions required in the problem.

3.2.67: If n is a positive integer and

@)= 1w
then
Fla) = & +x2)(r(bic';;)2); (2z)(z") _ na"! lenin;); 20741 xnl[?li(;; 2)%] 0
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If n = 0, then (by the reciprocal rule)

ron 2x
fix) = Tt e
If n = 2, then by Eq. (1)
ron 2z
fix) = T2

In each case there can be but one solution of f’(x) = 0, so there is only one horizontal tangent line. If n =0

it is tangent to the graph of f at the point (0, 1); if n = 2 it is tangent to the graph of f at the point (0, 0).

3.2.68: If n =1, then Eq. (1) of the solution of Problem 67 yields

1— 22

fx) = m

The equation f’(x) = 0 has the two solutions z = £1, so there are two points on the graph of f where the

tangent line is horizontal: (—1, —%) and (1, %)

3.2.69: If n is a positive integer and n = 3, f'(x) = 0 only when the numerator is zero in Eq. (1) of the
solution of Problem 67; that is, when 2"~ *(n + [n — 2]x2) = 0. But this implies that x = 0 (because n = 3)
or that n + [n — 2]z? = 0. The latter is impossible because n > 0 and [n — 2]2? = 0. Therefore the only

horizontal tangent to the graph of f is at the point (0, 0).

3.2.70: By Eq. (1) in the solution of Problem 67, if

I oo 2234 a?)
J@ =1 then SO =Fi5my
So f'(x) =1 when
22(3 + 2?%) L
(1+a22)2 7

2?3+ 2%) = (1 +2%)%
ot 4+ 322 =2t + 227 + 1;
2 =1.
Therefore there are two points where the line tangent to the graph of f has slope 1; they are (—1, — %) and
1
(1 3)-

3.2.71: 1If

3 2 2 4 2

x then f,(x):x(?)—i—x):x + 3z ’
(1+22)2 (14 22)?
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by Eq. (1) in the solution of Problem 67. A line tangent to the graph of y = f/(z) will be horizontal when
the derivative f”(x) of f'(x) is zero. But

(14 22)%(423 4 6z) — (2 + 322) (42> + 4x)

D.(f'(@)] = f'(a) = T

(14 22)2(423 + 62) — (2* + 322)(4x) (2?2 +1) (14 2?)(4a® + 62) — (z* + 322)(47)

(1+a2) (1+a%)3

_4a® + 6x + 4a® + 62 —4a® —122° 6z —22°  2z(3 —a?)

(1+22)3 (L4223 (T4a2)3
So f”(z) = 0 when z = 0 and when 2 = 4++/3. Therefore there are three points on the graph of y = f/(x)
at which the tangent line is horizontal: (0, 0), (— V3, %), and (\/5, %).

3.2.72: (a) Using the quadratic formula, V'(T') = 0 when

170100 — 20+/59243226
T =T, = 1074 ~ 3.96680349529363770572 (in °C)

and substitution in the formula for V(T") (Example 5) yields

Vo = V(T,n) ~ 999.87464592037071155281 (cm?).

(b) The Mathematica command
Solve[ V(T) == 1000, T ]

yielded three solutions, the only one of which is close to T'= 8 was

85050 — 1054879293
N 1358

T

~~ 8.07764394099814733845 (in °C).

3.2.73: The graph of f(z) = |2?®| is shown next.
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Clearly f is differentiable at « if x # 0. Moreover,

: 0+h)3| -0 N
! — 1 |( —
1-(0) h,g(r)l— h h—0- h

and f4(0) = 0 by a similar computation. Therefore f is differentiable everywhere.

3.2.74: The graph of f(z) = 2° + |23| is shown next.

y
1
] i X
Clearly f is differentiable except possibly at z = 0. Moreover,
h 3 h 3 h3 _ hd
o)y =1 O+h)°+](0+h)°| = lim =0
h—0- h h—0-
and
o (0+RPH(0+R)3 2R
f+(0) = lim, h =i =0

Therefore f is differentiable at = for all  in R.

3.2.75: The graph of
2 + 322 ife <1,
flx) = 5 .
3+ 2z ifx =1,

is shown next.

20
15

10
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Clearly f is differentiable except possibly at x = 1. But

2 1 2 _ 2
) = G 2305 G SR

6
h—0- h h—0~ h

and

2(1+ h)® — I+ 6h2 + 213
Fi(l) = lm SF2ATRTZS g GhAGRTH2RT

h—0+ h h—0+ h

Therefore f'(1) exists (and f/(1) = 6), and hence f’(x) exists for every real number z.

3.2.76: The graph of
z? ifx <1,

2-—  ifz21

x
is shown next.
y
2
! (1, 1)
i 2 X
Clearly f is differentiable except possibly at = 1. But here we have
1 4 _ 1 4 2 4 3 4
) = tim AERT L AhEORT A AR

h—0— h h—0— h
and
1 1 1 1
(1) = 1 —(2—=—————1) = 1 S |
+1) = lim 5 ( 1+ h) ) hoot b ( (1+h)4>

~ 4h+6h* +4h> +n* | 4+6h+4h*+h3 4

_ ——
e h(l + h) ho 1+ h) 1

Therefore f is differentiable at z = 1 as well.

3.2.77: The graph of

ifx <1,

ifrxr=>1
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is shown next.

y

2

1 1,1)
/
-1 1 2 X

Clearly f is differentiable except possibly at x = 1. But

1 1 1 1 h 1
)= lim - (=———-1) = lim - (——1) = lim —— = lim — =1
f2() = lim o <2_<1+h> ) LS <1_h ) T S N

and

‘(1) = lim ———= = 1.

3.2.78: The graph of the function

12 if £ <3
— if z ,
22 -3z +3 ifx>3
is next.
y
9
6
3 (3,3)
—
1 i 2 3 4 5%
Clearly f is differentiable except possibly at = 3. But
1 12
/ = 1 -, _
J2@) = lim g ((5—3—11)2 3>
o 12-3(2— h)? 12k —3h2 Lo12-3n
= lim ——————— = lim —— = lim —— =
h—0—  h(2—h)? h—0— h(2 — h)? h—0— (2 —h)?
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and

2 _
6h +h 3h:3.

Vien v (B+h)?—=3(B+h)+3-3
43 = D, h = m, h

Thus f is differentiable at z = 3 as well.

Section 3.3

3.3.1: Given y = (32 +4)®, the chain rule yields

d
ﬁ:5~(3x+4)4'D1(3x+4):5-(3x+4)4-3:15(3x+4)4.

3.3.2: Given y = (2 — 5z)2, the chain rule yields

dy _

=3 (2—52)%- D,(2 —5z) =3 (2 —5x)%- (=5) = —15(2 — 5x)?.

3.3.3: Rewrite the given function in the form y = (32 —2)~! in order to apply the chain rule. The result is

3

dy _ 3
(3x —2)2°

i (-1)3x—2)"2- D32 —-2) = (—1)(3x —2)"?-3=-303z—-2)"2=—

3.3.4: Rewrite the given function in the form y = (2 +1)73 in order to apply the chain rule. The result is

dy —4 —4 —4 6
— =(-3)(2 1 - D, (2 1) =(-3)(2 1 -2=—6(2 1 =——.
W (3)2r+ ) 2w +1) = (-3)22 + 1) 620+ 1) =~
3.3.5: Given y = (22 + 3z + 4)3, the chain rule yields
d
% =3(2% + 3z +4) - Dy(22 + 3z +4) = 3(a? + 32 + 4)2(22 + 3).
dy 3\—5 3 3\—5 2 2 3\—5 2422
3.6: —=—-4-(7—2 -D -2 =—4-(7-2 (= =24 -2 =\
3.3.6 . (7 —2x7) (7T — 227) (7 —2z°) (—62*) x*(7 — 2x7) 7= 2277

3.3.7:  We use the product rule, and in the process of doing so must use the chain rule twice: Given
Yy = (2 - $)4(3 + .1?)7,
dy 4 7 7 4
T 2-2)" D,834+2) +(B4+x)" - Dy(2—1x)
=2-2)*7-B+2)° D,3+2)+B+2)"-42—-2)* D, (2 1)
=2-2)*7-B+2)° 1+B+2)" 4222 (1) =72 -2)*B+2)° —42 - 2)*B+2)°
=2-2)3B+2)°%(14 -T2 - 12 —42) = (2—2)*(3 + 2)°(2 — 112).
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The last simplifications would be necessary only if you needed to find where y'(x) is positive, where negative,

and where zero.

3.3.8: Given y = (x+22)°(1+2?)?, the product rule—followed by two applications of the chain rule—yields

Z—i =(x+2%)° D,(1+2%)2+(1+2%2 Dy(z+2%)°

=@+2*)° 2-(14+2%) - D,(1+ 23+ (1 +2%% -5 (x+2°)* Dy(x +27)
=@+2%)°-2-(1+2% 322+ (1 + 23?5 (x +22)* (1 +22)
= =2tz +1)%@? — 2z +1)(162° — 52% + 5z +5).

Sometimes you have to factor an expression as much as you can to determine where it is positive, negative,

or zero.

3.3.9: We will use the quotient rule, which will require use of the chain rule to find the derivative of the

denominator:

dy  (3z —4)’Dy(x +2) — (x +2)Dy(3x — 4)°
dr [(32 — 4)2)°

Bz —4)2 1—(x+2)-3-(3x—4)% D, (3z —4)

(3z —4)8
Bz -4 -32+2)Bx—4)2-3 (3z—4)—9x+2)  6z+22
- (3z — 4)0 - (3z — 4)* T (Bz—a)t

3.3.10: We use the quotient rule, and need to use the chain rule twice along the way:

dy (44524622 Dy(1—2%)° — (1 —2*)%- Dy(4 + 5z + 622)°
de (44 5z 4 622)4

(4452 +62%)2-3-(1 —22)2-D,(1 —2?) — (1 —2%)3-2- (44 5z + 622) - Dy (4 + 5z + 62?)
(4 + 5x + 622)%

(4+5x+62%)%-3- (1 —22)? - (=22) — (1 —2%)%-2- (44 5z + 622) - (5 + 122)
(4 + 5z + 622)4

(44 5z +62%)-3- (1 —2?)?- (—22) — (1 —2%)®-2- (5+ 122)
(4 + 5z + 622)3

 2(2® = 1)?(62° + 102> + 24z + 5)

(4 + 5x + 622)3
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3.3.11: Here is a problem in which use of the chain rule contains another use of the chain rule. Given
y=[0+01+2)°",

Y 4[4 (4P Dalt + (4 ) = A+ (1 2P (04 Dol +2)°

=41+ (1 +2)*3-3-(1+2)? Dy(1+2z) =12[1 + (1 +2)*P(1 + 2)%.

3.3.12: Again a “nested chain rule” problem:

dy _

e =5 [z 4 (z + x2)*3r6 Dy [z + (z +22)7?]

— 5[t (@+a) 3 1+ (=3)- (@ +2>) " Do(x+2?)]

=5 [z @+a) ] 1+(=3) - (@+2%) 7" (1+22)].

1
8.3.13: Given: y = (u+ 1)* and u = —;. The chain rule yields
x

dy dy du 5 —2 6 (1 > 6(x? + 1)2
—=—-—=3 )y —=—-—=+1) =——.
de du dx (u+1) 3 3 \ a2 +

3.3.14: Write y = Ju~! — 2u=2 Then, with u = 2z + 1, the chain rule yields

dy dy du 1 5 2 _4 1 2
D (2 ul 9= 9 — - =
de du dx ( gt 3" 2u?  3ud

_ 9 1 2 1—6x
N 22 +1)2 32z +1)3) 3(1422)3

3.3.15: Given y = (1 +u?)? and u = (42 — 1)?, the chain rule yields

dy dy du 9\ 9
Tr = du dx—6u(1+u) 8- (dz —1)

=48 (4x — 1)*(1 + (42 — 1)) (4r — 1) = 48(4z — 1)*(1 + (4o — 1)*)2.
Without the chain rule, our only way to differentiate y(x) would be first to expand it:
y(x) = 8 — 1922 + 26882 — 256002 4 1812482 — 9830402° 4 41287682°
— 133693442" + 326369282° — 576716802 + 692060162'° — 50331648z 4 1677721622

Then we could differentiate y(z) using the linear combination and power rules:

y'(z) = —192 + 53762 — 7680027 + 72499223 — 49152002 + 247726082 — 93585408x°
+ 26109542427 — 51904512022 + 6920601602° — 55364812820 + 2013265922'".
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Fortunately, the chain rule is available—and even if not, we still have Maple, Derive, Mathematica, and

MATLAB.

1
3.3.16: If y =u’ and u = 5 then the chain rule yields

dy _dy du _ ., ( Du(Bz-2\_ 5 3 15
dr  du dr (Bx—2)2 ) (Bz—2)* (3z—-2)2  (3z—2)6

1
3.3.17: Ify=wu(l—u)® and u = ot then the chain rule yields

dy _dy v

W = su -] (—4) = (=0 = Ba (1= (),

which a very patient person can simplify to

dy 16 — 36z" + 242® — 42!?

der 17
u T
3.3.18: Ify = I and u = e then
dy dy du  (ut1)l-w-l (@+1)-1-az-1 1 1
de  du dr (u+1)2 (z+1)2 C(u+1)2 (x4 1)2
B 1 1 !
v Y @EDPT (agiy @R @t ip
x+1+ z+1

3.3.19: If y = u?(u —u?)? and u = 272, then

d dy d
% = ﬁ . % = [2u(u —u')® + 3u*(u — u*)*(1 — 4u?) ] - (=2277)
o, _ 4, _ _ _ 28 — 662° + 48212 — 10218
=222 % -2 ®)P 437 (2 -2 )’ (1 — 427 %) ] - (-227%) = = p— .
3.3.20: Ify:manduzx—%:_l,then
dy dy du (2u+1)* —8u(2u+1)3 oy 2u+1-8u 9
o (1+2 = (1+2
dr  du da 2u+ 1)8 (4207 = 55 L+ =)
12
o 1—6u 2?42  ITOr 2o 62412 2242
- 2u+15' 2 4 5T 2 2 57 2
( ) (23:—;4—1) x<2x 4+x>
T

Ca*(12+ 2 —-62%) 22+2  2?(12+ 2 —62%)(a? +2)
(22242 —4)5 2 (222 +x —4)5

22(1222 + 23 — 62% + 24 + 22 — 1222)  2%(24 + 22 + 23 — 62%)

(222 +x —4)° B (222 +x —4)°
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3.3.21: Let u(z) = 22 — 2% and n = 3. Then f(z) = u", so that

fl(x) =nu" "t Z—z =3u’ - (2 - 22) = 3(2z — 2%)%(2 — 2z).

3.3.22: Let u(z) =2+ 522 and n = —1. Then f(z) = u", so that

du 1522
") = ™1 % D2 1522 = —
fi(x) =nu T (—Du 5x CEEE
3.3.23: Let u(z) =1 — 2% and n = —4. Then f(x) = u", so that
du 8z
/ _ n—1 o -5 _
3.3.24: Let u(z) = 2% — 4z + 1 and n = 3. Then f(z) = u", so
/ no1 du 2 2 2
f(z) =nu -£:3u 2z —4) =3(z" — 4z + 1)*(2z — 4).
1
3.3.25: Let u(z) = v 1 and n = 7. Then f(z) = u™, and therefore
T —
_, du (x—1)—(x+1) z+1Y -2 (x+1)8
1 n—1 6
= C—=Tu’ - =7 . =—-14.- ——.
fla) =nu=" 20 = Tu (1) v-1) (x-1)72 (z— 1)
2
1
3.3.26: Let n =4 and u(z) = w Thus
rz+1
3
F() = - du _1 > +x+1 e+ 1)(2z4+1) — (22 +2+1)
dz x+1 (x+1)2

4@ +z+1)7° 222 +3z+1—-a?—az—-1 4@ +a+1)° 22+22 4@ +2+1)3(2? +22)

(z +1)3 (z+1)2 T (@413 (@1 (z + 1)

3.3.27: ¢'(y)=1+52y—3)*-2=1+10(2y — 3)%
3.3.28: N/(2) =22(2%2 +4)% +32%(22 +4)? - 22 = (223 + 82+ 623) (22 + 4)2 = 82(22 + 1)(22 + 4)2.
3.3.29: If F(s) = (s — s72)3, then

F'(s) =3(s —s72)*(1+2577) :3(5_ é)z.(H S%) _ <s3 —1)2 42

_3.(53—1)2(s3+2)_3. B
B s7 N s7 N s7
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2
3.3.30: If G(t) = <t2 +1+ %) , then

1 1 2 2 444ty —2t—2
Gt)=2(2t— =) (P+1+2)=ad+4t+2- 2 2 = : .
*) ( t2>( + +t> At 2 3 13

3.3.31: If f(u) = (1 +u)3(1 + u?)%, then

) =31+ u)?(1 +u®)? +8u(l +u)3(1 +u?)?® = (1 +u)?*(1 4+ v?)3 (110 + 8u + 3).

3.3.32: If g(w) = (w? — 3w + 4)(w + 4)°, then

g (w) =5(w + 4)*(w? — 3w +4) + (w+4)°(2w — 3) = (w + 4)*(Tw? — 10w + 8).

—1
3.3.33: If h(v) = lv - (1 - %) ] , then

() (B

11 1\"!
3.3.34: If p(t) = <——|— + ) , then

-5 -5
1 1 1 1 2 3 t?4+t+1 24+2t+3
"ty =4+ =+ = —+ 4= ) =4 :
P'(t) (t+t2+t3> (t2+t3+t4) ( 13 t4

S 1242643\ A2 426 43)  4ll(2 426+ 3)
2+t+1 4 (B4t (2t 1)

3.3.35: If F(2) = (52° — 42+ 3)71Y, then

40 — 250z*

Fl(z)=-1 54 25t —4) = ——
(2) 0(bz z+3)" (252 ) (525 — 4z 1 3)00

3.3.36: Given G(z) = (1 + [z + (22 + 2%)1]°)5,
G'(z) =6(1+ [z + (2® +2°)'°)°  Bla + (¢ + 2°)]* - [L + 4(2® + 2°)* (22 + 32%)].

When G’(z) is expanded completely (written in polynomial form), it has degree 359 and the term with
largest coefficient is 7431394213599636006965105906903841744022%”.

d
3.3.37: Chain rule: 2 = 4(x3)® - 322, Power rule: dy =122
dz dx
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3.3.38: Chain rule dy (-1) AN ! Power rule dy 1
.3.38: === (= ——|. Pow . — =1
dx x x? dx
. ; LAy 0 : ; Cdy s
3.3.39: Chain rule: e 2(z* — 1) - 22. Without chain rule: i 4z° — 4x.
x x
. . Cdy 2 : : Cdy 2
3.3.40: Chain rule: T —3(1 — ). Without chain rule: i -3+ 62 — 3z~.
3.3.41: Chain rule: % =4(x + 1)®. Without chain rule: % =4a® + 122 + 122 + 4.
d - d 2 2
3.3.42: Chain rule: d_z = —2(x +1)"3. Reciprocal rule: % = —m.
d d 2
3.3.43: Chain rule: d_z = —2x(2% +1)7%. Reciprocal rule: % = _(2527—:—61)2.
d d
3.3.44: Chain rule: d_z =2(2® 4+ 1) - 2z. Product rule: % =2x(2® + 1) + 2z(2® + 1).

3.3.45: If f(z) = sin(a?), then f'(z) = [cos(2?) | - Dy(2?) = 322 cos(x?) = 3x2 cos 2.
3.3.46: If g(t) = (sint)3, then ¢/(t) = 3(sint)? - D;sint = (3sin’t)(cost) = 3sin®¢ cost.
3.3.47: 1If g(z) = (sin22)3, then

g (2) = 3(sin22)? - D.(sin2z) = 3(sin 22)?(cos 22) - D (22) = 6sin® 22 cos 2.

3.3.48: If k(u) = sin(1 + sinu), then &' (u) = [cos(1 + sinu)] - Dy (1 + sinu) = [cos(1 + sinw) | - cos u.

3.3.49: The radius of the circular ripple is 7(t) = 2¢ and its area is a(t) = 7(2t)?; thus a/(¢) = 87t. When

r =10, t =5, and at that time the rate of change of area with respect to time is a/(5) = 407 (in.2/s).

3.3.50: If the circle has area A and radius 7, then A = 772, so that r = y/A/7. If t denotes time in seconds,

then the rate of change of the radius of the circle is

dr dr dA 1 dA

R 1
dt dA dt 2/mA dt (1)

We are given the values A = 757 and dA/dt = —2m; when we substitute these values into the last expression
d
in Eq. (1), we find that d_: = —%\/ﬁ Hence the radius of the circle is decreasing at the rate of —1—15\/§

(cm/s) at the time in question.

3.3.51: Let A denote the area of the square and x the length of each edge. Then A = 22, so dA/dx = 2z.

If ¢ denotes time (in seconds), then
dA dA dx 5 dz

At de dt Tt
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All that remains is to substitute the given data = 10 and dz/dt = 2 to find that the area of the square is

increasing at the rate of 40 in.2/s at the time in question.

3.3.52: Let x denote the length of each side of the triangle. Then its altitude is %a: 3, and so its area is

A=1g2 /3. Therefore the rate of change of its area with respect to time ¢ (in seconds) is

dA 1 dx

We are given x = 10 and dx/dt = 2, so at that point the area is increasing at 10v/3 (in.?/s).

. d d
3.3.53: The volume of the block is V' = 2? where z is the length of each edge. So d_‘t/ = 3x2d—£§. We are

given dz/dt = —2, so when x = 10 the volume of the block is decreasing at 600 in.3/h.

3.3.54: By the chain rule, f'(y) = h'(g(y))-¢’'(y). Then substitution of the data given in the problem yields
F-1) = W(g(~1)) - (1) = W(2) - g'(~1) = 1. T= 1.

3.3.55: G'(t) = f'(h(t)) - h'(t). Now h(1) =4, h'(1) = —6, and f'(4) = 3, s0 G'(1) = 3 - (~6) = —18.

3.3.56: The derivative of f(f(f(x))) is the product of the three expressions f'(f(f(z))), f'(f(z)), and
f'(z). When z =0, f(z) =0 and f'(x) = 1. Thus when x = 0, each of those three expressions has value 1,

so the answer is 1.

3.3.57: The volume of the balloon is given by V = §7T7"3, SO

v _dv dr_ o, dr

At drodt dt’
Answer: When r = 10, dV/dt = 47 - 10? - 1 = 4007 ~ 1256.64 (cm?/s).

3.3.58: Let V denote the volume of the balloon and r its radius at time ¢ (in seconds). We are given

dV/dt = 200mw. Now
v dV dr 5 dr

At dr ar T at
When r = 5, we have 200m = 4x - 25 - (dr/dt), so dr/dt = 2. Answer: When r = 5 (cm), the radius of the

balloon is increasing at 2 cm/s.

d d d
3.3.59: Given: d—; = —3. Now d_‘t/ = —300m = 47mr? - (d—:;) So 4mr? = 1007, and thus 7 = 5 (cm) at the

time in question.

3.3.60: Let x denote the radius of the hailstone and let V' denote its volume. Then

dv dr
=~z — =A4rz? =
% 37rx , and so o T o
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av 1 dx dx 1
h =2 — = -0.1 herefore —— = 471 .22 . —. — =—-——_A : At the ti i
When z N 0.1, and therefore 10 T o So o 160m nswer: At the time in

cm/s —that is, at about 0.002 cm/s.

question, the radius of the hailstone is decreasing at 60
™

3.3.61: Let V denote the volume of the snowball and A its surface area at time ¢ (in hours). Then

% =kA and A=cV?3

(the latter because A is proportional to 72, whereas V' is proportional to r3). Therefore

% =aV??  and thus j—‘t/ = pV—2/3

(o and 3 are constants). From the last equation we may conclude that ¢t = 4V/3 4§ for some constants
and §, so that V = V(t) = (Pt + Q)? for some constants P and Q. From the information 500 = V(0) = Q3
and 250 = V(1) = (P 4 Q)?, we find that Q = 5¢/4 and that P = —5- (/4 — ¥/2). Now V(¢) = 0 when

PT + @ = 0; it turns out that
3
T= V2
V2-1

Therefore the snowball finishes melting at about 2:50:50 P.M. on the same day.

~ 4.8473.

3.3.62: Let V denote the volume of the block, x the length of each of its edges. Then V = 3. In 8 hours

x decreases from 20 to 8, and dxz/dt is steady, so ¢ hours after 8:00 A.M. have

Also
dav._dV dx

2
3.9 3
2
e (=Y=—2.(20=2¢) .
i ar @ ()= (O 2t)

av
At 12 noon we have t = 4, so at noon o —%(20 —6)% = —882. Answer: The volume is decreasing at 882
in.3/h then.
3.3.63: By the chain rule,
dv  dv dw du du dv du dv dw

T dw de and therefore T do dr— dv dw A

3.3.64: Given: n is a fixed integer, f is differentiable, f(1) =1, F(z) = f(2"), and G(z) = [ f(z)]". Then
F)=f1") =f1)=1=1"=[f1)]" = G().
Next,

F'(z) = Dof(a") = f'(«") -na"™"  and  G'(x) = Do [f(@)]" =n[f(2)]"" - ['(x).
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Therefore

3.3.65: If h(z) =z +4, then

1
2v/x+ 4

B 1

1
I = _— ]l = ———.
(a:) 2Vr +4 2Vr + 4

“Dy(x+4) =

3.3.66: If h(x) =2%/%2 =z -/, then

W@ =1-VE +2-Do (VE) = VE + 30 = VF +5VF = 3VE.

3.3.67: If h(x) = (22 +4)%/2 = (22 + 4)V22 + 4, then

W(x) =2zV22 +4 +(x2+4)-ﬁ-2x = 2Va2 +4 +2Va2? +4 = 3222 +4.
3.3.68: If h(x) = |z| = Va2, then
Section 3.4
3.4.1: Write f(x) = 42%/2 + 2271/2 to find
Fl(z) = 10232 — z=3/2 = 1023/2 — # = 710§2/2_ !

3.4.2: Write g(t) = 9t*/3 — 3t=1/3 to find

1 12t5/3 41
g'(t) =126 473 = 12413 4 — = ha

t4/3 t4/3
3.4.3: Write f(x) = (22 + 1)1/2 to find
1 1
@)= =(2e+1)" 2. 0= ——.
f@) = 50z +1) —

3.4.4: Write h(z) = (7 — 62)~1/? to find that

2

() = =576 (-6) = e
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3.4.5:

3.4.6:

3.4.7:

3.4.8:

3.4.9:

3.4.10:

3.4.11:

3.4.12:

3.4.13:

3.4.14:

3 3Vi
3.4.15: D, (t3/2\/§) - 5151/2\/5 _ 3
3.4.16:

3.4.17:
3.4.18:

3.4.19:

Write f(z) = 62~ 1/2 — 23/2 to find that f'(z) = —32~%/% — gxl/Q =—

3(x? +2)
23/2

Write ¢(u) = Tu=2/3 + 2u'/3 — 3u'9/3 to find that

4
) = = Syorn g 2 _gg - 20 —ut )

3 3 3ub5/3

D, (22 +3)3/% = ;(Qx +3)1/2.2 =32z +3.
D, (3z +4)Y3 = §(3x +4)Y3 .3 =43z +4)'/3 = 433z + 4.
D, (3 —22%)73/2 = —%(3 —22%) 752 (—4x) = (3_2%.
D=3 = =2 =) (0y?) =
Dy (2 +1)1/? = %@3 +1)71%. (327) = W ifi =
D.(z* 4+3)7% = —2(2* +3)73 . 423 = —L.
(2% +3)3
D, (222 +1)Y/% = %(2352 +1)7V2 4 = %
D, (t(l n t4)_1/2) — (1Y) %t(l )72 = i +14)1/2 -3 +21;)3/2
1—t4

V2

D, <i ~t5/2> = 5 T2 = 5

V3 EWE TN

D,(22% — x4+ 7)%% = g(sz x4+ NV (4 -1) = 2(4:5 —1)V2a2 -z +7.

D, (322 —4)%7 = 97(32%2 — 4)% . 62 = 5822(32% — 4)%.

D, (z—

4622 — 1)

4 <
2;53)’4/3 _ _g(m B 2:53)77/3 (11— 6:52) = m
xr — 4T

3.4.20: D[+ (1+6)]" =5[22+ (1 +0*]" D, [+ (1 +1)*]

=5[22+ 1+ (2440403 1] =5[22+ (1 +0)*]" - [2t+4(1 +)3].
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3.4.21: If f(z) = z(1 — 22)'/2, then (by the product rule and the chain rule, among others)

Fa)=1-(1—22)"2 4. %(1 _ )2 D (1 - o?)

:(1_x2)1/2+x,1(1_1.2)—1/2'(_21.):m_ J/‘Q _ 1—2.7,‘2.
2 Vi—aZ 122
. . ~ (2z4 1)1/
3.4.22: Write g(z) = T to find

(z—1)Y2 Iz +1)"Y2.2- L@ -1)"Y2. (20 +1)1/2
[(x—1)1/2]?

g'(x) =

20— 1)V22z 4+ 1)"Y2 — (2 — 1)~ V2 2z +1)1/2
2(x—1)

2z —1) — (22 + 1) 3

T2 -0 -D)"2Qe+1)2 2@ -1)322z+1

[2+1  [2+1\7?
3.4.23: If f(t) = tQtl = (t2f1> , then

) L2412 @-n@E)—@E@+0e) 1 /e2-1\"?  —a 2t
f(t):§(t2—1> ' (12— 1)2 :§(t2+1) (2 —1)2 :_(tz_l)?,/zm'
3.4.24: If h(y) = (Z—i)w, then
o (I WDl y 1\ -2 34y 1)1
o =17 () S = (U ) P = e

3 2 2 2 2 2 20,2
1 1 1 —1 +1 322 -1 +1
3.4.25: Dx(a:——) __3(x__> (1+_2)_3(a: )x 1 (x )4(a: )
x x x x x x

3.4.26: Write g(2) = 22(1 4+ 22)~ /2, then apply the product rule and the chain rule to obtain

1 : 2z 23 23+ 2z
1N 2n-1/2 2 (_21 2V-3/2 o, _ _ —
g'(2) =2z(1+2%) +2z ( 2) (14 27%) 2z G102 07207 Q527
1 1/2
3.4.27: Write f(v) = u Then
v
) = v+ D)1+ DY w22+ DY w241 w2
N v2 B 202 202w+ 1D)/2 T 202(u + 1)1/27

3.4.28: h'(x)—§ z V7 (1+$2)-1—m-2x_§ s N3 g2
.4.28: T3 1+ 22 (1—1—1’2)2 ) 1+ 22 (1+$2)2.
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. 1 . 2z
. _2\1/3 _ © _ 272/3. _ =
3.4.29: D (1 —z°)"/° = 3(1 ) (—2x) = 30— 2275
1 _ 1 1+ 2z
3.4.30: D, (z + 2Y/?)V2 = Z (g + £1/2)"1/2 <1+ —z 1/2> = V&
( )=t ) 2 NV

3.4.31: If f(x) = 2(3 — 42)'/2, then (with the aid of the product rule and the chain rule)

Fla)=1-3—42) 4z %(3 Cgg) V2 4y = (3 a2 2 3(L=20)

B 402 B-dn

t— (1+412)1/2
3.4.32: Given g(t) = %,

22—+ V2 2) 2 (t— (1+)2)  t(1-t1+12)712) —2(t— (1+43)1?)

g'(t) = (2)2 3

=2+ )220+ 21+ )2 (1) 24 2(1412) 242 — (14 12)1/?

t3 t3(1 4 12)1/2 O B(142)1/2

3.4.33: If f(x) = (1 — 22)(2x +4)"/3, then the product rule (among others) yields

fl(z) = =222z +4)Y3 + %(1 — %) (20 4+4)723

—6x(2z +4)+2(1 —2?)  —1222 — 24w +2— 222 2 — 24z — 1422
3(2z + 4)2/3 B 3(2z +4)2/3 32w +4)2/3

3.4.34: If f(x) = (1 — 2)"/2(2 — 2)/3, then

_p)/3 _p)/2
Fla) = HL =) 1) @ -2)0 4 42 ) o) (1) = (2T BT

32—x)+2(1—2) S5z — 8

62— 2)23(1 —2)/2  6(2—2)2/3(1 — )12

2
1
3.4.35: If g(t) = (1 + 2) (3t2 4+ 1)*/2, then

g6 = <1 * %)2 %(3t2 +1)712(6t) + 2- <1 + %)(—%2) (362 + 1)1/2

(t+1)? _g.t+1(3t2+1)1/2_ 32(t+1)° 20+ 1) +1) 31312 -2t —2

=3t- ==
232+ 1)1/2 2 ¢ $3(3t2 + 1)1/2 3(3t2 +1)1/2 3v3t2 + 1

3.4.36: If f(z) = z(1 + 2z + 322)1°, then

f(x) = (1 + 22+ 32%)1° + 102(1 + 22 + 32%)°(2 + 62) = (322 + 22 + 1)%(632% 4 22z + 1).
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20 — 1
3.4.37: If f(l') = (315:74)5, then

) — 23z +4)° — (20 -1)-5B3z+4)*-3 2Bz +4) - 15022 1) 2324z
(z) = (32 + 4)10 - (32 + 4)° T Bzt 4

3.4.38: If h(z) = (2 — 1)*(2 + 1)%, then
W(z) =4(z = 1)°( +1)° + 6( +1)°( = 1)*

=(z—-1P2E+1)°@A(Ez+1)+6(z—1)) = (z —1)*(z + 1)°(10z — 2).

2z + 1)1/2
3.4.39: If f(l') = W, then
Fa) = Bz +4)132x +1)7Y2 — (22 + 1)1/2(32 + 4)72/3
N (3z + 4)2/3
(Bx+4)— 2z +1) x+3

3z +4)4/3(2x + 1)V/2  (3x + 4)4/3(2z + 1)1/2°

3.4.40: If f(x) = (1 — 32%)°(4 — 2)'/3, then

/(@) = 501 = 3 (12298 = )9 4 (1= 3a)? (4= 2) (1)

1 —32%)° —18023(1 — 3zH)*(4 — x 1 — 3z%)°
1/3

= —602°(1 =3 (4 — )P - g = 3(4 —2)*/3 3(4 — )

3(4 — 2)%/3 B 3(4 — x)2/3

[(1802% — 7202%) — (1 — 32%) | (1 — 32%)*  (1832* — 7202 — 1)(1 — 3a*)*

(L+y)2+ (1 —y)t/?

3.4.41: If h(y) = 7

, then

W) = Y0 +y) 2= (1 —y) 2] = BB (L)' + (1 —y)'/? ]
Yy) = y10/3

y[3(0+y) 2= 3(1—y) 2] =3 [(1+y2+ (1 —y)/?]
y8/3

y[3(1+y) 2 =31 —y) 2] 10 [(1+y)/? + (1 —y)/?]
6y8/3

y[31—yV2 =31+ y)2] —10[(1+y)A -2+ (1 —y)(L+y)"/?]
6y%/3(1 —y)1/2(1 +y)1/2

(Ty —10)/T+y— (Ty+10)y/T—y
6y8/3/T—y/1I+y '
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3.4.42: If f(z) = (1 — 2'/3)1/2, then

1 1

1
) = = (] — £1/3)-1/2 23\ ___ +
f(a) = 51— a1 2o o

/2, then

3.4.43: If g(t) = [t + (t + t1/2)1/?] !
1 -1/2 1 1
gt =3 [t+ (t+t1/2)1/2} : {1 + §(t+t1/2)*1/2 (1 + §t1/2>} :

It is possible to write the derivative without negative exponents. The symbolic algebra program Mathematica

yields

/(t) (t+ (t+t1/2)1/2)1/2 [1 _ 4t3/2 _ 4t2 +3t1/2 (1 + (t+t1/2)1/2) + 2t (1 + (t+t1/2)1/2)}
g = St(1L + £1/2)(63/2 — 112 — 1) '

But the first answer that Mathematica gives is

1

1+ —=

1+72\/j_

2/t 4+t
g'(t) = :

2/t 4+ Vit +

1
. _ .3
3.4.44: If f(l')fl' 1_552—4—]_7 then

—1/2
1 1 1 2
"Nx) =322 /1 — —— + 223 (1— e
Jla) =327\ [1 =27 + 3@ 22+ 1 (22 1 1)2

The symbolic algebra program Mathematica simplifies this to

22 3/2
/ _ 2
ro) = e+ 0(55)
3.4.45: Because
dy 2
4 = —— = —
y(z) = de  321/3

is never zero, there are no horizontal tangents. Because y(x) is continuous at x = 0 and |y’ (z)| — +oo as

x — 0, there is a vertical tangent at (0, 0).
3.4.46: If f(x) = zV4 — 22, then
Fle) = VaI—aE - @ 2(2-a?)
- Vi—a22  Vi—a?’
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Hence there are horizontal tangents at (—\/5, —2) and at (\/5, 2). Because f is continuous (from within its

interval of definition) at +2 and

lim |f(z)|=+o0o= lim |f(z)],

r—=2 T—27

we say that there are vertical tangents at (—2, 0) and (2, 0).

3.4.47: 1If g(z) = /2 — 23/2 then

_1 1/2—§a’;1/2 1 3\/521_3$

g(@)=gu - gelt = NN

Thus there is a horizontal tangent at (%, %\/ﬁ ) Also, because g is continuous at x = 0 and
1-3z
lim |¢'(z)] = lim = 400,
z—0 |g ( )| z—07t 2\/5

the graph of g has a vertical tangent at (0, 0).

3.4.48: If h(x) = (9 — 22)~'/2, then

T

(@) = =502t (2) = .

So the graph of h has a horizontal tangent at (0, %) There are no vertical tangents because, even though
|h'(z)| — 400 as x — 3~ and as * — —37, h is not continuous at 3 or at —3, and there are no other values

of z at which |h/(x)| — +oc.

3.4.49: If y(z) = 2(1 — 22)~/2 then

dy _ 1 _ 1 x? 1
/ _ 1 .2y-1/2 1 _o2\-3/2 _ _
y'(r) = dr (1—2%) 2$(1 z%) (—2z) = J52)1/2 + (1— x2)3/2 (1-— J52)3/2'

Thus the graph of y(x) has no horizontal tangents because y’(x) is never zero. The only candidates for
vertical tangents are at & = +1, but there are none because y(x) is not continuous at either of those two

values of z.

3.4.50: If f(z) = /(1 — 22)(4 — 22) = (2* — 522 4+ 4)'/2, then

Fl(w) = (et =502 4 4)77 - (42® — 107) = <1x_(252)<_45—) )

There are no horizontal tangents where 222 = 5 because the two corresponding values of o are not in the
domain (—oo, —2] U [—1, 1] U [2, +00) of f. There is a horizontal tangent at (0, 2). There are vertical
tangents at (—2, 0), (=1, 0), (1, 0), and (2, 0) because the appropriate one-sided limits of | f'(z)| are all

—+00.
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3.4.51: Let f(x) = 2y/z. Then f'(x) = 2~ /2, so an equation of the required tangent line is y — f(4) =
f'(4)(z — 4); that is, y = £ (z + 4). The graph of f and this tangent line are shown next.

y
6
(4, 4)
4
2
2 4 6 8 X

3.4.52: If f(z) = 323 then f'(x) = 272/3, so an equation of the required tangent line is y — f(8) =
f'(8)(x — 8); that is, y = i(m + 16). A graph of f and this tangent line are shown next.

(8,6)

y
8
6
/;—

-4 4 8 12 16

3.4.53: If f(z) = 32%3, then f/(z) = 22~Y/3. Therefore an equation of the required tangent line is
y— f(=1) = f'(-1)(z + 1); that is, y = —2x + 1. A graph of f and this tangent line are shown next.

y
8
6
4
(-1, 3) 2
-3 -2 -1 i X
LN

154

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



3.4.54: If f(z) = 2(1 — )"/, then f'(x) = —(1 — )~ /2, and therefore an equation of the required tangent
line is y — f(%) = f’(%)(az — %); that is, y = =2z + g The graph of f and this tangent line are shown next.

y
3
0.75,1)
1
0.5 0.1 1 YX

3.4.55: If f(z) = x(4 — 2)*/2, then

/ 1 B 83
flla)=@—-a)? = ca(d—2)"2 = (4 —2)'/? - 204 _xx)l/g - 2\/4%'

So an equation of the required tangent line is y — f(0) = f/(0)(z — 0); that is, y = 2z. A graph of f and this

tangent line are shown next.

3.4.56: If f(x) = 2'/2 — 23/2 then (as in the solution of Problem 47)

fw) = 5=

Therefore an equation of the required tangent line is y — f(4) = f/(4)(x — 4); that is, y = — %x +5. A graph

of f and this tangent line are shown next.
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-12

-18

3.4.57: If x < 0 then f'(z) < 0; as z — 07, f/(z) appears to approach —oco. If z > 0 then f’(z) > 0; as
x — 07, f'(z) appears to approach +oo. So the graph of f/ must be the one shown in Fig. 3.4.13(d).

3.4.58: If z # 0, then f’(x) > 0; moreover, f'(x) appears to be approaching zero as |z| increases without
bound. In contrast, f’(z) appears to approach +oc as  — 0. Hence the graph of f’ must be the one shown

in Fig. 3.4.13(F).

3.4.59: Note that f'(z) > 0 if z < 0 whereas f'(z) < 0 if z > 0. Moreover, as z — 0, | f'(x)| appears to

approach +o0o. So the graph of f’ must be the one shown in Fig. 3.4.13(b).

3.4.60: We see that f'(z) > 0 for x < 1.4 (approximately), that f(z) = 0 when = ~ 1.4, and that
f'(z) <0 for 1.4 < x < 2; moreover, f'(x) — —oco as © — 2. So the graph of f/ must be the one shown in

Fig. 3.4.13(a).

3.4.61: We see that f'(z) < 0 for —2 < 2 < —1.4 (approximately), that f/(z) > 0 for —14 < z < 1.4
(approximately), and that f'(z) < 0 for 1.4 < < 2. Also f/(x) = 0 when z ~ +1.4. Therefore the graph
of f must be the one shown in Fig. 3.4.13(e).

3.4.62: Figure 3.4.12 shows a graph whose derivative is negative for < —1, positive for —1 < x < —0.3
(approximately), negative for —0.3 < = < 0, positive for 0 < x < 0.3 (approximately), negative for 0.3 < z <
1, and positive for 1 < z. Moreover, f’(x) = 0 when x = +1 and when x ~ +0.3. Finally, f'(z) — —oc as

x — 0~ whereas f’(z) — oo as * — 01. Therefore the graph of f’ must be the one shown in Fig. 3.4.13(c).

p? dL P dP  2m?
3.4.63: L= Fg, o) P %, and hence i Pig Given g = 32 and P = 2, we find the value of the

latter to be 557 &~ 0.308 (seconds per foot).

3.4.64: dV/dA = {./A/m, and A = 4007 when the radius of the sphere is 10, so the answer is 5 (in

appropriate units, such as cubic meters per square meter).
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3.4.65: Whether y = +v/1 — 22 or y = —v/1 — 22, it follows easily that dy/dxz = —x/y. The slope of the
tangent is —2 when x = 2y, so from the equation 2% + 32 = 1 we see that 22 = 4/5, so that z = i%\/g
Because y = %a:, the two points we are to find are (—% , —%\/5) and (%\/5, % 5).

3.4.66: Using some of the results in the preceding solution, we find that the slope of the tangent is 3 when
x = —3y, so that y? = 1—10. So the two points of tangency are (—%\/10, 1—10\/10) and (1%\/10, —% 10).

3.4.67: The line tangent to the parabola y = x? at the point Q(a, a®) has slope 2a, so the normal to the
parabola at @ has slope —1/(2a). The normal also passes through P(18, 0), so we can find its slope another

way—Dby using the two-point formula. Thus

1 - aQ—O.
2¢ a—18’
18 —a = 2a?;

2a® +a— 18 = 0.
By inspection, a = 2 is a solution of the last equation. Thus a — 2 is a factor of the cubic, and division yields
2a® +a— 18 = (a — 2)(2a* + 4a + 9).

The quadratic factor has negative discriminant, so a = 2 is the only real solution of 2a® + a — 18 = 0.

Therefore the normal line has slope —% and equation z + 4y = 18.

3.4.68: Let Q(a, a?) be a point on the parabola y = x? at which some line through P(3, 10) is normal to
the parabola. Then, as in the solution of Problem 67, we find that

210 1
a—3 24

This yields the cubic equation 2a® — 19a — 3 = 0, and after a little computation we find one of its small
integral roots to be 7 = —3. So a + 3 is a factor of the cubic; by division, the other factor is 2a? — 6a — 1,

which is zero when a = %(3 + \/11). So the three lines have slopes

1 1 1
and —

63— Vil 3+ V1T
Their equations are

1

1
~10=-(z—3), y—10=——no
! 5 3 VI

(x—3), and y—10=— (x —3).

1
3++v11
3.4.69: If a line through P(O, g) is normal to y = 2%/% at Q(a, a*/?), then it has slope —%a1/3. As in the
two previous solutions, we find that

2 _ _§a1/3,

a 2
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which yields 3a*/% + 2a%/3 — 5 = 0. Put u = a?/3; we obtain 3u? + 2u — 5 = 0, so that (3u + 5)(u — 1) = 0.

2/3 > 0, u = 1 is the only solution, so @ = 1 and @ = —1 yield the two possibilities for the

Because u = a
point @, and therefore the equations of the two lines are

5 3 q 5
——=——x an — == -z
Y7277 Y73
3.4.70: Suppose that P = P(u, v), so that u? + v?> = a®. Then the slope of the radius OP is m, = v/u if

u # 0; if u = 0 then OP lies on the y-axis. Also, whether y = ++v/a? — 22 or y = —v/a2 — 22, it follows that

dy —x —x T
—=t—==4+—=——. 1
dx a2 — 2 +y y ()

Thus if u # 0 and v # 0, then the slope of the line tangent L to the circle at P(u, v) is m¢ = —u/v. In this

case

(% u
My Mg = — - | —— :—]_7
u v

so that OP is perpendicular to L if u # 0 and v # 0. If uw = 0 then Eq. (1) shows that L has slope 0, so that
L and OP are also perpendicular in this case. Finally, if v = 0 then OP lies on the x-axis and L is vertical,

so the two are also perpendicular in this case. In every case we see that L and OP are perpendicular.

3.4.71: The equation 23 = 3z + 8 is not an identity that says the two functions are equal (and would
therefore have equal derivatives). It is merely an equation relating values of the two functions x® and 3z + 8

that have nothing in particular to do with one another. So it makes no sense to equate their derivatives.

3.4.72: If f(x) = 2'/2 and a > 0, then

, . 251/2 _a1/2 . 251/2 _a1/2 . 1 _ 1
fia) = e T r—a o (21/2 — al/2)(z1/2 + al/2) fraes zl/2 4 gl/2 — 2q1/2°
1
Therefore D, z'/? = 533_1/2 if x > 0.
3.4.73: If f(x) = 2'/% and a > 0, then
/ L gl/3 _g1/3 . 21/ _ g1/3
f(a) = %13}1 T r—a ;113}1 (213 = al/3)(x2/3 + x1/3a1/3 + a2/3)
— 1 1 _ 1 _ 1
T o6 223 1 2130173 1 q2/3 | q2/3 + q2/3 + q2/3 | 3q2/3

Therefore D, /3 = %x_wg if z > 0.

This formula is of course valid for x < 0 as well. To show this, observe that the previous argument is
valid if a < 0, or—if you prefer—you can use the chain rule, laws of exponents, and the preceding result, as
follows. Suppose that 2 < 0. Then —z > 0; also, z'/3 = —(—z)'/3. So

Du(a'9) = Dy [~(-2)*] = =Da(-2)'/? = = |3 () (1) | =

3 (—l‘)2/3 — 11‘_2/3.

Wl
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Therefore Dx(atl/‘g) = %mfw‘g if x #£0.

3.4.74: If f(2) = 2% and a > 0, the

L1/5 _ gl/s L1/ _ g1/s
/ . .
f'(a) = lim — = M e e s T 275,575 L /535 /s
T—a T —a z—a (/5 — al/3)(x?/5 + x3/5al/5 + 22/5a2/5 + 21/5a3/5 4 a4/5)
= lim ! = 1 -

c—a 1415 4+ 13/51/5 4 22/502/5 + £1/5¢3/5 + q4/5  q4/5 + a4/ + a4/ + a2/5 + a4/5  Bad/5’

1
Therefore D, (z'/%) = gx*4/5 ifx>0.
As in the concluding paragraph in the previous solution, it is easy to show that this formula holds for

all x # 0.

3.4.75: The preamble to Problems 72 through 75 implies that if ¢ is a positive integer and x and a are

positive real numbers, then

r—a = (21— ") (2l V0 4 gla=D/agl/a 4 gpla=3)/ag2/a o .. 4 gllagla=2)/a 4 gla=D)/a),

Thus if f(x) = 2'/7 and a > 0, then

/g _ gl/q
fa) = lim =——%
s—a T —a
_ xl/q — al/q
T o 4 — o) (2@-D74 1 2@-27ag1/a + 2(a-37ag2/q & - - & z1/aq@-2749 + gla-D/q
+ + TR +
: 1 : :
= N e 2@ D el 4 2@ Dagda 4 a /g (4 terms in the denominator)
1 . . .
= RS P VP P PR Py (still ¢ terms in the denominator)
1 Ly
qa(q_l)/q q ’

1
Therefore Dx(xl/q) =~z @ 1/9 if £ > 0 and q is a positive integer. This result is easy to extend to the
q

case x < 0. Therefore if ¢ is a positive integer and = # 0, then

Dm(xl/q) — lx(l/q)*l.
q

Section 3.5

3.5.1: Because f(z) = 1 —= is decreasing everywhere, it can attain a maximum only at a left-hand endpoint
of its domain and a minimum only at a right-hand endpoint of its domain. Its domain [—1, 1) has no right-
hand endpoint, so f has no minimum value. Its maximum value occurs at —1, is f(—1) = 2, and is the

global maximum value of f on its domain.
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3.5.2: Because f(x) = 2z + 1 is increasing everywhere, it can have a minimum only at a left-hand endpoint
of its domain and a maximum only at a right-hand endpoint of its domain. But its domain [—1, 1) has no
right-hand endpoint, so f has no maximum. It has the global minimum value f(—1) = —1 at the left-hand

endpoint of its domain.

3.5.3: Because f(x) = |z| is decreasing for x < 0 and increasing for z > 0, it can have a maximum only at
a left-hand or a right-hand endpoint of its domain (—1, 1). But its domain has no endpoints, so f has no

maximum value. It has the global minimum value f(0) = 0.
3.5.4: Because g(x) = v/ is increasing on (0, 1], its reciprocal f(x) = 1/+/z is decreasing there. But

lim

1 p—
z—0+ \/E n

+ 00,

so f has no maximum value. It has the global minimum value f(1) = 1 at the right-hand endpoint of its

domain.

3.5.5: Given: f(x)= |z —2]on (1, 4]. If z > 2 then f(x) = x — 2, which is increasing for z > 2; if z < 2
then f(x) = 2 — x, which is decreasing for x < 2. So f can have a maximum only at an endpoint of its
domain; the only endpoint is at = 4, where f(z) has the maximum value f(4) = 2. Because f(z) — 1 as

x — 17, the extremum at = = 4 is in fact a global maximum. Finally, f(2) = 0 is the global minimum value

of f.

3.5.6: If f(r) = 5 — 22, then f'(x) = —2x, so 2 = 0 is the only critical point of f. We note that f is
increasing for ¢ < 0 and decreasing for > 0, so f(0) = 5 is the global maximum value of f. Because

f(=1)=4 and f(z) — 1 as x — 27, the minimum at z = —1 is local but not global.

3.5.7: Given: f(x) =23+ 1 on [—1, 1]. The only critical point of f occurs where f’(z) = 3z? is zero; that
is, at = 0. But f(z) < 1= f(0) if z < 0 whereas f(z) > 1 = f(0) if > 0, so there is no extremum at
2 = 0. By Theorem 1 (page 142), f must have a global maximum and a global minimum. The only possible
locations are at the endpoints of the domain of f, and therefore f(—1) = 0 is the global minimum value of

f and f(1) = 2 is its global maximum value.

3.5.8: If

1 , 2
flw) = then  ['() =~y

so x = 0 is the only critical point of f. Because g(r) = 2? + 1 is increasing for z > 0 and decreasing for
x < 0, we may conclude that f is decreasing for > 0 and increasing for < 0. Therefore f has the global

maximum value f(0) =1 at x = 0 and no other extrema of any kind.
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3.5.9: If

1 Lo 2w—1
flz) = 21—2) then fi(z) = 2(1=2)?

which does not exist at z = 0 or at x = 1 and is zero when x = % But none of these points lies in the domain

[2, 3] of f, so there are no extrema at those three points. By Theorem 1 f must have a global maximum

and a global minimum, which therefore must occur at the endpoints of its domain. Because f(2) = —% and
f3)=- %, the former is the global minimum value of f and the latter is its global maximum value.
3.5.10: If

1 2 — 1

f(fﬂ):ma then f(x):ma

which does not exist at z = 0 or at z = 1 and is zero when = 1. But the domain (0, 1) of f includes only

the last of these three points. We note that

~

—~

N[

~—
Il

4 and that lim f(z) =4o00= lim f(x),
z—0t z—1—
and therefore f has no global maximum value. The reciprocal of f(z) is

e EEIGET T L B B CED

which has the global maximum value % at x = % Therefore f(z) has the global minimum value 4 at z = %
3.5.11: f’(x) = 3 is never zero and always exists. Therefore f(—2) = —8 is the global minimum value of f
and f(3) =7 is its global maximum value.

3.5.12: f’(z) = —3 always exists and is never zero. Therefore f(5) = —11 is the global minimum value of
fand f(—1) =7 is its global maximum value.

3.5.13: h'(z) = —2z always exists and is zero only at = 0, which is not in the domain of h. Therefore

h(1) = 3 is the global maximum value of h and h(3) = —5 is its global minimum value.

3.5.14: f’(z) = 2z always exists and is zero only at = 0, an endpoint of the domain of f. Therefore

f(0) = 3 is the global minimum value of f and f(5) = 28 is its global maximum value.

3.5.15: ¢'(x) = 2(z—1) always exists and is zero only at x = 1. Because g(—1) =4, g(1) =0, and g(4) = 9,
the global minimum value of g is 0 and the global maximum is 9. If —1 < z < 0 then g(z) = (z — 1)? < 4,

so the extremum at z = —1 is a local maximum.

3.5.16: h/(z) = 2z + 4 always exists and is zero only at = —2. Because h(—3) = 4, h(—2) = 3, and
h(0) = 7, the global minimum value of h is 3 and its global maximum is 7. Because the graph of h is a

parabola opening upward, h(—3) = 4 is a local (but not global) maximum value of h.
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3.5.17: f/(z) = 322 —3 = 3(x + 1)(z — 1) always exists and is zero when x = —1 and when x = 1. Because
f(=2)=-2, f(-1) =2, f(1) = =2, and f(4) = 52, the latter is the global maximum value of f and —2 is
its global minimum value—mnote that the minimum occurs at two different points on the graph. Because f is
continuous on [—2, 2], it must have a global maximum there, and our work shows that it occurs at z = —1.
But because f(4) = 52 > 2 = f(—1), f(—1) = 2 is only a local maximum for f on its domain [—2, 4].

Summary: Global minimum value —2, local maximum value 2, global maximum value 52.

3.5.18: ¢'(z) = 622 — 182 + 12 = 6(z — 1)(z — 2) always exists and is zero when z = 1 and when x = 2.
Because ¢g(0) =0, g(1) =5, g(2) = 4, and g(4) = 32, the global minimum value of g is g(0) = 0 and its global
maximum is g(4) = 32. Because g is continuous on [0, 2], it must have a global maximum there, so g(1) =5
is a local maximum for g on [0, 4]. Because g is continuous on [1, 4], it must have a global minimum there,

so g(2) =4 is a local minimum for g on [0, 4].

3.5.19: If
4 4 2 —4
h(x) = — th Wz)=1-— = .

(@) =e+=,  then  H(x)=1-— ="

Therefore h is continuous on [1, 4] and x = 2 is the only critical point of & in its domain. Because h(1) = 5,

h(2) =4, and h(4) = 5, the global maximum value of h is 5 and its global minimum value is 4.

16 16 222 —16 2(x—2) (a2 +2x+4
3.5.20: If f(x) — .%‘2 + =, then f’(l‘) =927 — — — T - — (l‘ )(J,‘ 2+ T+ )
X X X X

f is continuous on its domain [1, 3] and its only critical point is x = 2. Because f(1) = 17, f(2) = 12, and

. So

f@3) = 4—33 ~ 14.333, the global maximum value of f is 17 and its global minimum value is 12. Because f

is continuous on [2, 3], it must have a global maximum there, and therefore f(3) = 22 is a local maximum

3
value of f on [1, 3].

3.5.21: f'(x) = —2 always exists and is never zero, so f(1) = 1 is the global minimum value of f and

f(=1) =5 is its global maximum value.

3.5.22: f'(x) = 2z — 4 always exists and is zero when z = 2, which is an endpoint of the domain of f.

Hence f(2) = —1 is the global minimum value of f and f(0) = 3 is its global maximum value.

3.5.23: f/(z) = —12 — 18z always exists and is zero when z = —%. Because f(—1) =8, f(—%) =9, and
f(1) = —16, the global maximum value of f is 9 and its global minimum value is —16. Consideration of the

interval [—1, — 2] shows that f(—1) = 8 is a local minimum of f.

3.5.24: f'(z) = 4z — 4 always exists and is zero when z = 1. Because f(0) =7, f(1) =5, and f(2) =7,

the global maximum value of f is 7 and its global minimum value is 5.

3.5.25: f'(z) = 322 — 62 — 9 = 3(z + 1)(z — 3) always exists and is zero when z = —1 and when = = 3.
Because f(—2) = 3, f(-1) = 10, f(3) = —22, and f(4) = —15, the global minimum value of f is —22 and
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its global maximum is 10. Consideration of the interval [—2, —1] shows that f(—2) = 3 is a local minimum

of f; consideration of the interval [3, 4] shows that f(4) = —15 is a local maximum of f.

3.5.26: f'(x) = 322 + 1 always exists and is never zero, so f(—1) = —2 is the global minimum value of f

and f(2) = 10 is its global maximum value.

3.5.27:  f/(z) = 152* — 1522 = 152%(z + 1)(x — 1) always exists and is zero at z = —1, at = 0, and
at = 1. We note that f(—2) = =56, f(—1) = 2, f(0) =0, f(1) = —2, and f(2) = 56. So the global
minimum value of f is —56 and its global maximum value is 56. Consideration of the interval [—2, 0] shows
that f(—1) =2 is a local maximum of f on its domain [—2, 2]. Similarly, f(1) = —2 is a Iocal minimum of
f there. Suppose that x is near, but not equal, to zero. Then f(z) = 23(32% — 5) is negative if 2 > 0 and

positive if z < 0. Therefore there is no extremum at x = 0.

3.5.28: Given: f(z) = |2z —3| on [1,2]. If 2 > 2 then f(z) = 2z — 3, so that f'(z) = 2. If 2 < 2 then
f(z) =3 =2z, so that f'(z) = —2. Therefore f'(z) is never zero. But it fails to exist at z = 3. Because
L

f) =

f (%) =0, and f(2) = 1, the global maximum value of f is 1 and its global minimum value is 0.

3.5.29: Given: f(z) =5+|7—3z| on [1,5]. If z < £, then —3z > —7, so that 7 — 3z > 0; in this case,
f(z) =12 — 3z and so f'(x) = —3. Similarly, if z > %, then f(z) = 3z — 2 and so f'(x) = 3. Hence f'(x)
is never zero, but it fails to exist at x = % Now f(1) =9, f(%) =5, and f(5) = 13, so 13 is the global
maximum value of f and 5 is its global minimum value. Consideration of the continuous function f on the

interval [1, I] shows that f(1) =9 is a local maximum of f on its domain.

3.5.30: Given: f(z) =|z+ 1|+ |z —1]on [-2,2]. If z < —1 then f(z) = —(z+1) — (z — 1) = —2x,
so that f'(x) = —=2. If z > 1 then f(z) =2+ 142 —1 = 2z, so that f/(x) = 2. If -1 < z < 1 then
f@)=2z+1—(x—1)=2,sothat f'(z) = 0. But f'(x) does not exist at x = —1 or at z = 1. We note that
f(=2) =4, f(x) =2 for all x such that —1 < = = 1, and that f(2) = 4. So 4 is the global maximum value
of f and 2 is its global minimum value. Observe that f has infinitely many critical points: every number in

the interval [—1, 1].

3.5.31: f/(x) = 1502% — 210z + 72 = 6(5z — 3)(5x — 4) always exists and is zero at = £ and at z = 7.
Now f(0) =0, f(2) =16.2, f(2) = 16, and f(1) = 17. Hence 17 is the global maximum value of f and
0 is its global minimum value. Consideration of the intervals [O, %] and [%, 1} shows that 16.2 is a local

maximum value of f on [0, 1] and that 16 is a Iocal minimum value of f there.

3.5.32: If
1 4?1
202 222

Therefore f/(z) exists for all z in the domain [1, 4] of f and there are no points in the domain of f at which

f(z) =2x+ %, then f/(z)=2-—

f'(z) = 0. Thus the global minimum value of f is f(1) = 2.5 and its global maximum value is f(4) = 8.125.
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3.5.33: If

x 1

flz) = i1 then f(z) = [CETE

so f'(z) exists for all # in the domain [0, 3] of f and is never zero there. Hence f(0) = 0 is the global

minimum value of f and f(3) = 2 is its global maximum value.

3.5.34: If

x 1— 22

=—5——, th ") = —=
f(x) .T/'Q + 1’ en f (SC) (1 + 1‘2)27
so f'(x) exists for all x; the only point in the domain of f at which f'(z) = 0is z = 1. Now f(0) = 0,

fay) = %, and f(3) = 1%, so 0 is the global minimum value of f and % is its global maximum value. By the

usual argument, there is a local minimum at = = 3.

3.5.35: If
1—=z

(x4+1)(z—3)
22+ 3’

then f(z)= 2137

fz) =

so f'(z) always exists and is zero when z = —1 and when z = 3. Now f(-2) = %, f(=1) =1, f(3) = —4¢,
and f(5) = — % So the global minimum value of f is —% and its global maximum value is % Consideration
of the interval [—2, —1] shows that £ is a local minimum value of f; consideration of the interval [3, 5] shows

that —% is a local maximum value of f.

3.5.36: If f(z) =2 — z/3, then
1
/ —
f (CL’) - _31‘2/3’

so f'(z) is never zero and f’(x) does not exist when = 0. Nevertheless, f is continuous on its domain

[-1,8]. And f(—1) =3, f(0) = 2, and f(8) = 0, so the global maximum value of f is 3 and its global

1/3

minimum value is 0. Because g(x) = /3 is an increasing function, f(z) = 2 — /3 is decreasing on its

domain, and therefore there is no extremum at z = 0.

3.5.37: Given: f(z) = x(1 —2%)"/2 on [~1, 1]. First,

2 —_ 9.2
f’(l') = (]— — 252)1/2 +x- %(1 — ;[;2)—1/2 . (—2(E) — (1 _ £C2)1/2 i (1 _3;2)1/2 _ 11 _QiQ .

Hence f'(z) exists for —1 < x < 1 and not otherwise, but we will check the endpoints £1 of the domain of f

separately. Also f/(x) =0 when z = i%\/i Now f(-1) =0, f(—%\/i) =-1, (%\/5) =1,and f(1) =0.

Therefore the global minimum value of f is —% and its global maximum value is % Consideration of the

interval [—1, —%\/ﬁ] shows that f(—1) = 0 is a local maximum value of f on [—1, 1]; similarly, f(1) =0 is

a local minimum value of f there.

3.5.38: Given: f(z) = x(4 —22)"/2 on [0, 2]. Then

x? 4 — 222

A—a2)2~ i_z2

fl(z) =4~ 372)1/2 tz %(4 - 332)_1/2 (—22)=(4— 1:2)1/2 _
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so f'(z) exists if 0 < < 2 and is zero when z = v/2. Now f(0) = 0 = f(2) and f(v2) = 2, so the former

is the global minimum value of f on [0, 2] and the latter is its global maximum value there.

3.5.39: Given: f(z) = (2 —x)'/3 on [1, 3]. Then

F@)=@=n)Y e @0 (1) = @m0 - e = o

Then f’(2) does not exist and f'(z) = 0 when z = 2. Also f is continuous everywhere, and f(1) = 1,
f(%) ~ 1.19, and f(3) = —3. Hence the global minimum value of f is —3 and its global maximum value is
f(%) = 3.27%/3 ~ 1.190551. Consideration of the interval [1, %] shows that f(1) = 1 is a local minimum

value of f.

3.5.40: Given: f(z) = x'/2 — 23/2 on [0, 4]. Then

1 3 1 3212 1-3z
/ _1-1/2 2 172 _ _ _
fla)=3e 2" 2012 2 N

Then f’(x) does not exist when = 0, although f is continuous on its domain; also, f'(z) = 0 when z = 1.
Now f(0) =0, f(3) = 2v/3, and f(4) = —6. So —6 is the global minimum value of f and its global maximum

value is %\/5 Consideration of the interval [0, %] shows that f(0) = 0 is a local minimum value of f.

3.5.41: If A # 0, then f'(z) = A is never zero, but because f is continuous it must have global extrema.
Therefore they occur at the endpoints. If A = 0, then f is a constant function, and its maximum and

minimum value B occurs at every point of the interval, including the two endpoints.

3.5.42: The hypotheses imply that f has no critical points in (a,b), but f must have global extrema.

Therefore they occur at the endpoints.

3.5.43: f'(z) = 0 if z is not an integer; f'(x) does not exist if = is an integer (we saw in Chapter 2 that

f(z) = [z] is discontinuous at each integer).

3.5.44: If f(z) = ax®> + bz +cand a # 0, then f'(z) = 2ax +b. Clearly f’(z) exists for all , and f'(x) =0

has the unique solution x = —b/(2a). Therefore f has exactly one critical point on the real number line.

3.5.45: If f(z) = az® + ba? + cx +d and a # 0, then f'(x) = 3ax? + 2bx + c exists for all x, but the
quadratic equation 3ax? + 2bx + ¢ = 0 has two solutions if the discriminant A = 4b? — 12ac is positive, one
solution if A = 0, and no [real] solutions if A < 0. Therefore f has either no critical points, exactly one

critical point, or exactly two. Examples:

flx)=2*+z has no critical points,
flx) =2* has exactly one critical point, and
flz) =2 -3z has exactly two critical points.
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3.5.46: A formula for f is
f(@) = min{z — [z], 1+ 2] —=}. (1)

If you are not comfortable with the idea that “min” is a “function,” an equivalent way of defining f is this:

f(z) = %(1— |2x—1—2[[m]]|>.

To verify that f performs as advertised, suppose that x is a real number and that n = [z], so that n < z <

n+1. Case (1): n < <n+ %. Then

1
and 1+[[x]]—m=1+n—x=1—(a:—n)§§,

N =

x—[z] =z—-n<

so that Eq. (1) yields f(z) = x — n, which is indeed the distance from x to the nearest integer, because in

Case (1) the nearest integer is n. Case (2), in which n+ 3 <z < n + 1, is handled similarly.

The graph of f is shown next. It should be clear that f’(x) fails to exist at every integral multiple of %

and that its derivative is either +1 or —1 otherwise. Hence its critical points are the integral multiples of %

y

0.5}

-1 1 2 3

3.5.47: The derivative is positive on (—o0, —1.3), negative on (—1.3,1.3), and positive on (1.3, +00). So

its graph must be the one in Fig. 3.5.15(c). (Numbers with decimal points are approximations.)

3.5.48: The derivative is negative on (—oo, —1.0), positive on (—1.0, 1.0), negative on (1.0, 3.0), and
positive on (3.0, +00). So its graph must be the one shown in Fig. 3.5.15(f). (Numbers with decimal points

are approximations.)

3.5.49: The derivative is positive on (—oo, 0.0), negative on (0.0, 2.0), and positive on (2.0, +00). So its

graph must be the one shown in Fig. 3.5.15(d). (Numbers with decimal points are approximations.)

3.5.50: The derivative is positive on (— oo, —2.0), negative on (—2.0, 0.0), positive on (0.0, 2.0), and negative
on (2.0,+00). So its graph must be the one shown in Fig. 3.5.15(b). (Numbers with decimal points are

approximations.)

3.5.51: The derivative is negative on (—oo, —2.0), positive on (—2.0, 1.0), and negative on (1.0, +00).
Therefore its graph must be the one shown in Fig. 3.5.15(a). (Numbers with decimal points are approxima-

tions.)
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3.5.52: The derivative is negative on (— o0, —2.2), positive on (—2.2, 2.2), and negative again on (2.2, +00).

So its graph must be the one shown in Fig. 3.5.15(e). (Numbers with decimal points are approximations.)

Note: In Problems 53 through 60, we used Mathematica and Newton’s method (when necessary), carrying
40 decimal digits throughout all computations. Answers are correct or correctly rounded to the number of
digits shown. Your answers may differ in the last (or last few) digits beause of differences in hardware or
software. Using a graphing calculator or computer to zoom in on solutions has more limited accuracy when

using certain machines.

3.5.53: Global maximum value 28 at the left endpoint x = —2, global minimum value approximately
6.828387610996 at the critical point where x = —1 + %\/ 30 = 0.825741858351, local maximum value 16 at
the right endpoint z = 2.

3.5.54: Local minimum value 22 at the left endpoint z = —4, global maximum value approximately
31.171612389004 at the critical point x = —1 — %\/E ~ —2.825741858351, global minimum value approxi-
mately 6.828387610996 at the critical point x = —1 + % 30 ~ 0.825741858351, local maximum value 16 at
the right endpoint z = 2.

3.5.55: Global maximum value 136 at the left endpoint x = —3, global minimum value approximately
—8.669500829438 at the critical point x ~ —0.762212740507, local maximum value 16 at the right endpont

r=3.

3.5.56: Global maximum value 160 at the left endpoint £ = —3, global minimum value approximately
—16.048632589199 at the critical point x ~ —0.950838582066, local maximum value approximately
8.976226903748 at the critical point x ~ 1.323417756580, local minimum value —8 at the right endpoint
T =3.

3.5.57: Global minimum value —5 at the left endpoint x = 0, global maximum value approximately
8.976226903748 at the critical point = ~ 1.323417756580, local minimum value 5 at the right endpoint

r=2.

3.5.58: Local maximum value 3 at the left endpoint z = —1, global minimum value approximately
—b5.767229705222 at the critical point x =~ —0.460141424682, global maximum value approximately
21.047667292488 at the critical point x ~ 0.967947424014, local minimum value 21 at the right endpoint

xr=1.

3.5.59: Local minimum value —159 at the left endpoint x = —3, global maximum value approximately
30.643243080334 at the critical point * ~ —1.911336401963, local minimum value approximately
—5.767229705222 at the critical point x =~ —0.460141424682, local maximum value approximately
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21.047667292488 at the critical point x ~ 0.967947424014, global minimum value —345 at the right endpoint

r=3.

3.5.60: Local minimum value 0 at the left endpoint = 0, local maximum value approximately
21.047667292488 at the critical point x =~ 0.967947424014, global minimum value approximately
—1401.923680667600 at the critical point x ~ 5.403530402632, global maximum value 36930 at the right
endpoint z = 10.

Section 3.6
3.6.1: With z >0, y > 0, and 4+ y = 50, we are to maximize the product P = xy.

P=P(z) =2(50 —x) =50x — 2%,  0<x<50

(z < 50 because y > 0.) The product is not maximal if we let z = 0 or = 50, so we adjoin the endpoints to
the domain of P; thus the continuous function P(x) = 502 — 22 has a global maximum on the closed interval
[0,50], and the maximum does not occur at either endpoint. Because f is differentiable, the maximum must
occur at a point where P'(z) = 0: 50 — 2z = 0, and so x = 25. Because this is the only critical point of P,
it follows that « = 25 maximizes P(z). When z = 25, y = 50 — 25 = 25, so the two positive real numbers

with sum 50 and maximum possible product are 25 and 25.

3.6.2: If two parallel sides of the rectangle both have length x and the other two sides both have length vy,

then we are to maximize the area A = zy given that 2x + 2y = 200. So

A= A(z) = z(100 — z), 0 < z < 100.

Clearly the maximum value of A occurs at a critical point of A in the interval (0, 100). But A’(z) = 100 — 2z,
so x = 50 is the location of the maximum. When x = 50, also y = 50, so the rectangle of maximal area is a

square of area 502 = 2500 ft2.

3.6.3: 1If the coordinates of the “fourth vertex” are (x, y), then y = 100 — 2z and the area of the rectangle

is A = zy. So we are to maximize

A(x) = 2(100 — 2z) 0 <z <50.

By the usual argument the solution occurs where A’(z) = 0, thus where x = 25, y = 50, and the maximum

area is 1250.
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3.6.4: If the side of the pen parallel to the wall has length z and the two perpendicular sides both have

length y, then we are to maximize area A = xy given x + 2y = 600. Thus
A= A(y) =y(600—2y), 0=y =300

Adjoining the endpoints to the domain is allowed because the maximum we seek occurs at neither endpoint.
Therefore the maximum occurs at an interior critical point. We have A’(y) = 600 — 4y, so the only critical
point of A is y = 150. When y = 150, we have = = 300, so the maximum possible area that can be enclosed

is 45000 m?2.

3.6.5: If = is the length of each edge of the base of the box and y denotes the height of the box, then its
volume is given by V = x%y. Its total surface area is the sum of the area 2 of its bottom and four times

the area zy of each of its vertical sides, so 2% + 4zy = 300. Thus

2 _ .3
V:V(x):x2-300 z= 300z 9c7 1< 2 <10V3.
4z 4
Hence
300 — 322
) —
V (CL’) - 4 ’
so V'(z) always exists and V'(z) = 0 when 2 = 10 (we discard the solution z = —10; it’s not in the domain
of V). Then

2
V(1) = % — 7475, V(10) =500,  and V(1o\/§) —0,

so the maximum possible volume of the box is 500 in.3.

3.6.6: The excess of the number x over its square is f(x) = x — 22. In this problem we also know that

0 <2 £ 1. Then f(z) = 0 at the endpoints of its domain, so the maximum value of f(z) must occur at
an interior critical point. But f/(x) = 1 — 2z, so the only critical point of f is x = %, which must yield a

maximum because [ is continuous on [0, 1]. So the maximum value of z — 22 for 0 <z < 1 is 1.

3.6.7: If the two numbers are z and y, then we are to minimize S = x2+y2 given x > 0, y > 0, and z+y = 48.
So S(x) = 22+ (48—2)2, 0 < x < 48. Here we adjoin the endpoints to the domain of S to ensure the existence
of a maximum, but we must test the values of S at these endpoints because it is not immediately clear that
neither S(0) nor S(48) yields the maximum value of S. Now S'(z) = 2z — 2(48 — x); the only interior critical
point of S is = 24, and when x = 24, y = 24 as well. Finally, S(0) = (48)? = 2304 = S(48) > 1152 = S(24),

so the answer is 1152.

3.6.8: Let = be the length of the side around which the rectangle is rotated and let y be the length of each
perpendicular side. Then 2z + 2y = 36. The radius of the cylinder is y and its height is z, so its volume is
V = my?z. So

V=V(y) =my*(18 —y) = 7(18y* — ¢°),
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with natural domain 0 < y < 18. We adjoin the endpoints to the domain because neither y = 0 nor y = 18

maximizes V (y), and deduce the existence of a global maximum at an interior critical point. Now
V'(y) = m(36y — 3y*) = 3my(12 — y).

So V/(y) = 0 when y = 0 and when y = 12. The former value of y minimizes V (y), so the maximum possible

volume of the cylinder is V(12) = 864x.

3.6.9: Let x and y be the two numbers. Then x +y = 10, x = 0, and y = 0. We are to minimize the sum
of their cubes,

S =a+y3: S(x) = 2® + (10 — z)3, 0 <z £ 10.

Now S’(z) = 322 —3(10 — 2)2, so the values of x to be tested are z = 0, z = 5, and 2 = 10. At the endpoints,
S =1000; when z =5, S = 250 (the minimum).

3.6.10: Draw a cross section of the cylindrical log—a circle of radius r. Inscribe in this circle a cross section
of the beam—a rectangle of width w and height A. Draw a diagonal of the rectangle; the Pythagorean
theorem yields 22 + h? = 4r2. The strength S of the beam is given by S = kwh? where k is a positive

2

constant. Because h? = 472 — w?, we have

S = S(w) = kw(4r? — w?) = k(4wr® — w?)

with natural domain 0 < w < 2r. We adjoin the endpoints to this domain; this is permissible because S = 0 at
each, and so is not maximal. Next, S'(w) = k(472 —3w?); S’(w) = 0 when 3w? = 472, and the corresponding
(positive) value of w yields the maximum of S (we know that S(w) must have a maximum on [0, 2r] because
of the continuity of S on this interval, and we also know that the maximum does not occur at either endpoint,
so there is only one possible location for the maximum). At maximum, h? = 472 —w? = 3w? —w?, so h = wv/2

describes the shape of the beam of greatest strength.

3.6.11: As in Fig. 3.6.18, let y denote the length of each of the internal dividers and of the two sides
parallel to them; let x denote the length of each of the other two sides. The total length of all the fencing is
2z + 4y = 600 and the area of the corral is A = xy. Hence

600 — 4y

A= A(y) 5

y = 300y — 292, 0 <y < 150.

Now A’(y) = 0 only when y = 75, and A(0) = 0 = A(150), and therefore the maximum area of the corral is
A(75) = 11250 yd2.

3.6.12: Let r denote the radius of the cylinder and h its height. We are to maximize its volume V = 7r2h
given the constraint that the total surface area is 1507:

75 — r?
21r? 4+ 27rh = 1507, so that h= T
r
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Thus
V =V(r) =ar(75 — r?) = n(75r — %), 0<r <75

We may adjoin both endpoints to this domain without creating a spurious maximum, so we use [0, 5v/3 }
as the domain of V. Next, V'(r) = m(75 — 3r%). Hence V'(r) always exists and its only zero in the domain
of V occurs when r = 5 (and h = 10). But V is zero at the two endpoints of its domain, so V(5) = 2507 is

the maximum volume of such a cylinder.

3.6.13: If the rectangle has sides x and ¥, then z? + y? = 162 by the Pythagorean theorem. The area of

the rectangle is then

A(z) = 2256 — 22, 0=z < 16.

A positive quantity is maximized exactly when its square is maximized, so in place of A we maximize
flz) = (A(z))? = 25622 — z*.

The only solutions of f/(z) = 0 in the domain of A are 2 = 0 and = = 8v/2. But A(0) = 0 = A(16), so
=82 yields the maximum value 128 of A.

3.6.14: If the far side of the rectangle has length 2z (this leads to simpler algebra than length z), and the
sides perpendicular to the far side have length ¥, then by the Pythagorean theorem, z? 4+ %% = L2. The area

of the rectangle is A = 2zy, so we maximize
A(z) =22/ L? — 22, 0z L

by maximizing

Now f/(z) = 4(2L%x — 42®) = 8xz(L? — 22?) is zero when z = 0 (rejected; A(0) = 0) and when z = 2Lv/2.
Note also that A(L) = 0. By the usual argument, 2 = 1 L/2 maximizes f(z) and thus A(z). The answer is
A(LLV2) =12

3.6.15: V/(T) = —0.06426 + (0.0170086)T — (0.0002037)T2. The equation V'(T) = 0 is quadratic with the
two (approximate) solutions T =~ 79.532 and T = 3.967. The formula for V(T') is valid only in the range
0 =T = 30, so we reject the first solution. Finally, V' (0) = 999.87, V(30) ~ 1003.763, and V' (3.967) ~ 999.71.

Thus the volume is minimized when T" ~ 3.967, and therefore water has its greatest density at about 3.967°C.

3.6.16: Let P(x, 0) be the lower right-hand corner point of the rectangle. The rectangle then has base 2z,
height 4 — 22, and thus area
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Now A'(z) = 8 — 62%; A'(z) = 0 when z = %\/5 Because A(0) = 0, A(2) = 0, and A(%\/ﬁ) > 0, the
maximum possible area is A(g\/g) = %\/ﬁ

3.6.17: Let = denote the length of each edge of the base and let y denote the height of the box. We are to

maximize its volume V = 2y given the constraint 222 + 4zy = 600. Solve the latter for y to write

1
V(z) = 150z — §x3, 1<z <10V3.

The solution of V'(z) = 0 in the domain of V is x = 10. Because V(10) = 1000 > V(1) = 149.5 >
V(lO\/ﬁ) = 0, this shows that 2 = 10 maximizes V and that the maximum value of V is 1000 cm?.

3.6.18: Let = denote the radius of the cylinder and y its height. Then its total surface area is 7x? + 27zy =
3007, so z2 + 2xy = 300. We are to maximize its volume V = mx?y. Because

300 — 2

o itfollowsthat  V=V(x)= g(?)OOx —2%), 0<2<10V3.
xX

Y

It is then easy to show that = 10 maximizes V (x), that y = = 10 as well, and thus that the maximum
3

possible volume of the can is 10007 in.
3.6.19: Let x be the length of the edge of each of the twelve small squares. Then each of the three cross-
shaped pieces will form boxes with base length 1 — 2z and height x, so each of the three will have volume
z(1 — 2z)2. Both of the two cubical boxes will have edge x and thus volume 2. So the total volume of all

five boxes will be

V(z) = 3x(1 — 22)% + 223 = 1423 — 122% + 3u, 0<x

A
M.I =

Now V'(x) = 4222 — 24z + 3; V'(x) = 0 when 1422 — 82 — 1 = 0. The quadratic formula gives the two
solutions x = ﬁ (4 + \/ﬁ) These are approximately 0.3867 and 0.1847, and both lie in the domain of V.
Finally, V(0) = 0, V(0.1847) =~ 0.2329, V(0.3867) ~ 0.1752, and V' (0.5) = 0.25. Therefore, to maximize V,
one must cut each of the three large squares into four smaller squares of side length % each and form the

resulting twelve squares into two cubes. At maximum volume there will be only two boxes, not five.
3.6.20: Let = be the length of each edge of the square base of the box and let A denote its height. Then its
volume is V' = 22h. The total cost of the box is $144, hence

144 — 32

dxh + 2% + 22% = 144 and thus h 1
T

Therefore
3
V=V()= % (144 — 32°) = 362 — ng.
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The natural domain of V' is the open interval (0, 43 ), but we may adjoin the endpoints as usual to obtain
a closed interval. Also
9

V'(z) =36 — sz,

so V'(z) always exists and is zero only at © = 4 (reject the other root = —4). Finally, V(z) = 0 at the
endpoints of its domain, so V(4) = 96 (ft®) is the maximum volume of such a box. The dimensions of the

largest box are 4 ft square on the base by 6 ft high.

3.6.21: Let x denote the edge length of one square and y that of the other. Then 4z+4y = 80, so y = 20—x.

The total area of the two squares is A = z2 + 32, so
A= A(z) = 2% + (20 — x)? = 22 — 40z + 400,

with domain (0, 20); adjoin the endpoints as usual. Then A’(x) = 4x — 40, which always exists and which
vanishes when z = 10. Now A(0) = 400 = A(20), whereas A(10) = 200. So to minimize the total area of the

two squares, make two equal squares. To maximize it, make only one square.

3.6.22: Let r be the radius of the circle and x the edge of the square. We are to maximize total area

A = 7r? + 22 given the side condition 271 + 4z = 100. From the last equation we infer that

_ 100—27‘(‘7“_50—71’7“

. L 2

So
A= A(r) =nr® + 3(50 —mr)? = <7r + %T?) r? — 257r 4 625

for 0 < r < 50/7 (because z = 0). Now
’ 1 2
A(r) = 2<7r—|— i >r— 25m;

2
A'(r)=0 when r:—577: 20 ;
2+_ 7T+4

2

that is, when r =~ 7. Finally,

A(0) = 625, A(@) /~ 795.77 and A(
™

T+

50
~ 350.06.
)

Results: For minimum area, construct a circle of radius 50/(w+4) =~ 7.00124 (cm) and a square of edge length
100/(m + 4) ~ 14.00248 (cm). For maximum area, bend all the wire into a circle of radius 50/7 ~ 15.91549

(cm).

3.6.23: Let x be the length of each segment of fence perpendicular to the wall and let y be the length of

each segment parallel to the wall.
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Case 1: The internal fence is perpendicular to the wall. Then y = 600 — 3z and the enclosure will have
area A(z) = 600z — 322, 0 < x < 200. Then A’(x) = 0 when z = 100; A(100) = 30000 (m?) is the maximum

in Case 1.

Case 2: The internal fence is parallel to the wall. Then y = 300 — x, and the area of the enclosure is given
by A(z) = 300z — 22, 0 < < 300. Then A’(z) = 0 when z = 150; A(150) = 22500 (m?) is the maximum
in Case 2.

2

Answer: The maximum possible area of the enclosure is 30000 m*. The divider must be perpendicular to

the wall and of length 100 m. The side parallel to the wall is to have length 300 m.

3.6.24: See Fig. 3.6.22 of the text. Suppose that the pen measures = (horizontal) by y (vertical). Then it

has area A = zy.

Case 1: x 210, y 2 5. Then
x4+ (x—-10)+y+(y—5)=85 so x+y=>50.

Therefore

A

A(z) = 2(50 — 2) = 50z — 22, 10 < z < 45.

Then A'(z) = 0 when 2 = 25; A(25) = 625. Note that A(10) = 400 and that A(45) = 225.

Case 2: 0 <2 <10,y 2 5. Then
r+y+(y—5) =85 so x4+ 2y=90.

Therefore
— 1
A= Az) = x902 - 500 —a%), 0z

In this case, A’'(x) = 0 when x = 45, but 45 doesn’t lie in the domain of A. Note that A(0) = 0 and that
A(10) = 400.

Case 3: £ 2 10,0 <y £ 5. Then
x4+ (xr—10)+y =285, so 2x+y=95.

Therefore

A= A(z) =x(95 — 2z) = 952 — 22%, 45 < x <475

In this case A’'(x) = 0 when x = 23.75, not in the domain of A. Note that A(45) = 225 and that A(47.5) = 0.

Conclusion: The area of the pen is maximized when the pen is square, 25 m on each side (the maximum

from Case 1).
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3.6.25: Let the dimensions of the box be 2 by = by y. We are to maximize V = 2%y subject to some
conditions on x and y. According to the poster on the wall of the Bogart, Georgia Post Office, the length
of the box is the larger of = and y, and the girth is measured around the box in a plane perpendicular to its

length.

Case 1: z < y. Then the length is y, the girth is 4z, and the mailing constraint is 4z +y < 100. It is
clear that we take 4z 4+ y = 100 to maximize V, so that

V =V(z) = 2%(100 — 4z) = 1002% — 423, 0 < 2 < 25.
Then V'(z) = 4x(50 — 3z); V'(z) = 0 for z = 0 and for z = 50/3. But V(0) = 0, V(25) = 0, and
V(50/3) = 250000/27 ~ 9259 (in.?). The latter is the maximum in Case 1.

Case 2: x 2 y. Then the length is x and the girth is 2z + y, although you may get some argument from
a postal worker who may insist that it’s 4x. So 3z + 2y = 100, and thus

100 — 3z

V—v%m—x2< 5 ):5m?—gﬁ, 0 <2 <100/3.
Then V’(z) = 100z — 322; V() = 0 when = = 0 and when 2 = 200/9. But V(0) = 0, V(100/3) = 0, and

V(200/9) = 2000000,/243 ~ 8230 (in.?).

Case 3: You lose the argument in Case 2. Then the box has length = and girth 4z, so 52 = 100; thus
x = 20. To maximize the total volume, no calculus is needed—Ilet y = x. Then the box of maximum volume
will have volume 20% = 8000 (in.?).

250000 .
m.
27

Answer: The maximum is

3.6.26: In this problem the girth of the package is its circumference; no one would interpret “girth” in any
other way. So suppose that the package has length 2 and radius r. Then it has volume V = 7r?z where

x + 27r = 100. We seek to maximize

V =V (r) = mr?(100 — 277) = 7(100r* — 271%), 0

IIA
=
A
2| E

Now

V'(r) = 7(200r — 67r?) = 277r(100 — 377);
V'(r) = 0 when r = 0 and when r = 100/(37). But

50 100 1000000
V()=0, V(=]=0, and V(—]=——=11789 (in.?),
T 3 27

and the latter is clearly the maximum of V.
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3.6.27: Suppose that n presses are used, 1 < n < 8. The total cost of the poster run would then be

50000 125 /10

dollars. Temporarily assume that n can take on every real number value between 1 and 8. Then

125 10
C'(n)=5——-—;
(n) 9 n?
C'(n) =0 when n = % 10 = 5.27 presses. But an integral number of presses must be used, so the actual
number that will minimize the cost is either 5 or 6, unless the minimum occurs at one of the two endpoints.

The values in question are C(1) & 227.2, C(5) =~ 136.1, C(6) =~ 136.5, and C(8) ~ 140.7. So to minimize

cost and thereby maximize the profit, five presses should be used.

3.6.28: Let = denote the number of workers hired. Each worker will pick 900/x bushels; each worker will
spend 180/« hours picking beans. The supervisor cost will be 1800/2 dollars, and the cost per worker will
be 8 + (900/z) dollars. Thus the total cost will be

1800
C(x):8x+900+7, 1@
It is clear that large values of z make C(z) large, so the global minimum of C(z) occurs either at x = 1 or
where C’(x) = 0. Assume for the moment that = can take on all real number values in [1, +00), not merely

integral values, so that C’ is defined. Then

1
_ 1800, C'(z) =0 when 2? =225

)
J)Q

C'(z) =8

Thus C’(15) = 0. Now C(1) = 2708 and C(15) = 1140, so fifteen workers should be hired; the cost to pick

each bushel will be approximately $1.27.

3.6.29: We are to minimize the total cost C' over a ten-year period. This cost is the sum of the initial cost

and ten times the annual cost:

1000
C(z) = 150z + 10(—> , 0=z <10.
24z
Next,
10000 10000
C'(x) =150 — ————; C'(x) =0 wh 150 = ———
(l‘) (2 + QC)2 ) (-T/‘) when (2 n x)Q s
so that (2 + )% = %. One of the resulting values of x is negative, so we reject it. The other is z =

—2+4 4/200/3 &~ 6.165 (in.). The problem itself suggests that x must be an integer, so we check = 6 and
x = 7 along with the endpoints of the domain of C. In dollars, C(0) = 5000, C'(6) ~ 2150, C(7) ~ 2161,
and C(10) ~ 2333. Result: Install six inches of insulation. The annual savings over the situation with no

insulation at all then will be one-tenth of 5000 — 2150, about $285 per year.
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3.6.30: We assume that each one-cent increase in price reduces sales by 50 burritos per night. Let x be the

amount, in cents, by which the price is increased. The resulting profit is
P(x) = (50 + x)(5000 — 5z) — 25(5000 — 50z) — 100000
= (25 4 2)(5000 — 50x) — 100000

= 25000 + 3750z — 5022, —50 < z.

Because P(x) < 0 for large values of z and for x = —50, P will be maximized where P’(z) = 0:
P'(z) = 3750 — 100x; P'(x) =0 when z=37.5.

Now P(37) = 953, P(37.5) = 953.13, and P(38) = 953. Therefore profit is maximized when the selling price
is either 87¢ or 88¢, and the maximum profit will be $953.

3.6.31: Let x be the number of five-cent fare increases. The resulting revenue will be
R(z) = (150 + 52)(600 — 40z), -30=z=15
(the revenue is the product of the price and the number of passengers). Now
R(z) = 90000 — 3000z — 200z2;
R/'(z) = —3000 — 400x; R'(z) =0 when xz=-T7.5.
Because the fare must be an integral number of cents, we check R(—7) = 1012 = R(—8) (dollars). Answer:

The fare should be either $1.10 or $1.15; this is a reduction of 40 or 35 cents, respectively, and each results

in the maximum possible revenue of $1012 per day.

3.6.32: The following figure shows a central cross section of the sphere and inscribed cylinder. The radius
of the cylinder is r and its height is h; the radius of the sphere is R. From the Pythagorean theorem we see
that 412 + h? = 4R2. The volume of the cylinder is V = 7r?h, and therefore we find that

V=V(h) = 7T(R2 - £h2>h

- £(4R2h 1), 0<h<2R

Then
V/(h) = 2(43,2 — 3h2),

so V(h) = 0 when 3h? = 4R?, so that h = 2R+/3. This value of h maximizes V because V(0) = 0 and
V(2R) = 0. The corresponding value of r is %R\/@, so the ratio of the height of the cylinder to its radius is
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h/r = V2. The volume of the maximal cylinder is %WR3\/§ and the volume of the sphere is %WRB; the ratio

of the volume of the sphere to that of the maximal inscribed cylinder is thus v/3.

2r

3.6.33: The following figure shows a cross section of the cone and inscribed cylinder. Let x be the radius

of the cylinder and y its height. By similar triangles in the figure,

Because V(0) = 0 = V(r), V is maximized when V'(x) = 0; this leads to the equation 2zR = 3z and thus
to the results x = %R and y = %H
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R
3.6.34: Let the circle have equation x2 + y? = 1 and let (x, y) denote the coordinates of the upper right-
hand vertex of the trapezoid (Fig. 3.6.25). Then the area A of the trapezoid is the product of its altitude y
and the average of the lengths of its two bases, so

1
A= 5y(2x—|— 2) where y%=1-22

A positive quantity is maximized when its square is maximized, so we maximize instead
fla) =42 = (2 +1)°(1 - 2?)

=142z — 223 — 2", 0<z<1.

Because f(0) =0 = f(1), f is maximized when f’(x) = 0:
0=2—6x2—42% =2(1+2)*(1 - 22).

But the only solution of f/(x) = 0 in the domain of f is z = % Finally, f(%) = %, so the maximum possible
area of the trapezoid is %\/5 This is just over 41% of the area of the circle, so the answer meets the test of

plausibility.

3.6.35: Draw a circle in the plane with center at the origin and with radius R. Inscribe a rectangle with
vertical and horizontal sides and let (x, y) be its vertex in the first quadrant. The base of the rectangle has
length 22 and its height is 2y, so the perimeter of the rectangle is P = 4x + 4y. Also 2% + y? = R?, so
P=P)=4z+4VR2—22, 0<z<R.
4x
o
P'(z) =0 when 4v/R?—2? = 4z;

Pl(z)=4-
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Because z > 0, z = 1Rv/2. The corresponding value of P(z) is 4Rv/2, and P(0) = 4R = P(R). So the

2 2

former value of  maximizes the perimeter P. Because y? = R? — 2 and because R? — 22 = z? at maximum,

y = = at maximum. Therefore the rectangle of largest perimeter that can be inscribed in a circle is a square.

3.6.36: Let (z, y) be the coordinates of the vertex of the rectangle in the first quadrant. Then, by symmetry,
the area of the rectangle is A = (2z)(2y) = 4zy. But from the equation of the ellipse we find that

y=2v25-22 so
A=Ax) =22\/25-22, 0<z<5.

We can simplify the algebra by maximizing instead

flz) = B A% = 2527 — 2
f'(x) = 50z — 423,

f(z)=0 when z=0 andwhen == 3V2.

Now A(0) = 0 = A(5), whereas A (3v/2) = 30. So the rectangle of maximum area has base 2z = 5v/2 and
height 2y = 3v/2.

3.6.37: We are to maximize volume V = %m"2h given r2 + h? = 100. The latter relation enables us to write

1 1
V=V(h)= g77(100 — hHh = g77(10011 — 1), 0<h<10.

Now V’(h) = 2m(100 — 3h?), so V'(h) = 0 when 3h* = 100, thus when h = 1/3. But V(h) = 0 at the

endpoints of its domain, so the latter value of A maximizes V', and its maximum value is %W\/ﬁ.

3.6.38: Put the bases of the poles on the z-axis, one at the origin and the other at = 10. Let the rope
touch the ground at the point x. Then the rope reaches straight from (0, 10) to (z, 0) and straight from
(z, 0) to (10, 10). In terms of x, its length is

L(z) = V100 + 22 + /100 + (10 — )2

= /100 + 22 + /200 — 20z + 22, 0 <z < 10.

So
_ x n x — 10 )
V100 + 22 /200 — 20z + 22’

L'(x)
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L'(xz) = 0 when
21/200 — 20z + 22 = (10 — x)\/m,
2 (2 — 20z 4 200) = (100 — 20z + 2° ) (2® +100);
x* — 202% + 2002? = 2* — 202% + 2002 — 2000 + 10000;

2000z = 10000;

and thus when « = 5. Now L(0) = L(10) = 10 (1 4+ v/2), which exceeds L(5) = 10v/5. So the latter is the
length of the shortest possible rope.

3.6.39: Let x and y be the two numbers. Then z 2 0, y = 0, and = + y = 16. We are to find both the

maximum and minimum values of z'/3 + y/3. Because y = 16 — 2, we seek the extrema of

flx)=a2"*+16—2)"%,  0<a2<16.

Now

1 1
fl(l') _ _x—2/3 _ g(16 _ .1}')_2/3

T 3223 T 3(16 —2)2/3

f'(x) = 0 when (16 — 2)/3 = 22/3, so when 16 — x = z, thus when = = 8. Now f(0) = f(16) = 16'/% ~ 2.52,
so f(8) =4 maximizes f whereas f(0) and f(16) yield its minimum.

3.6.40: If the base of the L has length z, then the vertical part has length 60 —z. Place the L with its corner
at the origin in the xy-plane, its base on the nonnegative x-axis, and the vertical part on the nonnegative

y-axis. The two ends of the L have coordinates (0, 60 — z) and (z, 0), so they are at distance
d=d(x) = /22 + (60 — )2, 0 <z £60.

A positive quantity is minimized when its square is minimal, so we minimize

f(z) = (d(x))? = 2% + (60 — z)?, 0 <z < 60.

Then f'(z) = 2x — 2(60 — x) = 4z — 120; f'(z) = 0 when = = 30. Now f(0) = f(60) = 3600, whereas
£(30) = 1800. So z = 30 minimizes f(x) and thus d(z). The minimum possible distance between the two
ends of the wire is therefore d(30) = 30/2.

3.6.41: If (x, #?) is a point of the parabola, then its distance from (0, 1) is

d(z) =22 4+ (22 = 1)2.
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So we minimize

fla) = (d@))? =a* —2® +1,

where the domain of f is the set of all real numbers. But because f(z) is large positive when |z| is large, we
will not exclude a minimum if we restrict the domain of f to be an interval of the form [—a, a] where a is a
large positive number. On the interval [—a, a], f is continuous and thus has a global minimum, which does
not occur at +a because f(+a) is large positive. Because f’(z) exists for all z, the minimum of f occurs at
a point where f'(z) = 0:

4o — 2z = 0; 22(22% — 1) = 0.

Hence z =0 or z = :I:%\/ﬁ Now f(0) =1 and f(:l:%ﬂ) = %. So & = 0 yields a local maximum value for
f(z), and the minimum possible distance is v/0.75 = %\/g

3.6.42: Tt suffices to minimize 22 + y? given y = (3z — 4)/3. Let f(x) = 2% + (3x — 4)?/3. Then
f(z) = 2z +2(3z — 4)71/3.

Then f'(x) = 0 when
2z + ﬁ =0
2x(3z — 4)1/°% = —2;
z(3z — 4)V/3 = -1,
23 (3x —4) = —1;
233z —4) +1 = 0;
32t —42% +1=0;
(x —1)%(32% + 22 + 1) = 0.

Now z = 1 is the only real solution of the last equation, f’(z) does not exist when z = 3, and f(1) =2 >

% =f (%) So the point closest to the origin is (%, 0).

3.6.43: Examine the plank on the right on Fig. 3.6.10. Let its height be 2y and its width (in the z-direction)
be z. The total area of the four small rectangles in the figure is then A = 4 - z - 2y = 8yz. The circle has
radius 1, and by Problem 35 the large inscribed square has dimensions v/2 by /2. Thus

2
1
(5\/5—1—2') +yP =1
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This implies that

1
y=4/=—2vV2—22.
2
1 1
A(z) = 8z 5% 2—22, O§z§1—§\/§.

Now A(z) = 0 at each endpoint of its domain and

Therefore

CAV2 (1322 —42%)
1 -22yz—222

So A'(z) = 0 when z = % (—3\/§i \/3_4), we discard the negative solution, and find that when A(z) is

A(2)

maximized
—3v2+ V34
z= % ~ 0.198539,
—V1
2y — % ~ 0.848071, and
V142 + 34V/17
A(z) = + ~ 0.673500.

The four small planks use just under 59% of the wood that remains after the large plank is cut, a very

efficient use of what might be scrap lumber.

3.6.44: Place the base of the triangle on the z-axis and its upper vertex on the y-axis. Then its lower right
vertex is at the point (%, 0) and its upper vertex is at (0, % 3). It follows that the slope of the side of the

triangle joining these two vertices is —v/3. So this side lies on the straight line with equation

y=\/§<%—x>.

Let (z, y) be the coordinates of the upper right-hand vertex of the rectangle. Then the rectangle has area
A = 2zy, so
Alz) = V3 (z — 22?), 0

IIA
8
lIA
N =

Now A'(z) = 0 when z = 1, and because A(z) = 0 at the endpoints of its domain, it follows that the

maximum area of such a rectangle is A(%) = %\/3

3.6.45: Set up a coordinate system in which the island is located at (0, 2) and the village at (6, 0), and let
(z, 0) be the point at which the boat lands. It is clear that 0 < & < 6. The trip involves the land distance
6 — z traveled at 20 km/h and the water distance (4 + 22)/2 traveled at 10 km/h. The total time of the

trip is then given by

1 1
T(z) = —/A+ a2 + —(6— <z<6.
(x) 10 +x —|—20(6 x), 05256
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Now
1

X
C10vV4A+ 22 20

Thus T"(z) = 0 when 322 = 4; because z = 0, we find that = = %\/g The value of T there is

T'(x)

1—10 (3 + \/é) ~ 0.473,

whereas T'(0) = 0.5 and T'(6) ~ 0.632. Therefore the boater should make landfall at %\/5 ~ 1.155 km from

the point on the shore closest to the island.

3.6.46: Set up a coordinate system in which the factory is located at the origin and the power station at
(L, W) in the zy-plane—L = 4500, W = 2000. Part of the path of the power cable will be straight along
the river bank and part will be a diagonal running under water. It makes no difference whether the straight
part is adjacent to the factory or to the power station, so we assume the former. Thus we suppose that the
power cable runs straight from (0, 0) to (x, 0), then straight from (z, 0) to (L, W), where 0 < < L. Let y
be the length of the diagonal stretch of the cable. Then by the Pythagorean theorem,

W2+ (L—2)*=1vy? SO y=+VW2+(L—1x)2.

The cost C of the cable is C' = kxz + 3ky where k is the cost per unit distance of over-the-ground cable.
Therefore the total cost of the cable is

C(z) = ka + 3k /W2 + (L — x)?, 0z <L

It will not change the solution if we assume that £ = 1, and in this case we have

3(L —x)
W2+ (L—x)?

C'(z)=1-

Next, C'(z) = 0 when 22 + (L — x)? = 9(L — x)?, and this leads to the solution

1 3
x:L—ZW\/iandy:ZW\/i.

It is not difficult to verify that the latter value of z yields a value of C smaller than either C'(0) or C(L).
Answer: Lay the cable 2 = 4500 — 500v/2 ~ 3793 meters along the bank and y = 150012 ~ 2121 meters

diagonally across the river.
3.6.47: The distances involved are |AP| = |BP| = v22 + 1 and |CP| = 3—x. Therefore we are to minimize

flx)=2va2+1+3—ux, 0z <3.
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Now

2x 2x
"#)=—=——=—=—-1; f(2)=0 when ——— =1.
P = e Je) —

This leads to the equation 322 = 1, so & = %\/g Now f(0) = 5, f(3) ~ 6.32, and at the critical point,
f(z) =3+ /3~ 4.732. Answer: The distribution center should be located at the point P(%\/g, 0).

1 1
3.6.48:  (a) T'=-va>+a? + /(s —a)? +b2.

(b) T'(x) = C\/a2x+ 22 v\/(ss_;; 02

xT S —X

T'(z) =0 when = ;
@) cva?+a?  vy/(s—x)2 + b2

x (x—s)2+b>
Va2 + a2 s— a

) c
sinacscf = —
v

c
-
v

sin « c
" = — =n.
sinf w

3.6.49: We are to minimize total cost

Czcl\/a2—|—x2 +02\/(L—x)2+b2.

oy ax  co(l-z)
C(x)ix/cﬂ—i—x? VL =) +b2’
ax ca(L —x)

C'(z) =0 wh = .
(z) = 0 when N o o

The result in Part (a) is equivalent to the last equation. For Part (b), assume that a =b=1c¢; =1, ¢c3 = 2,

and L = 4. Then we obtain

x 24—z
Vita? JA—z)2+1
z? 4(16 — 8z + x?)

I+a22  16—8c+a2+1’
22(17 — 8z + %) = (4 + 42?)(16 — 8z + 2?);

172% — 82% 4 2" = 64 — 322 + 682° — 322" + 4a”.
Therefore we wish to solve f(x) =0 where

f(z) = 3z — 242" + 512% — 322 + 64.
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Now f(0) =64, f(1) =62, f(2) =60, f(3) =22, and f(4) = —16. Because f(3) > 0 > f(4), we interpolate
to estimate the zero of f(z) between 3 and 4; it turns out that interpolation gives x ~ 3.58. Subsequent
interpolation yields the more accurate estimate x = 3.45. (The equation f(x) = 0 has exactly two solutions,

x /2 3.452462314 and x ~ 4.559682567.)

3.6.50: Because x° +y3 = 2000, y = (2000 — :c3)1/3. We want to maximize and minimize total surface area
A = 622 + 6y
A= A(z) =62 +6(2000 — 2)?/3,  0< 2 <1092

A = —12[x% — (2000 — z%)'/3]
(2000 — 3)1/3

Now A’(z) = 0 at x = 0 and at = 10; A’(z) does not exist at = = 104/2, the right-hand endpoint of the
domain of A (at that point, the graph of A has a vertical tangent). Also A(0) = 600 - 22/3 ~ 952.441 and
A (10\3/5) is the same; A(10) = 1200. So the maximum surface area is attained when each cube has edge

length 10 and the minimum is attained when there is only one cube, of edge length 10/2 ~ 12.5992.

3.6.51: Let r be the radius of the sphere and = the edge length of the cube. We are to maximize and

minimize total volume

4 .
V= §7rr3 + 23 given 4mr? 4 622 = 1000.

1000 — 47r?
r=4\—
6
4 4 (500 —2mr2\*? /10
V=V 37" +( 3 > , 0srsr =5 et
— 22
V’(r):47rr2—27rm/500%,
[500 — 9702
4rr? = 21 M

The latter equation yields

SO

Next,
and V'(r) = 0 when

Sor=0or

/500 — 2712

2r =\ ——.
3

/10

=r9=25 .

r=n T+ 6
18

6

The latter equation leads to
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Now V(0) =~ 2151.66, V(r1) ~ 2973.54, and V(r3) =~ 1743.16. Therefore, to minimize the sum of the
volumes, choose r = ry & 5.229 in. and z = 2ry =~ 10.459 in. To maximize the sum of their volumes, take

r=ry ~ 8921 in. and z = 0 in.

3.6.52: Let the horizontal piece of wood have length 2z and the vertical piece have length y + z where y is
the length of the part above the horizontal piece and z the length of the part below it. Then

y=v4—22 and z=+16—2a2.

dA
Also the kite area is A = z(y + 2); T = 0 implies that

[ V)

xT .2?2

y+z= ? + =
Multiply each side of the last equation by yz to obtain
y2,z + y22 =222+ ny,

so that

ya(y+z) = 2*(y + 2);

a? = yz;

at = y?2? = (4 — 2?)(16 — 2?);

zt =64 — 2022 + 2%,

2022 = 64;

r= V5 y=2v5 2= V5
Therefore Ly = %\/5 ~ 3.5777 and Ly = 2v/5 ~ 4.47214 for maximum area.

3.6.53: The graph of V(z) is shown next. The maximum volume seems to occur near the point (4, V(4)) =

(4, 95.406), so the maximum volume is approximately 95.406 cubic feet.

y
100

80
60
40

20
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3.6.54: The graph of V(x) is shown next. The maximum volume seems to occur near the point (8, V(8)) ~

(8, 269.848), so the maximum volume is approximately 269.848 cubic feet.

y
300

250
200
150
100

50

3.6.55: Let V4 and V5 be the volume functions of problems 53 and 54, respectively. Then

Vi(z) = ‘20\/35 (/—54m__x 132_),

which is zero at x = 0 and at x = 4, and

, _10\/5 (8:5—362)

V2 (8
which is zero at x = 0 and at x = 8, as expected. Finally, 2(8) =2V2.

3.6.56: Let x denote the length of each edge of the base of the box; let y denote its height. If the box has

total surface area A, then 222 + 4zy = A, and hence

B A— 222

4x (1)

Y

The box has volume V = z2y, so its volume can be expressed as a function of z alone:

Az — 223
V(iz) = % 0<z< VA2,

Then
G2
V'(z) = A#; V'(z) =0 when z=+/A/6.

This critical point clearly lies in the interior of the domain of V', and (almost as clearly) V’(x) is increasing

to its left and decreasing to its right. Hence this critical point yields the box of maximal volume. Moreover,
when x = \/A/6, we have—by Eq. (1)—
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__A-(4/3) _24 V6 g VA
Wy R s VAT

Therefore the closed box with square base, fixed surface area, and maximal volume is a cube.

V6
4/A

3.6.57: Let x denote the length of each edge of the square base of the box and let y denote its height.

Given total surface area A, we have x? + 4zy = A, and hence

A—2?
= . ].
y py (1)
The volume of the box is V = z2y, and therefore
Ar — 2
V(z) = % 0<a<VA.
Next,
A — 322
V'(z) = 1 z. V'(z) =0 when x=+/A/3.

Because V'(z) > 0 to the left of this critical point and V’(z) < 0 to the right, it yields the global maximum
value of V(z). By Eq. (1), the corresponding height of the box is %\/A/S. Therefore the open box with

square base and maximal volume has height equal to half the length of the edge of its base.

3.6.58: Let r denote the radius of the base of the closed cylindrical can, h its height, and A its total surface

area. Then
A —27r?
2rmr? +2mrh = A, and hence h = L (1)
27r
The volume of the can is V' = 7r?h, and thus
Ar — 2713 ANY?
Vir)= ———, 0<r< | — .
) 2 0 == (%)

Next,

A — 6772 AN?
! _ = TR ! _ _ i
Vi(r) = 5 ; Vi(r) =0 when r = (6 > .

Because V'(r) > 0 to the left of this critical point and V’'(r) < 0 to the right, it determines the global
maximum value of V(r). By Eq. (1), it follows that the can of maximum volume has equal height and

diameter.

3.6.59: Let r denote the radius of the base of the open cylindrical can and let h denote its height. Its total

surface area A then satisfies the equation 772 + 27rh = A, and therefore

)
po A= (1)

2rr
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Thus the volume of the can is given by

Next,

A —3mr? A2
! _ - . ! — — -
Vi(r) = 5 ; Vi(r) =0 when r (37T> .

Clearly V'(r) > 0 to the left of this critical point and V'(r) < 0 to the right, so it determines the global
maximum value of V(r). By Eq. (1) the corresponding value of h is the same, so the open cylindrical can of

maximum volume has height equal to its radius.

3.6.60: Let r denote the interior radius of the cylindrical can and h its interior height. Because the thickness
t of the material of the can will be very small in comparison with r and h, the total amount of material M
used to make the can will be very accurately approximated by multiplying the thickness of the bottom by
its area, the thickness of the curved side by its area, and the thickness of the top by its area. That is,

M — Amr?t
7r’t + 2nrht + 37r°t = M, sothat h = 2777 (1)
o

Thus the volume of the can will be given by (the very accurate approximation)

Mr — dmr3t M2
e — < PP < =
vir) 50 USTS (4m§> '
Next,
M — 12772t 1/ M\
4 - - @ 4 — — — . -
Vi(r) = 57 ; Vi(r)=0 when r 5 (37rt) .

Because V'(r) > 0 to the left of this critical point and V'(r) < 0 to the right, it yields the global maximum
value of V(r). By (1), the height of the corresponding can is four times as great, so the can of maximum

volume has height twice its diameter (approximately, but quite accurately).

To solve this problem exactly, first establish that
drt(r +1)* + wht*(2r +t) = M,

then that
Vir) = Mr? + 4dxtr?(r +t)?
£2(2r +t)

Then show that V'(r) = 0 when
127tr* 4 247t%r® + (167t> — M)r? + (4rt* — Mt)r = 0,

and that the relevant critical point is

=3t + /3wt (M — 7t3)
"= 67t ’
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3.6.61: Let
2t

so that  f'(t) = ETEDE

1
)= ——
1) 142’
The line tangent to the graph of y = f(t) at the point (¢, f(¢)) then has z-intercept and y-intercept

1+ 3¢2 1+ 3¢2
and —,
2 (1 +12)2

respectively. The area of the triangle bounded by the part of the tangent line in the first quadrant and the

coordinate axes is

1 1432 1+3¢2

: (1)

Alt) = 5~ 1+2)2

and
96 4+ ott+12 — 1
Ay = LT
412(1 4 2)3

Next, A’(t) = 0 when
(t—1)(t+1)(3t2 - 1)(3t2 +1) = 0,

and the only two critical points of A in the interval [0.5, 2] are

3
tl =1 and tQ = % ~ 0.57735.

Significant values of A(t) are then

A(0.5) = 0.98, A(0.57735) ~ 097428, A(1)=1, and A(2)=0.845.

Therefore A(t) has a local maximum at ¢ = 0.5, a local minimum at o, its global maximum at ¢ = 1, and
its global minimum at ¢t = 2.

To answer the first question in Problem 61, Eq. (1) makes it clear that A(t) — 400 as t — 01 and, in
addition, that A(t) — 0 as t — +o0.

3.6.62: If 0 <z < 1, then the cost of the power line will be
C(z) = 40z +1004/1 + (1 — )2

(in thousand of dollars). If z = 1, then the cost will be 80 thousand dollars because there is no need to use

underground cable. Next,

1002 — 100 4+ 40vz2 — 2z + 2
Vaz -2z +2 ’

C'(x) =
and C’(z) = 0 when

r =129 = ——— =~ 0.563564219528.

21 —2v21
21
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The graph of C(z) (using a computer algebra system) establishes that zy determines the global minimum for
C(z) on the interval [0, 1), yielding the corresponding value C(xg) ~ 131.651513899117. Hence the global
minimum for C(z) on [0, 1] is C'(1) = 80 (thousand dollars). It is neither necessary to cross the park nor to

use underground cable.

Section 3.7
3.7.1: If f(x) = 3sin® x = 3(sinx)?, then f'(z) = 6sinx cosz.
3.7.2: If f(x) = 2cos* x = 2(cosz)?, then f/(x) = 8(cosx)3(—sinz) = —8cos® z sin .

3.7.3: If f(x) = xcosz, then f'(r) =1 -cosz+x - (—sinz) = cosx — x sinx.

sinzx + 2x cosx

2V

3.7.4: If f(z) = 2Y/?sinw, then f/(z) = Lo~/ % sinw + 21/2 cosz =

sinx T cosT —sinx
3.7.5: If f(x) = , then f'(2) = ——5——.
T T
cos T z'/2(—sinz) — %m_l/Q cos T 2z sinx 4 cos x

3.7.6: If f(z) = SR then f'(z) = - - 2x\/x

3.7.7: If f(x) = sinz cos® z, then

3 2

f'(x) = cosx cos® z + (sinx)(2cosz)(—sinx) = cos®  — 2sin®  cos z.

3.7.8: If f(x) = cos® z sin? 2, then

f'(x) = (3cos® x)(— sinz)(sin x) + (2sinx cos x)(cos® 2) = —3 cos® x sin® z + 2sin x cos? z.

3.7.9: If g(t) = (1 +sint)?*, then ¢/(¢t) = 4(1 +sint)? - cost.
3.7.10: If g(t) = (2 — cos?t)?, then ¢'(t) = 3(2 — cos?t)? - (2cost sint) = 6(2 — cos? t)?(sint cost).

t—sint int — t
, then (by the reciprocal rule) ¢'(t) = — L N

3.7.11: If g(t) =

sint + cost (sint + cost)?  (sint + cost)?’
3.7.12: T g(t) = —'_ then (by the quotient rule)
J7.12: =— n ient r
g T+ ooaz’ tren (by the quotient rule
() = (1+cost)(cost) — (sint)(—sint)  sin®t+cos®t+cost  1+4cost 1
g = (1 + cost)? B (1 + cost)? "~ (1+cost)2  1-+cost’
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3.7.13:

3.7.14:

3.7.15:

3.7.16:

3.7.17:

3.7.18:

3.7.19:

3.7.20:

3.7.21:

3.7.22:

3.7.23:

3.7.24:

If f(x) = 2z sinz — 322 cos z, then (by the product rule)

f'(x) = 2sinz + 22 cosz — 6x cos + 3 sinx = 3% sinz — 4x cosx + 2sin .

If f(z) =2"?cosz — 2z~ '/ ?sinz,

1 1 1—22%)sinx — xcosx
f'(2) = =27 Y2 cosx — 2" ?sinz + =232 sinz — a2 cosz = ( ) .

2 2 2x\/T

If f(z) = cos2z sin 3z, then f'(x) = —2sin 2z sin 3z + 3 cos 2z cos 3.
If f(z) = cosbx sin 7z, then f/'(x) = —5sin bz sin 7z + 7 cos 5z cos 7x.
If g(t) = t3sin? 2t = t3(sin 2t)?, then

g'(t) = 3t*(sin 2t)* + 3 - (2sin2t) - (cos 2t) - 2 = 3% sin® 2t + 4¢% sin 2t cos 2t.

If g(t) = v/t cos® 3t = t1/2(cos 3t)3, then

cos® 3t

— 9\/% cos? 3t sin 3t.
2Vt

1 .
Jgt) = 515*1/2(005 3t)® + t1/2 . 3(cos 3t)? - (—3sin 3t) =

If g(t) = (cos 3t + cos 5¢)%/2, then ¢'(t) = 2(cos 3t + cos 5t)3/2(—3sin 3¢ — 5 sin 5¢).
1

Vsin? ¢ + sin® 3t

1
gt)=— i(sin2 t + sin? 3t)73/2(2sint cost + 6 sin 3t cos 3t) = —

If g(t) = = (sin?t 4 sin? 3t)"'/2, then

sint cost + 3 sin 3t cos 3t
(sin? 2t + sin? 3t)3/2

If y = y(x) = sin® \/z = (sinz'/?)2, then

sin y/z cos+/x
ve oo

d 1
ﬁ = 2(sinz/?)(cos /) - §x_1/2 =

cos 2z dy x-(—2sin2zx) —1-cos2x

22 sin 2 2
1y =y(@) = ==, then / LA+ Oos T

2

dx T T

If y = y(z) = 22 cos(32% — 1), then

d

d—y =2rcos(3z? — 1) — 22 - 62 - sin(32% — 1) = 22 cos(3x? — 1) — 623 sin(32? — 1).
x

If y = y(z) = sin® 2* = (sinz*)?, then

d
d—y = 3(sinz?)? - D, (sinz?) = 3(sinz®)? - (cos z?) - D, (z*) = 1223 sin® z* cos 22
x
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3.7.25:

3.7.26:

3.7.27:

3.7.28:

3.7.29:

3.7.30:

3.7.31:

3.7.32:

3.7.33:

3.7.34:

If y = y(x) = sin 2x cos 3z, then

d
d_y = (sin2z) - D (cos3x) + (cos 3z) - D, (sin 2z) = —3 sin 2z sin 3z + 2 cos 3z cos 2x.
x
dy (sin3z)-1—a-Dy(sin3z) sin3x — 3z cos 3z

Ify= = then —2 = — .

y=y() singz’ O da (sin 3x)?2 sin? 3z

cos 3T

Ify= = ——, th

y =yl sin5z’ then

dy _ (sinbz)(—3sin3z) — (cos 3z)(5 cos 5z) 3 sin 3z sin 5z + 5 cos 3x cos Sz

dx (sin ba)? sin? 5z

If y = y(z) = \/cos v/ = (cosz'/?)'/2, then
dy 1 12\-1/2) w12y L 12 sin 'z
dx—Q(cosx )" 2 (—sinz /) 5% S i ivesdn
If y = y(x) = sin® 2% = (sinz?)?, then

d
& _ 2(sin 22

7 ) - Dy (sinz?) = 2(sin2?) - (cosz?) - D, (2%) = 4asin2? cos 2.
x

If y = y(z) = cos® 2% = (cos )3, then

d ; ; . ; ;
d_y = 3(cos2®)? - Dy(cosx3) = 3(cosz®)? - (—sinaz?) - D, (23) = —922 cos® 23 sin 2>
x

If y = y(x) = sin 2y/z = sin(22'/2), then

dy 1/2 /2y _ .—1/2 1/2 _ cos2yw
dx—[cos@x )} D,(2z*) == cos(2z/%) = NG

If y = y(x) = cos 3¢/ = cos(3z'/3), then

3 3
% _ [-sin(3x1/‘°’)} - Dy (321/3) = (—sin3z1/3) - (z72/3) = _sin3yz

3
dx x2

d
If y = y(z) = xsina?, then d_y =1-sina? + x - (cosz?) - 2z = sin2? + 2% cos 2%
x

1
If y = y(x) = * cos(;), then

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



3.7.35: If y = y(z) = V/ sin/z = 2'/? sinz'/2, then

dy _ lx*I/Q sin 212 + 21/ (cos 11/2) - lx*I/Q _ sin/z n cos/x _ sin/z + /x COS\/E.
dz 2 2 2z 2 2z

3.7.36: If y = y(x) = (sinz — cosz)?, then

d
& _ 2(sinz — cosz)(cos z + sinx) = 2(sin® z — cos? z) = —2 cos 2z.

dx

3.7.37: If y = y(z) = & (x — cosx)® = 22 (x — cosz)?, then

d 1
d_y = ix_l/Q(x —cosz)® + 322 (x — cosx)?(1 + sinx)
T

_ (# —cosxz)? 3 9 ) B
=5 m + 3V (x — cosz)*(1 +sinz) =

(x — cosx)3 + 6x(x — cosz)?(1 + sinz)

2V

3.7.38: If y = y(x) = /x sin/z + & = 2'/?sin(z + 2'/2)1/2, then

dy 1 4. 12v1/2 | 1/2 1/2y1/2] 1 1/2\—1/2 L 1)
L sin(x + /%) +x [cos(x—l—a: ) }5(.2?—‘1-.2? ) 1—}—53: .

The symbolic algebra program Mathematica simplifies this to

dy (Zm—l—ﬁ)cos\/x—l—ﬁ+2(\/m+ﬁ)sin\/x+\/§
dr 4y T+ T '

3.7.39: If y = y(x) = cos(sinx?), then d—y = [~ sin(sina?)] - (cosz?) - 2z = —2z [sin(sin2?) | cos2®.
x

3.7.40: If y = y(z) =sin (1 + \/Sinx)7 then

(cosx) cos (1 + \/sina:)
2v/sinx .

Z—z = {cos (1 + m)} . %(Sinx)—l/Q coST —

d
3.7.41: If x = z(t) = tant” = tan(¢"), then d—i = (sec t7)2 ~Dy(t") = Tt sec? 17,

d
3.7.42: If x = 2(t) = sect” = sec(t"), then d_i = (sect” tant”) - Dy(t") = TtSsect” tant”.

3.7.43: If x = z(t) = (tant)” = tan” ¢, then

d
d—f = 7(tant)® - Dy tant = 7(tant)® sec? t = 7tan®t sec?t.
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3.7.44: If x = x(t) = (sec2t)” = sec” 2t, then

d
d_i = T(sec2t)8 - Dy(sec2t) = T(sec2t)5(sec 2t tan 2t) - Dy(2t) = 14 sec” 2t tan 2t.

d
3.7.45: If x = z(t) = t" tan5t, then d—f = 7t% tan 5t + 5t" sec? 5t.

45
3.7.46: If x =z(t) = se(; , then

de  t-(sect® tant®)-5t* —sect®  5t°sect® tant® — sect®

dat t2 12

3.7.47: If x = x(t) = Visec/t = t'/?sec(t'/?), then

d 1 1
d_i'f = §t*1/2 sec(t'/?) + t1/? {sec(tl/Q)tan(tl/Q)] . 515*1/2 =

sec\/z_f—l— \/E sec\/l_f tan\/f
2/t '

3.7.48: If 2 = x(t) = sec\/t tan /t = sect’/? tant'/2, then

3 2
d_x _ (sectl/Q) lt’l/Q sec?$1/2 ) 1 1t71/2 sec /2 tan t1/2 (tantl/Q) _ sec Vt + sec/t tan \/E
dt 2 2 NG

1
3.7.49: Ifx=z(t) = CSC<—>, then
t2

- Lo(3) (3] (3) -3 (2)n(2)

3.7.50: Ifx=z(t) = cot(i) = cott~1/2, then

NG
d_x = — (csctil/Q) D (til/Q) 732 csc? t—1/? i csc? <i> .
dt tVt Vit
ot
3.7.51: Ifx=ux(t)= &, then
tan 3t

dx _ 5 tan 3t sec 5t tan 5t — 3 sec 5t sec? 3t

pri (t 3t)2 = 5 cot 3t sec 5t tan 5t — 3 csc? 3t sec 5t.
an

d
3.7.52: If x = z(t) = sec’t — tan?t, then d—j = (2sect)(sect tant) — (2tant)(sec? t) = 0.
3.7.53: If x = x(t) = tsect csct, then

dx
P =sect csct + tsect tant csct — tsect csct cott = tsec? t + sect csct — tesc? t.
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3.7.54: If x = x(t) = t3tan® > = t3(tant3)3, then

dx s )
i 3t%(tant®)® + 3 - 3(tant®)?(sect?)? - 3t? = 3t tan® t3 + 9t sec? t3 tan? .

d
3.7.55: If x = x(t) = sec(sint), then d—i = [sec(sint) tan(sint)] - cost.

d
3.7.56: If x = x(t) = cot(sec7t), then d—f = [~ csc?(sec Tt)] - Tsec Tt tan 7t.
sint . dz 9 .9
3.7.57: If x = x(t) = — =sint cost, then — = cos®t — sin®t¢ = cos 2t.
sect dt
sect
3.7.58: If x = x(t) = ———, then
1+ tant

de  (1+tant)secttant —sectsec®t  secttant+sect tan®t — (1 + tan®¢)sect  secttant —sect

dt (1+ tant)? (1+ tant)? ~ (1+tant)?

3.7.59: If 2 = 2(t) = /1 + cot 5t = (1 + cot 5¢)*/2, then

dx 1 5 csc? bt
— = —(1 + cot 5t “2(5es?Ht) = — ——r
dt 2( ) ( ) 2+4/1 + cot 5t

3.7.60: If 2 = 2(t) = \/cscv/t = (csct/?)/2 then
dx 175_1/2 B (Cot \/1_5) csc/t (csc\/z_f)3/2 cos/t

1
— = a(csctl/Q)_l/Q(— csct/? cot t1/?) 5 =

dt 4Vt 4/t

3.7.61: If f(x) = xzcosx, then f'(r) = —xsinx + cosz, so the slope of the tangent at © = 7 is f/(7) =
—7sinm + cosm = —1. Because f(m) = —m, an equation of the tangent line is y + 7 = —(x — 7); that is,

y = —x. The graph of f and this tangent line are shown next.

y
6

4

N

\
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3.7.62: If f(x) = cos?x then f’(z) = —2cosxsinx, so the slope of the tangent at x = 7/4 is f'(7/4) =
—2cos(m/4) sin(m/4) = —1. Because f(7/4) = 1, an equation of the tangent line is y — 3 = —(z —7/4); that
is, 4y = —4x + 2 4+ 7. The graph of f and this line are shown next.

4
3.7.63: If f(z) = —tan(%), then f/(r) = sec? (%x)’ so the slope of the tangent at x = 1is f/(1) =
T

4 4 4
sec? (%) = 2. Because f(1) = —, an equation of the tangent line is y— — = 2 (x — 1); that is, y = 22— 2+ —.
7r ™ ™

The graph of f and this tangent line are shown next.

y
6

2t (1,4/m)

-2
-4
3
3.7.64: If f(z) = = sin? (%), then f/(x) = 2sin (%) coS (%), so the slope of the tangent at x = 5
T
) ) 9
is f'(5) = ZSin?Wcos?7r = —1V3. Because f(5) = o equation of the tangent line is y — el
T T
3 9+ 107v3
_%\/5 (x —5); that is, y = _x\2/_ + a 47T7T\/_. The graph of f and this tangent line are shown next.
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\ (5, 9/4m)

3 \g X
dy _

3.7.65: I —2sin2x. This derivative is zero at all values of = for which sin 2z = 0; i.e., values of = for
x

which 2x = 0, +7, +27, £37, .... Therefore the tangent line is horizontal at points with x-coordinate an
integral multiple of %77. These are points of the form (nm, 1) for any integer n and (%mﬂ, —1) for any odd

integer m.

d
3.7.66: % =1 — 2cosx, which is zero for x = (%W) + 2k7 and for x = — (%W) + 2k7 for any integer k.

The tangent line is horizontal at all points of the form (:l: %w + 2km,y (:I:%w + 2/<:7r)) where k is an integer.

3.7.67: If f(z) = sinz cosz, then f/(z) = cos®z — sin® z. This derivative is zero at = 17 + nr and at
T = %W + nm for any integer n. The tangent line is horizontal at all points of the form (mr + iw, %) and at

all points of the form (mr + %77, — %) where n is an integer.

3.7.68: If
1 in 2
- e w2
3sin® x + 2 cos? x (2+ sin2 x)

/(=)

This derivative is zero at all values of x for which sin 2z = 0; i.e., values of x for which 2z = 0, +7, +27,
437, .... Therefore the tangent line is horizontal at points with z-coordinate an integral multiple of %71’.

These are points of the form (mr, %) for any integer n and (%mﬂ, %) for any odd integer m.

3.7.69: Let f(x) = x —2cosz. Then f'(z) = 1+ 2sinz, so f'(z) = 1 when 2sinz = 0; that is, when
2 = nr for some integer n. Moreover, if n is an integer then f(nw) = nm — 2cosnw, so f(nw) = nmw + 2 if
n is even and f(nm) = nm — 2 if n is odd. In particular, f(0) = 2 and f(7w) = m — 2. So the two lines have
equations y = xz + 2 and y = ¢ — 2, respectively.

3.7.70: If

16 + sinx 13 cosx
= — th ! =
/(@) 3+sinz’ en @) (3 +sinx)?’

so that f’(x) =0 when cosz = 0; that is, when  is an odd integral multiple of 3. In particular,

16+1 17
fGm) =37 =7
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similarly, f (%w) = % Hence equations of the two lines are y = % and y = %

3.7.71: To derive the formulas for the derivatives of the cotangent, secant, and cosecant functions, express
each in terms of sines and cosines and apply the quotient rule (or the reciprocal rule) and various trigonometric
identities (see Appendix C). Thus

2 2

cos T —sin“x — cos*x 1
D, cotx =D, — = —5 -—— = —csc’x,
sin x sin® x sin” x
1 —sinz 1 sinx
D, secx =D, =— 5 = . =secz tanwx, and
CcoS X cos? x COSX COSX
1 COST 1 cosx
D cscx = D, — =——5 == - — = —cscx cotx.
sin x sin® x sinx sinx

3.7.72: If g(x) = cosz, then

() = lim gl + h})L —9(z)

cosx cosh —sinx sinh — cosx

= lim

h—0 h

. 1l—cosh . .
= }133%) T(_ coszT) — }LILI}) (sinx)
=0-(—cosz)—1-sinz = —sinz.

1
3.7.73: Write R = R(«a) = §v2 sin 2a. Then
R'(a) = LUQ cos 2a
16 ’

which is zero when o = w/4 (we assume 0 < o < 7/2). Because R is zero at the endpoints of its domain, we

conclude that a = 7/4 maximizes the range R.

3.7.74: Let h be the altitude of the balloon (in feet) at time ¢ (in seconds) and let 8 be its angle of elevation

with respect to the observer. From the obvious figure, h = 300 tan €, so

% = (300 sec? 9)%.
When 0 = 7/4 and % = /180, we have
% =300-2- 1%0 = 107” ~ 10.47 (ft/s)
as the rate of the balloon’s ascent then.
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3.7.75: Let h be the altitude of the rocket (in miles) at time ¢ (in seconds) and let « be its angle of elevation

then. From the obvious figure, h = 2 tan «, so

dh
— = (2sec’® a)

dt dt’

When o = 57/18 and da/dt = 57/180, we have dh/dt ~ 0.4224 (mi/s; about 1521 mi/h).

3.7.76: Draw a figure in which the airplane is located at (0, 25000) and the fixed point on the ground is
located at (z, 0). A line connecting the two produces a triangle with angle § at (z, 0). This angle is also

the angle of depression of the pilot’s line of sight, and when 0 = 65°, df/dt = 1.5°/s. Now

tanf = M, SO x = 25000(3?—80,
T sin @
thus
d_x B _25000
o sin’6’

The speed of the airplane is
dr 25000 do

dt  sin?@ dt’

1 de
When 6 = 3—27r, i 1i20 So the ground speed of the airplane is

25000 m
—————— - —— ~ 796.81 (ft/s).
—/13r 120~ 168L(E/S)
sin® —
36
Answer: About 543.28 mi/h.

3.7.77: Draw a figure in which the observer is located at the origin, the xz-axis corresponds to the ground, and
the airplane is located at (z, 20000). The observer’s line of sight corrects the origin to the point (z, 20000)

and makes an angle  with the ground. Then

20000
tanf = ,
T
so that x = 20000 cot#. Thus
9 (90000 cse? 0) %
dt dt’

de de
When 6 = 60°, we are given pri 0.5°/s; that is, oI

evaluate dx/dt at this time with these values to obtain

= 7/360 radians per second when 6 = 7/3. We

dx 1 T 20007
— = (-20000)————~ - =—— = ————,
dt sin2 (W) 360 27

approximately —232.71 ft/s. Answer: About 158.67 mi/h.
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3.7.78: The area of the rectangle is A = 4zy, but x = cosf and y = sinf, so
A= A(f) = 4sinf cosb, 0s0=m/2.

Now A’(0) = 4(cos? § — sin?0) = 4 cos 20, so A'(f) = 0 when cos 20 = 0. Because 0 < 20 < 7, it follows that
20 =7/2,s0 0 =7/4. But A(0) =0 = A(n/2) and A(n/4) = 2, so the latter is the largest possible area of

a rectangle inscribed in the unit circle.

3.7.79: The cross section of the trough is a trapezoid with short base 2, long base 2 + 4 cos, and height

2sin 6. Thus its cross-sectional area is

A(f) = w .2sin6

= 4(sin 6 + sin 6 cos ), 0=0=m/2

(the real upper bound on 6 is 27/3, but the maximum value of A clearly occurs in the interval [0, 7/2]).

A'(0) = 4(cosf + cos® § — sin? 0)
= 4(2cos? + cosf — 1)

=4(2cosf — 1)(cosf + 1).

The only solution of A’(6) = 0 in the given domain occurs when cosf = %, so that 0 = %71’. It is easy to

verify that this value of # maximizes the function A.

3.7.80: In the situation described in the problem, we have D = 20secf. The illumination of the walkway
is then
IZI(G)ZiSiHQCOSQH 050 7/2.
400 ’ -

dlI  kcosf

20 = 100 (cos® § — 2sin? §);

dI/df = 0 when 6 = 7/2 and when cos® § = 2sin? §. The solution @ in the domain of I of the latter equation
has the property that sinf = v/3/3 and cosf = /6/3. But I(0) = 0 and I(§) — 0 as § — (7/2)7, so
the optimal height of the lamp post occurs when sinf = \/ﬁ/ 3. This implies that the optimal height is
10v2 ~ 14.14 m.

3.7.81: The following figure shows a cross section of the sphere-with-cone through the axis of the cone and

a diameter of the sphere. Note that h = rtanf and that

R
0=——.
cos TR
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Therefore

h =R+ Rsech, and thus rzw.
tan 6

Now V = 1mr?h, so for 6 in the interval (0, /2), we have

1 . (14sech)?
v=vie) - g el

Therefore
_ TR3
" 3tanté

V'(6) [3(tan” 0)(1 + sec #)* sec tanf — (1 + sec §)*(2tan 6 sec” 6)] .

If V'(0) = 0 then either secd = —1 (so § = m, which we reject), or sec = 0 (which has no solutions), or

tan = 0 (so either § = 0 or § = 7, which we also reject), or (after replacement of tan? § with sec?§ — 1)
3(sec? @ — 1) — 2(secd)(1 + sech) = 0;

sec?0 — 2sech — 3 =0.

It follows that sec = 3 or secf = —1. We reject the latter as before, and find that secf = 3, so 6 ~ 1.23095

(radians). The resulting minimum volume of the cone is $7R?, twice the volume of the sphere!

3.7.82: Let L be the length of the crease. Then the right triangle of which L is the hypotenuse has sides
Lcosf and Lsinf. Now 20 = Lsinf + Lsinf cos 26, so

20

6=
(sin0)(1 + cos 26)’ 0<bs

L=1L(0) = %

dL
Next, w0 0 when
(cos0)(1 + cos 20) = (sin 0)(2 sin 20);
(cos ) (2 cos? §) = 4sin” 6 cos 6,
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so cos@ = 0 (which is impossible given the domain of L) or
2 .2 2 2 2
cos“ 0 = 2sin“ 0 = 2 — 2cos” 0; cos 925.

This implies that cosf = % 6 and sinf = %\/g Because L — +00 as # — 07, we have a minimum either
at the horizontal tangent just found or at the endpoint 6 = iﬂ. The value of L at iﬂ is 201/2 ~ 28.28 and
at the horizontal tangent we have L = 15v/3 &~ 25.98. So the shortest crease is obtained when cosf = %\/6_3,
that is, for 6 approximately 35°15’ 52”. The bottom of the crease should be one-quarter of the way across

the page from the lower left-hand corner.

3.7.83: Set up coordinates so the diameter is on the z-axis and the equation of the circle is z2 4 3% = 1; let
(z,y) denote the northwest corner of the trapezoid. The chord from (1, 0) to (x, y) forms a right triangle

with hypotenuse 2, side z opposite angle 6, and side w; moreover, z = 2sinf and w = 2 cos#. It follows that
y =wsinf = 2sinf cosf and

—x=1—wcosf = —cos26.

Now

A=yl —z)=(2sinfcosh)(1 — cos20) = 4sinh cossin? 6,
and therefore

A = A(6) = 4sin® 0 cos¥,

e~y
lIA
>
lIA

o]

A'(6) = 125in” 0 cos® § — 4sin* 0
= (4sin” 0)(3 cos? O — sin? f).
To solve A’(#) = 0, we note that sin@ # 0, so we must have 3 cos? § = sin 6; that is tan?§ = 3. Tt follows

that 0 = %W. The value of A here exceeds its value at the endpoints, so we have found the maximum value

of the area—it is %\/3

3.7.84: Let 0 = /2 (see Fig. 3.7.18 of the text) and denote the radius of the circular log by r. Using the

technique of the solution of Problem 82, we find that the area of the hexagon is

A
2|3

A= A(#) = 8r%sin® 0 cos¥, 054

After some simplifications we also find that

dA

@ g 202 29 _
pT] 8r“(sin” 0)(4 cos” § — 1).
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Now dA/df = 0 when sinf = 0 and when cosf = 1. When sinf = 0, A = 0; also, A(0) =0 = A (i7).

Therefore A is maximal when cosf = %: 0 = %W. When this happens, we find that a = %7‘(‘ and that

b=m—0= %77. Therefore the figure of maximal area is a regular hexagon.

3.7.85: The area in question is the area of the sector minus the area of the triangle in Fig. 3.7.19 and turns

out to be
A= 17'29 — 12 cos — sin —
2 2 2
1, ) 52(6 — sin0)
257' (Q—SIHQ):T

because s = r. Now
dA _ s*(2sinf —fcosd —0)
a9 203 ’

so dA/df = 0 when 0(1 + cosf) = 2sinf. Let 6 = 2z; note that 0 < z < 7 because 0 < 6 < 27. So the

condition that dA/df = 0 becomes
sin 6 ;
r=-——— =tanuz.
1+ cosf
But this equation has no solution in the interval (0, w]. So the only possible maximum of A must occur
at an endpoint of its domain, or where x is undefined because the denominator 1 + cos# is zero—and this

occurs when 6 = 7. Finally,

AQ2m) = — and A(r) = —
so the maximum area is attained when the arc is a semicircle.

3.7.86: The length of the forest path is 2cscf. So the length of the part of the trip along the road is

3 —2csc cosf. Thus the total time for the trip is given by

2cosf
2 3 sin 6
T=T(0) = .
() 3sinf 8

Note that the range of values of 6 is determined by the condition

3V13
——— 2 cosf 2 0.
13
After simplifications, we find that
3 — 8cosh
T(0) = ——F—.
(©) 125sin? 0

Now T”(0) = 0 when cosf = %; that is, when 6 is approximately 67°58" 32”. For this value of #, we find that

sinf = %\/ 55. There’s no problem in verifying that we have found the minimum. Answer: The distance to

cos
-2
(3 sin @ )

walk down the road is

6v/55
=3- LE)_ ~ 2.19096 (km).

sin = % V55 5
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3.7.87: Following the Suggestion, we note that if n is a positive integer and

2
"= T
then
f(h)— f(0)  (4n+1)wsing(dn+ 1w )
h B (4n+ 1) 7
and that if
_ 2
~ (4n— )7’
then
f(h) = f(0) (4n — 1)7Tsin%(4n - _

h B (An — )7

Therefore there are values of h arbitrarily close to zero for which

FO+R - FO) _
h
and values of h arbitrarily close to zero for which
FO+m -~ FO)

h

It follows that
L fO40) — (0)

does not exist;
h—0 h

that is, f/(0) does not exist, and so f is not differentiable at x = 0.

1
h?sin —
— 1

It now follows from the Squeeze Law of Section 2.3 that

7(0) = lim hsin% =0

—0

1
because —|h| < hsinE < |h| if h#0.

Section 3.8
3.8.1: If f(x) = e*, then f/(z) = €2* - D, (2x) = 2e2*.

3.8.2: If f(x) = €31 then f'(x) = e3*~ 1. D, (320 — 1) = 3e3*~ L.
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3.8.3: If f(z) = exp(z?), then f'(z) = [exp(a?)] - Dy(2?) = 2z exp(x?).

3.8.4: If f(x) = ¢4==" then fl(x) = 47" . Dy(4 — 2%) = —3z%et".

: 2
2 Dz(l/xQ) — ——361/E2.
x

3.8.5: If f(z) = e!/*” then f'(z) = e'/®
3.8.6: If f(x) = 22 exp(z?), then f'(x) = 2z exp(a®) + 22 - 322 exp(a®) = (22 + 32%) exp(z?).

3.8.7: If g(t) = texp(t'/?), then ¢/(t) = exp(t'/?) +t - %til/Q exp(t!/?) = # exp(t'/?).

3.8.8: If g(t) = (e* +¢3)7, then ¢'(t) = 7(e?* + €3t)6(2e% + 3e3Y).
3.8.9: Ifg(t) = (t* — 1)e !, then ¢'(t) = 2te ™t — (1> = 1)e~t = (1 + 2t — t2)e .

3.8.10: If g(t) = (¢! — e t)1/2 then ¢/(t) = = (¢! —e ) V2 (el + 7).

1
2
3.8.11: If g(t) = et = exp(cost), then g'(t) = (—sint) exp(cost).

3.8.12: If f(z) = xe’i"® = gexp(sinz), then

f'(x) = exp(sinz) + (z cos z) exp(sinz) = 5% (1 4 z cos x).

_ ot f,_t—l— —t t—t —t_l
c , then ¢'(t) = ¢ (1—e ): e +te .

1
3.8.13: If g(¢t) = 2 e

1
3.8.14: If f(z) = e /", then f'(z) = — e /7.
T

3.8.15: If f(x) = 17—96%, then
e

3.8.16: If f(z) =exp(v/x)+exp(—+/z), then

2z
3.8.17: If f(z) = exp(e”), then f'(x) = e®exp (e?).
2x —22\1/2
3.8.18: If f(z) = (2" + ¢ 27)'", then
/ 1 2z —24\—1/2 2z —2z e —e
z) == + 22 — 9 =
f( ) 2 (e € ) ( e € ) 621’_’_6721
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3.8.19:

3.8.20:

3.8.21:

3.8.22:

3.8.23:

3.8.24:

3.8.25:

3.8.26:

3.8.27:

3.8.28:

3.8.29:

3.8.30:

3.8.31:

3.8.32:

3.8.33:

3.8.34:

3.8.35:

If f(x) =sin(2e®), then f/'(x) = 2e* cos (2¢%).

If f(z) =cos(e* +e %), then f/'(x) = (7% — €”)sin (e + e~ 7).

I (@) = In(32 = 1), then '(a) = 7 - DulBr = 1) = 7.
Hf@)=m@—x%¢mnf@0:xff4
1901 4+ 22)"1/2
If f(z) =In[(1+ 2z)"/2], then f'(z) = 2 (1(_:;%;)/2 1 _|_123;'
2(1+2) 2

If f(z) =In[(1+)?], then f'(z) = e =15

It f(z) = In[(a® — 2)1/3] = % In(z® — 2), then f'(z) = %
If f(x) = In[(sinx)?] = 2In(sinz), then f'(z) = 2;223” = 2cot z.
If f(z) = cos(Inz), then f'(z) = — Si“(;“ 2.

It f(x) = (In2)®, then f/(x) = 202"

If f(z) = ﬁ then (by the reciprocal rule) f'(r) = - (hix)Q

If f(r) = In(inz), then f'(r) = ——.

If f(z) =In[z(2? + 1)%/2], then

($2+1)1/2+$2($2+1)_1/2 21‘2+1

fa) = 2(22 + 1)1/2 - (2 +1)

If g(t) = t3/2In(t + 1), then

F) = 32 me 1y 4 B2 12043+ 1) 4 3tIn(t + 1))
2 .

t+1 2(t+ 1)
If f(x) =Incosz, then f'(z) = ST _ _ tana.
cos
: . , cos
If f(z) =In(2sinz) = (In2) + In(sinx), then f'(x) = e cot x

If f(t) = t?In(cost), then f'(t) = 2tIn(cost) — -
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3.8.36: If f(x) = sin(In 2z), then f'(z) = [cos(In2z)]- % = M

3.8.37: If g(t) = t(Int)?, then
2Int
gt = (Int)2 +1¢- Tn = (2 +Int)Int.
3.8.38: If g(t) = t'/2 [cos(Int)]*, then

—sin(Int)  [cos(Int)][cos(Int) — 4sin(Int)] .

1
! = — 71/2 2 1/2 . =
g'(t) 2t [cos(Int)]” + 2t/ [cos(Int) ] ; 571/

3.8.39: Because f(r) = 3In(2x + 1) + 41n(z? — 4), we have

2 _
f'(w) = 23:(; 1 x28f 1- (22?;{)?; —23)'
3.8.40: If NP .
flz)=In <1+x) = 5111(1 —x)— 5111(1 + ),
then
1 1 1
f'(®) = 20 -2) 2042 (@+)@—1)
3.8.41: If RN X
f(z)=In (m> = —In(4 —2?) - 3 In(9 + z?),
then
J'@) = _4—xx2 a 9—fm2 - (xQ—i)g(J:UEQ—i—%'
3.8.42: If
f(z)=1n (3;133:_—53 = % In(4x — 7) — 31In(3z — 2),
then
f'(@) = 43:2— 7 3:c9— 2~ B3z 5_923(1)??_ N
3.8.43: If
flx)=1 iti =In(x+1)—In(z — 1), then f/(z)= a:—li—l - a:il :_(x—l)Q(a:—i—l)'
3.8.44: If
f(z)=2%In el —2%In(2z +1), then f'(z)=— ijj i 2zIn(2z + 1).

209

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



3.8.45: If

(t) =In ‘ =2Int—In(* +1), then ’(t)—g— SA—
S =M~ ’ T =y T e T ey
3.8.46: If
Vo +1 1 1 3 Sx + 7
=1 _=_1 1) —3ln(z — 1), th "(z) = — = :
f(x) n(x_1)3 5 n(x+1) n(z —1), en f'(z) 20 +1) z-1 20z —1)(z+1)

3.8.47: Given: y = 2%. Then

Iny=In(2%) =zln2;

Loy _

. =In2;
y dx e

dy _
dr

y(z) - In2=2%1n2.
3.8.48: Given: y = z*. Then

Iny =In(z%) = zlnz;

dy

1

—-—~=1+Inuz;

y dx

dy

el y(z)- (1 +nz) =21 +1nz).
x

3.8.49: Given: y = 2%, Then

Iny =In(2"") = (Inz) - (Inz) = (Inz)?;

1 dy 2z
y dx oz
dy 2lnz 22" %Inx
— =y(x)- = :

dx T T

3.8.50: Given: y = (1+x)"/®. Then

1
Iny=In(1+2)"% = = In(1+2);
x

1 dy 1 I(l+z) z-In(l+2)—zn(l+z),

y dr  z(1+x) 22 = (15 2) :

dy _ () r—In(l+2z)—xn(l+z) [z —In(1+2)—zn(l+2z)]-(1+z)/*

dz 7 22(1 + z) - 21+ 2) .
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3.8.51: Given: y:(lna:)ﬁ. Then

Iny =1In (1nx)\/§ =2/?In(Inz);

Lody 1 zl/?
! -
y dz 9" n(nx)—’_a:lnx’
dy (2) In (In ) 1

dw I 2x1/2 x/2Ing

dy 2+ (Inz)In(Inx) vz
de 201/2 Inx ()™

3.8.52: Given: y = (3+2%)". Then

Iny =1In(3+2")" = zln (3 +2%);

1 dy x-2%-In2

;'@— 37 9% +1In(34+2%);

d z-2% - (In2)+3n(3+2%)+2*In(3 + 2%
dy oy 22 (0D 3 (42) + 7@+ 2)

)

dx 3+ 27
dy _ oz 2" (In2) +31In (3 +2%) +2%1In (3 + 27) (34 2)
dx 3+2%
3.8.53: Ify = (1+22)%2(1+2%)~%/3, then
3 4
lny = 5 In(1 4 2?%) — 3 In(1 4+ 2°);
1 dy 3z 42* _ 3z — 42% — 2* )
y dr  1+22 1423  (1+22)(1423)
dy 3x — 422 — 2* 3z —4a? — 2t (14 2?)3/?

N e s R (R [ R R

dy (3z — 4a® — 2*)(1 + 22)'/?

v (1 +2°)7/3

3.8.54: If y = (x+1)*, then

Iny =In(z+1)* = zln(x + 1);

1 dy

LC 1 1):

y dz m+1+n(x+ )

W 2 iwm@en | @r1)
dr |z +1 * N ’
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3.8.55: Ify = (22 + 1)””2, then

Iny = In(z? + 1)’”2 =22 In(x? + 1);

1 dy 223
y dr x2+1

+ 2z In(2? + 1);

3

dy 223 9 2z 9 9 2

1 x
3.8.56: Ify= (1 + —> , then
x

1Y 1
lnyzln(l—l——) :xln(l—i——):xln(m—l—l)—xlnx;
x x

1 dy

, x_'_l—f—n(x—f—) nz;

dy x 1Y’
. 1 )—1-Inz| (1+=).
dz [x+1+n(a:+ ) nx} < +a:>

3.8.57: Given: y = (\/E)\/5 Then
1
Iny =In (\/E)\/E =z'/?In <x1/2) = 5:51/2 Inz;

1 dy 1 Inz 2+Inz

y'dx_2x1/2+4x1/27 4/x

dy _ 2+ ma) (V)"

dx 4\/x

3.8.58: If y = 2°"®, then

Iny = (sinz) Inx;

1 dy sinz

y de

+ (cosz) Inx;

dy sinz+x(cosx)lnzx , ..
&y _ ().
dx x

3.8.59: If f(x) = xe?*, then f'(x) = e2* + 2xe?*, so the slope of the graph of y = f(x) at (1, e?) is

f'(1) = 3e%. Hence an equation of the line tangent to the graph at that point is y — e? = 3e?(x — 1); that is,

y = 3e2x — 2¢2.

3.8.60: If f(z) = e2* cosx, then f/'(x) = 2¢2* cosx — €2*sin z, so the slope of the graph of y = f(z) at the

point (0, 1) is f/(0) = 2. So an equation of the line tangent to the graph at that point is y — 1 = 2(z — 0);

that is, y = 2z + 1.
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3.8.61: If f(z) = 2®Inz, then f'(x) = 2% 4+ 32%Inz, so the slope of the graph of y = f(z) at the point
(1,0) is f’(1) = 1. Hence an equation of the line tangent to the graph at that point isy —0=1- (z — 1);
that is, y =z — 1.

3.8.62: If
B Inx

f(z) = T then fl(z) =

Tz —2xInx 1 —2lnx

x4 x3
Hence the slope of the graph of y = f(z) at the point (e, 6_2) is f’(e) = —1/e3. Therefore an equation of
the line tangent to the graph at that point is

1 1 2e —x

—?2—6—3(.23—6); that is, Y=

3.8.63: If f(x) = e2*, then
flx) =22 f"(z) =4e*,  f"(z) =8>, fW(z) =16*, and fO(z) = 32¢2*.
It appears that f(")(z) = 2"e?®.
3.8.64: If f(z) = ze”, then
() = (z4+1)e",  f'(x) = (x+2)e®, f"(x) = (x+3)e®, fD(z) = (z+4)e®, and fO(z) = (z+5)e”.
It appears that f()(z) = (z + n)e®.

3.8.65: If f(z) = e */%sinz, then

6cosx —sinx

1
! _ oz /6 —z/6 —
f(z) Ge sinz + e cos T Goe6

Hence the first local maximum point for > 0 occurs when z = arctan6 and the first local minimum point

occurs when x = 7 + arctan 6. The corresponding y-coordinates are, respectively,

6 and 6

elarctan6)/6,/37 - e(m+arctan6)/6,/37 ’

3.8.66: Given f(z) = e */Ssinz, let g(x) = e=*/6 and h(zx) = —e~/%. We solve the equation f(z) = g(x)
by hand; the z-coordinate of the first point of tangency is w/2. Similarly, the x-coordinate of the second

point of tangency is 37/2. These are not the same as arctan6 and 7 + arctan6.

3.8.67: The figure below shows the intersection of the two graphs in the viewing window 1.118 £ x <
1.119, 3.05 < y < 3.07. We see that, accurate to three decimal places, the indicated solution of e = 19 is

r =1.118.
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1.118 1.1185 1.119
3.07 3.07
> 3. 06 3.06
3.05 3.05
1.118 1.1185 1.119
X

3.8.68: The viewing rectangle with 35.771515 < o < 35.771525 reveals a solution of e* = x'0 near x =

35.75152. Therefore this solution is approximately 3.58 x 10!, Newton’s method applied to f(z) = e* —x

reveals the more accurate approximation 35.7715206396.

3.8.69: We first let

fik) = (1 + %)mk.

Then Mathematica yields the following approximations:

10

11

12

13

14

f(k) (rounded)

2.593742460100
2.704813829422
2.716923932236
2.718145926825
2.718268237174
2.718280469319
2.718281692545
2.718281814868
2.718281827100
2.718281828323
2.718281828445
2.718281828458
2.718281828459
2.718281828459
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15 2.718281828459

16 2.718281828459045099
17 2.719291929459045222
18 2.718281828459045234
19 2.718281828459045235
20 2.718281828459045235
21 2.718281828459045235

3.8.70: If y = u” where all are differentiable functions of z, then Iny = vInwu. With v/(z) denoted simply

by u’, etc., we now have

1 !/
—y =7 Inu+ L
u

ubvu’
Thus ¢y = u’ v Inu+ = vu® "M + u?(Inu)v'.

(a) If u is constant, this implies that ;l—i = u’@) (Inu)v' (z).
. .. . dy v—1 7
(b) If v is constant, this implies that il (u(x))” " u'(z).

3.8.71: Solution:

Iny=Inu+Inv+Inw—-—Inp—Ing—Inr;

l@_l du 1 dv 1 dw 1 dp 1 dq 1 dr

y.dx_u dx+v dm+a de p dr q dx r dx

dy _ (L de 1 dv 1 dw 1 dp 1 dg 1 dr
dx_yudxvdmwdmpdquxrdm'

The solution makes the generalization obvious.

3.8.72: Suppose by way of contradiction that log, 3 is a rational number. Then log, 3 = p/q where p and
g are positive integers (both positive because log, 3 > 0). Thus 2P/1 = 3 so that 2P = 39. But if p and ¢
are positive integers, then 27 is even and 37 is odd, so they cannot be equal. Therefore the assumption that

log, 3 is rational leads to a contradiction, and thus log, 3 is irrational.

3.8.73: (a): If f(z) =log;,z, then the definition of the derivative yields

’ _ 1 1/h
)= lim :

fA+n)—f@) 1 —
" }LILI}) 7 logyo(1+h) = }ILlE% log (1 + h)
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(b): When h = 0.1 the value of log;,(1 + h)*/" is approximately 0.4139. With h = 0.01 we get 0.4321, with
h = 0.001 we get 0.4341, and with h = +0.0001 we get 0.4343.

3.8.74: Because exp(lnx) = x, we see first that

10" = exp(In 10%) = exp(zIn 10) = =™ 19,

Hence

D, 10" = D, (e*™1%) =" 191n 10 = 10" In 10.

Thus, by the chain rule, if u is a differentiable function of x, then

du

D,;10" = (10" 1n10) ——

Finally, if u(z) = logy, z, so that 10" = z, then differentiation of this last identity yields

du du 1 0.4343
— =1 that — =D, = — = .
dx ’ S0t dx %8107 = 1010 x

(10*1n10)

Section 3.9
3.9.1: 20—2y % — 0,0 W _ T a1 VT, s0 W oy O - -
i~ P B xr — - = SO — = —. SO = xre — SO — = = = —.
Vae =0 dr — y 7Y " da P21 /-1
d d d -1
3.9.2: 2% +y =0, so Y _ Y By substituting y = 2! here, we get Y_ T —x~2, which is the
dx dx x dx x

result obtained by explicit differentiation.

dy dy 162
3.9.3: 32 50y— =0; — = ———.
v Vi " dw 25y

@ _ 16x

dr qE5\/400 — 1622’

Substituting y = :l:%\/ 400 — 1622 into the derivative, we get

which is the result obtained by explicit differentiation.

d d 2 d 2
3.9.4: 322+ 3y2—y =0, so Y _ —x—2. y = v/1 — a3, so substitution results in & _ —xiw.
dz dz Y dz (1—a3)

Explicit differentiation yields the same answer.

dy dy Yy
3.9.5: ip-1/2 1, -12727 g 2 __ [Z
27 taY dx dx T

dy 423 + 2zy?

dy dy dy
3.9.6: 423 + 2220 1202 + 43 — 00 (222y + 4 = (423 + 2042): _ sty
o7+ 2wty 2wy Ayt (22°y + y)dx (4x® + 2zy?); T 207y 1 4y

dx d

dy dy a\ P y\1/3
3.9.7: 3oty e g W (T) T (U7
3% T dz

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



dy dy 11—y
3.9.8: 24+ 2x—1)y-= =1 _— =
y 2o )ydx %0 Uz 2y(z — 1)

3.9.9: Given: 2 — 2%y = ay? + ¢
d d d
322 — 222 2zy = y* + Qxy—y + 3y2—y;
dz dz dz

d
322 — 2zy — y? = (2zy + 3y + xz)ﬁ;

dy 3x2 — 2xy — o2

dr 3y + 2wy + 22’

3.9.10: Given: 2° 4 y° = 5a2y%:
dy
de

dy 10xy? — 5a*
dz 5yt — 1022y’

d
5zt + 5y 10:&;% +102y?;

3.9.11: Given: zsiny+ ysinz = 1:

dy . . dy
rcosy—— +siny + ycosx + sinx— = 0;
dx dx
dy  siny+ycosw
dr  xcosy+sinz’
3.9.12: Given: cos(z +y) =sinzx siny:
d d
—sin(z +y)(1 + ﬁ) =sinz cosy % + siny cos z;

dy siny cosx + sin(x + y)

dr ~ sin(z+y) +sinz cosy’

3.9.13: Given: 2z + 3e¥ = e“Y. Differentiation of both sides of this equation (actually, an identity) with

respect to = yields

dy — e"V—2  3e¥42x—2
dr — 3e¥y —erty (3 —e®)ey

d d
2+36yd—y:e“’+y (1+d—y>, and so
x x

3.9.14: Given: xy = e~ *Y. Differentiation of both sides with respect to z yields

dy o dy e Ay o
xderyffe xdery ) and so (I+e );cdxff(lJre )y.

Because 1+ e~*¥ > 0 for all x and y, it follows that

dy y

de
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z

Another way to solve this problem is to observe that the equation e* = z has exactly one real solution

a =~ 0.5671432904. Hence if e~Y = zy, then xy = a, so that y = a/x. Hence

dy  a xy oy
de 22 a2

d d .
3.9.15: 2x+2y% =0: % = —g. At (3, —4) the tangent has slope 2 and thus equation y+4 = 2(z—3).
3.0.16: 2% 4y—0. Y _ ¥ At (4, —2) the tangent has slope L and th ti 2= 1l(z—4
.9.16: xa—l—y— L= (4, —2) the tangent has slope 5 and thus equation y+2 = 3(z —4).
5 dy d 1—-2
3.9.17: 2?2 e +2zxy = 1, so % = x2a?y. At (2, 1) the tangent has slope —% and thus equation
3z 4+ 4y = 10.
. o134 1, -sady o dy 3/4
3.9.18: x + 7y et 0: i —(y/x)*/*. At (16, 16) the tangent has slope —1 and thus
x x
equation z + y = 32.
d d d 2 2
3.9.19: 3%+ 2xy—y + 2zy + 2% o Y —M. At (1, —2) the slope is zero, so an equation
dx dz dz 2zy + 22
of the tangent there is y = —2.
1 1 d d 1)2
3.9.20: — — e A 0, so & _ —w. At (1, 1) the tangent line has slope —1 and
(zx+1)2 (y+1)? dx dx (x +1)?

thus equation y — 1 = —(z — 1).

d d d 25y — 24
3.9.21: 24x + 24y£ = 25y + 25:5%: ﬁ = 243_725;‘ At (3, 4) the tangent line has slope 3 and thus

equation 4z = 3y.

dy dy dy 2z 4y
3.9.22: 2 — +2 =0 = =- .
Tyt xd + yd dr T+ 2y

equation y + 2 = 4(z — 3).

At (3, —2) the tangent line has slope 4 and thus

d 3e%% 4 2e¥
3.9.23: % = B;T_‘_exi%’ so the tangent line at (0, 0) has slope % and equation 4y = 5.

dy 12e2* — ye3Y
3.9.24: dr 1867 ¥ 2ch’ so the tangent line at (3, 2) has Slope 52 and equation 10z + 12 = 21y.
T

dy dy yt/3
L2 2. — )
3.9.25: Jali4 gy =00 G =

y—1=—1(x —8); that is, z + 2y = 10.

At (8, 1) the tangent line has slope — 3 and thus equation

dy y-—2x

d d
3.9.26: 2z — x—y y+2y Y _ =0 == . At (3, —2) the tangent line has slope % and thus equation
dx da: dr 2y -z

y+2 = &(z — 3); that is, Ty = 8z — 38.

d d
3.9.27: 2 (a2 + y2)(2x + 2y%) = 50252 + 50y:

dx

dy 22— 25y + 2ay?

dr — —25x + 222y + 23"
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At (2, 4) the tangent line has slope % and thus equation y — 4 = %(m — 2); that is, 11y = 22 + 40.

dy 322 + 14z
r 2y
y — 6 = —2(x + 3); alternatively, 4y = 9 — 5x.

d
3.9.28: 2yd—y = 322+ 14x: At (-3, 6) the tangent line has slope —% and thus equation
x

dy dy dy 3y —a?
— =92— +9y: —— = .
dx T o dr  y? -3z

(a): At (2, 4) the tangent line has slope 2 and thus equation y — 4 = 2(2 — 2); that is, 5y = 4z + 12.

3.9.29: 322 4 3y

d .
(b): At a point on the curve at which d_y =1, 3y —2?> = —y? — 3z and 2 + y> = 92y. This pair of
x
simultaneous equations has solutions = 0, y = 0 and = = %, Yy = %, but the derivative does not exist at

the point (0, 0). Therefore the tangent line with slope —1 has equation y — % =— (x — %)

3.9.30: First, 222 — 5y + 292 = (y — 22)(2y — 2).

(a): Hence if 222 — 5y + 2y? = 0, then y — 22 = 0 or 2y — x = 0. This is a pair of lines through the
origin; the first has slope 2 and the second has slope %
dy dy Sy—dx

d
(b): Differentiating implicitly, we obtain 4x — 5z—= — 5y + 4y—y =0, which gives — =
dx dx dr 4y — 5z

isQify:Qxand—%ify:—%x.

d 2 —
3.9.31: Here & _ x,
dx y—2
original equation yields y% — 4y —4 = 0, so that y = 24++/8. Thus there are two points at which the tangent

line is horizontal: (2, 2 — \/g) and (2, 2+ \/g)

so horizontal tangents can occur only if z = 2 and y # 2. When = = 2, the

d — 22 d 2
3.9.32: First, & _¥V—7 and & _ ¥ .
dx y2—x dy y — 2

23 + 3 = 3zy of the folium yields z3(2® — 2) = 0, so either x = 0 or x = /2. But dy/dx is not defined at

Horizontal tangents require y = z2, and the equation

(0, 0), so only at (\‘75, \3/1) is there a horizontal tangent. By symmetry or by a similar argument, there is
a vertical tangent at (\3/4_1, \3/5) and nowhere else.

d 1
3.9.33: By direct differentiation, dz/dy = (1+y)e¥. By implicit differentiation, & _ ———— and the
dx (14 y)ey

results are equivalent.
(a): At (0,0), dy/dxz = 1, so an equation of the line tangent to the curve at (0, 0) is y = x.

(b): At (e, 1), dy/dx = 1/(2e), so an equation of the line tangent to the curve at (e, 1) is « + e = 2ey.

3.9.34: (a): By direct differentiation, dx/dy = (1 + y)eY, so there is only one point on the curve where

the tangent line is vertical (dz/dy = 0): (—1/e, —1).
1

d
(b): Because i A S is never zero, the graph has no horizontal tangents.
dx (14 y)ey

d d
3.9.35: From 2(2? + y?) (2:5 + 2y%> =2r — Zy% it follows that

dy  all —2(a® +y?)]
de — y[l+2(2? +y2)]
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So dy/dx = 0 when 22 + y2 = % but is undefined when x = 0, for then y = 0 as well. If 22 + y? = %, then

22—y = i, so that 22 = , and it follows that y? . Consequently there are horizontal tangents at all
four points where |z| = 2v/6 and [y = 1V/2.
Also dz/dy = 0 only when y = 0, and if so, then #* = 22, so that x = 41 (dz/dy is undefined when

2 =0). So there are vertical tangents at the two points (-1, 0) and (1, 0).

3.9.36: Base edge of block: z. Height: y. Volume: V = 2%y. We are given dx/dt = —2 and dy/dt = —3.
Implicit differentiation yields
av 5 dy dx

TS g Ty

When x = 20 and y = 15, dV/dt = (400)(—3) + (600)(—2) = —2400. So the rate of flow at the time given is
2400 in.? /h.

3.9.37: Suppose that the pile has height h = h(t) at time ¢ (seconds) and radius r = r(t) then. We are

given h = 2r and we know that the volume of the pile at time ¢ is

T, 2 v dv dr L dr
=V{t)=Zr?h = Zm. Now — =2-.%2 10 = 2mr2 .
V=V(t) 3r 37rr ow i Frli so 10 2 i
d 1 4
When h = 5, r = 2.5: at that time o= — —0_ — 4 0 95645 (ft/s).

dt  2m(2.5)2 5m

3.9.38: Draw a vertical cross section through the center of the tank. Let r denote the radius of the (circular)
water surface when the depth of water in the tank is y. From the drawing and the Pythagorean theorem
derive the relationship 72 + (10 — y)? = 100. Therefore

dy
dt’

dr dy
2r— —2(10 — y)—
roy —2(10 - y)

dr
i 0, and so T = (10 —y)—

We are to find dr/dt when y = 5, given dy/dt = —3. At that time, r? = 100 — 25, so 7 = 5v/3. Thus

dr 10—y dy 5
i = : =" _(-3)=—-V3.
dt|,_s T dt|,_s 5\/3( )

Answer: The radius of the top surface is decreasing at v/3 ft/s then.

3.9.39: We assume that the oil slick forms a solid right circular cylinder of height (thickness) h and radius

r. Then its volume is V = 7r?h, and we are given V=1 (Constant) and dh/dt = —0.001. Therefore
5 dh dr dr dr 1 1
g B Y il ly 20 — hen r = — A
0=mr dt;— Tg i Conzzquenty hdt 1000 and so 2 2000h Whenr =8, h =5 = 5 M
that time, — = ——— = 22T~ (.80425 (m/h).

dt 2000 125

3.9.40: Let x be the distance from the ostrich to the street light and u the distance from the base of the

light pole to the tip of the ostrich’s shadow. Draw a figure and so label it; by similar triangles you find that
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u u—x

, and it follows that u = 2. We are to find du/dt and Di(u — x) = du/dt — dx/dt. But u = 2z,

du dxr du dx
E—2E—(2)(—4)——8, E—E——8—(—4)——4.

Answers: (a): +8 ft/s; (b): +4 ft/s.

3.9.41: Let x denote the width of the rectangle; then its length is 2z and its area is A = 222. Thus

A
a4 = 4xd—x. When z = 10 and dz/dt = 0.5, we have
dt dt
A
aa = (4)(10)(0.5) = 20 (cm?/s).
dt =10

3.9.42: Let x denote the length of each edge of the triangle. Then the triangle’s area is A(z) = (i\/ﬁ)ﬁ,

dA d d
and therefore o = (%\/g)xd—f Given z = 10 and d—f = 0.5, we find that

dA V3 % (cm2/s).

- =22.10-(0.5) =
o 0-(0.5)

=10 2

3.9.43: Let r denote the radius of the balloon and V' its volume at time ¢ (in seconds). Then

4 . d d
V:§7rr‘3, SO d_‘t/:47rr2d_:;'

We are to find dr/dt when r = 10, and we are given the information that dV/dt = 1007w. Therefore

d
100 = 4n(1022|
dt r=10

and so at the time in question the radius is increasing at the rate of dr/dt = 1 = 0.25 (cm/s).

dv d,
3.9.44: Because pV = 1000, V = 10 when p = 100. Moreover, pE + Vd—ltj = 0. With p =100, V = 10,
and dp/dt = 2, we find that
av __V __ 10,1
dt |,_100 pdt|, i 100 5

Therefore the volume is decreasing at 0.2 in.?/s.

3.9.45: Place the person at the origin and the kite in the first quadrant at (z, 400) at time ¢, where x = x(t)
and we are given dx/dt = 10. Then the length L = L(t) of the string satisfies the equation L? = 2%+ 160000,

dL d
and therefore 2LE = Zxd—f. Moreover, when L = 500, z = 300. So

dL
1000 — = 600 - 10,

dt L=500
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which implies that the string is being let out at 6 ft/s.

3.9.46: Locate the observer at the origin and the balloon in the first quadrant at (300, y), where y = y(t) is
the balloon’s altitude at time ¢. Let 6 be the angle of elevation of the balloon (in radians) from the observer’s
point of view. Then tan = y/300. We are given df/dt = 7/180 rad/s. Hence we are to find dy/dt when
0 =m/4. But y = 300 tané, so

dy

do
A 29y~
+ (300 sec” 6) &

Substitution of the given values of § and df/dt yields the answer

dy m 107
25 =300-2- — = — ~ 10.472 (ft/s).
dt | p_ 450 180 3 (ft/5)

3.9.47: Locate the observer at the origin and the airplane at (z, 3), with > 0. We are given dz/d¢ where
the units are in miles, hours, and miles per hour. The distance z between the observer and the airplane
satisfies the identity 22 = 22 + 9, and because the airplane is traveling at 8 mi/min, we find that x = 4,

and therefore that z = 5, at the time 30 seconds after the airplane has passed over the observer. Also

d d d
2Zd_§ = Zxd—a;, so at the time in question, 10d—§ = 8- 480. Therefore the distance between the airplane and

the observer is increasing at 384 mi/h at the time in question.

d d
3.9.48: In this problem we have V = £7y?(15 — y) and (—100)(0.1337) = v _ m(10y — y2)d—z Therefore

dt
d 13- 37
d_?; = 0=y Answers: (a): Approximately 0.2027 ft/min; (b): The same.

3.9.49: We use a = 10 in the formula given in Problem 42. Then

1
V= gwy2(30 —y).

av d d 13- 37
Hence (—100)(0.1337) = v m(20y — yQ)d—?i Thus d_:g = =) Substitution of y =7 and y = 3
now yields the two answers:

191 1337

(a): ~ —0.047 (ft/min); (b): ~ —0.083 (ft/min).

13007 51007

3.9.50: When the height of the water at the deep end of the pool is 10 ft, the length of the water surface is 50
ft. So by similar triangles, if the height of the water at the deep end is y feet (y = 10), then the length of the

water surface is © = by feet. A cross section of the water perpendicular to the width of the pool thus forms

d d
a right triangle of area 5y?/2. Hence the volume of the pool is V(y) = 50y. Now 133.7 = d_‘t/ = 100yd—ZZ,
so when y = 6 we have
dy 133.7 .
x T 00~ 0.2228 (ft/min).
y=
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3.9.51: Let the positive y-axis represent the wall and the positive xz-axis the ground, with the top of the

ladder at (0,y) and its lower end at (x,0) at time ¢. Given: da/dt = 4, with units in feet, seconds, and feet
d d

: d—lt/ = —xd—f. Finally, when y = 9, we have = = 40, so

at that time 9d—ZZ = —40 - 4. Therefore the top of the ladder is moving downward at 1%0 ~ 17.78 ft/s.

per second. Also 2% + y? = 412, and it follows that y

3.9.52: Let x be the length of the base of the rectangle and y its height. We are given dx/dt = +4 and

dy/dt = —3, with units in centimeters and seconds. The area of the rectangle is A = zy, so

dA dy dx
— =z — = =3z + 4y.
@~ Ta T Va T
Therefore when « = 20 and y = 12, we have dA/dt = —12, so the area of the rectangle is decreasing at the

rate of 12 cm?/s then.

3.9.53: Let r be the radius of the cone, h its height. We are given dh/dt = —3 and dr/dt = +2, with units

in centimeters and seconds. The volume of the cone at time ¢t is V' = %m“Qh, )

v _2 o dr 1 ,dh
a3 a3

av 2 1
When r =4 and h = 6, =3 247 -2 + 3 167 - (—3) = 167, so the volume of the cone is increasing at

the rate of 167 cm? /s then.

dA
3.9.54: Let x be the edge length of the square and A = 22 its area. Given: i 120 when = 10. But
dA/dt = 2x(dx/dt), so dx/dt = 6 when x = 10. Answer: At 6 in./s.

3.9.55: Locate the radar station at the origin and the rocket at (4, y) in the first quadrant at time ¢, with y
in miles and ¢ in hours. The distance z between the station and the rocket satisfies the equation y? 416 = 22,

d d
SO 2yd—ZZ = QZd_j When z = 5, we have y = 3, and because dz/dt = 3600 it follows that dy/dt = 6000 mi/h.

3.9.56: Locate the car at (x, 0), the truck at (0, y) (x,y > 0). Then at 1 P.M. we have z = 90 and y = 80.

We are given that data dx/dt = 30 and dy/dt = 40, with units in miles, hours, and miles per hour. The

distance z between the vehicles satisfies the equation 22 = 22 + 32, so

de_ dv  dy
“at ” Tar TV

Finally, at 1 P.M. 22 = 8100 + 6400 = 14500, so z = 101/145 then. So at 1 P.M.

dz 2700+ 3200 _ 590
dt  10v/145 /145

mi/h—approximately 49 mi/h.
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3.9.57: Put the floor on the nonnegative x-axis and the wall on the nonnegative y-axis. Let x denote the
distance from the wall to the foot of the ladder (measured along the floor) and let y be the distance from
the floor to the top of the ladder (measured along the wall). By the Pythagorean theorem, x? + y? = 100,
and we are given dx/dt = % (because we will use units of feet and seconds rather than miles and hours).

From the Pythagorean relation we find that

d d
225 1oy =

—~Z =0
dt dt ’

sothat@——E dv 22w
dt  y dt 15y

(a): If y =4, then z = v/84 = 2+/21. Hence when the top of the ladder is 4 feet above the ground, it

is moving a a rate of

~ —3.36

dy 44Vl 1121
dt B 60 15

y=4

feet per second, about 2.29 miles per hour downward.

(b): If y = 5 (one inch), then

1 14399
2= - = ~ 0. .
z“ =100 11 TaL so that z ~ 9.99965
In this case,
d 22 -(9.99965 88
= _ 22 (9.99963) _ 88 g 99965) ~ —176
15 = 5
y=1/12 12

feet per second, about 120 miles per hour downward.
(¢): If y =1 mm, then z ~ 10 (ft), and so

dy 22
— ~——-(3048) =~ 44
7 R (3048) 70

feet per second, about 3048 miles per hour.

The results in parts (b) and (c) are not plausible. This shows that the assumption that the top of the

ladder never leaves the wall is invalid

3.9.58: Let z be the distance between the Pinta and the island at time ¢ and y the distance between the
Nifia and the island then. We know that 22 + y? = 22 where z = z(t) is the distance between the two ships,
SO

dz dx dy

2,2 — 9,20 L0 1
T Ty (1)

When z = 30 and y = 40, z = 50. It follows from Eq. (1) that dz/dt = —25 then. Answer: They are

drawing closer at 25 mi/h at the time in question.
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3.9.59: Locate the military jet at (z, 0) with < 0 and the other aircraft at (0, y) with y = 0. With units

in miles, minutes, and miles per minute, we are given dz/dt = +12, dy/dt = +8, and when t = 0, x = —208

and y = 0. The distance z between the aircraft satisfies the equation 2 + 2 = 22, so

1 Jdr dy\ 12048y
dt_,/m2—|-y2 dt ydt _1/x2+y2.

The closest approach will occur when dz/dt = 0: y = —3z/2. Now x(t) = 12t — 208 and y(t) = 8t. So at

closest approach we have

3 3
8t =y(t) = —Ex(t) = —5(1275 — 208).
Hence at closest approach, 16t = 624 — 36t, and thus ¢ = 12. At this time, x = —64, y = 96, and

2 = 32y/13 ~ 115.38 (mi).

3.9.60: Let = be the distance from the anchor to the point on the seabed directly beneath the hawsehole;

let L be the amount of anchor chain out. We must find dx/dt when L = 13 (fathoms), given dL/dt = —10.
dL d d L dL

Now 224144 = L?, s0 20— = 2222 Consequently, & _ 222 At the time in question in the problem,
dt dt dt x dt

2?2 =132 — 122, s0o v = 5. It follows that dz/dt = —26 then. Thus the ship is moving at 26 fathoms per

minute—about 1.77 mi/h.

3.9.61: Let = be the radius of the water surface at time ¢ and y the height of the water remaining at

time ¢. If @ is the amount of water remaining in the tank at time ¢, then (because the water forms a cone)

Q=0Q({) = %way. But by similar triangles, T g, S0 x = i’%y So
Yy
1 9 3
t) = —m—y® = —my’.
Qt) = 3moey” = 5=y
. C dQ 9 ,dy .

We are given d@Q/dt = —2 when y = 3. This implies that when y =3, —2 = T %ﬂ'y e So at the time
in question,

dy 50

= = ——— ~ —0.1965 (ft/s).

dt|,_,  8lx (ft/5)

3.9.62: Given V = %W(SOyQ — %), find dy/dt given V, y, and dy/dt. First,

av. 1 o0 dy N
o = 3760y = 3y") = = m(20y —y7) -
1
So dy : ﬂ Therefore, when y = 5, we have

at m(20y —y?) dt

dy (200)(0.1337) .
Wi U0 0.113488 (Bt /min).
dt|,_, (100 - 25) 0113488 (ft/min)

225

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



3.9.63: Let r be the radius of the water surface at time ¢, h the depth of water in the bucket then. By

similar triangles we find that
r—06

1 h
N T sor =06+

Z.
The volume of water in the bucket then is
1 2
V= gﬂh(36—|—6r—|—r )

1 3 1,
§W(36+36+§h+36+3h+ﬁh>

1 9 1
=-mh(1 Zh4+ —h?).
37r<08+2 +16 >

Now % = —10; we are to find dh/dt when h = 12.
av 1 3 5. dh
dh 3 —10 10
Therefore — =— = ——— = —0.0393 (in./min).

3.122 81w
16

n=12 T 40819, 19 4

3.9.64: Let x denote the distance between the ship and A, y the distance between the ship and B, h the
perpendicular distance from the position of the ship to the line AB, u the distance from A to the foot of
this perpendicular, and v the distance from B to the foot of the perpendicular. At the time in question, we
know that x = 10.4, dx/dt = 19.2, y = 5, and dy/dt = —0.6. From the right triangles involved, we see that
u? 4+ h? = 2% and (12.6 — u)? + h% = y2. Therefore

2 —u? =y? — (12,6 —u)>. (1)

We take z = 10.4 and y = 5 in Eq. (1); it follows that uw = 9.6 and that v = 12.6 — v = 3. From Eq. (1), we

know that
dx du dy du

= —u— =y=2 4+ (12.6 —u)—
ot~ Va ydt+( 0 u)dt’

du_ 1 (dr dy
a 126 \Car Yar )

From the data given, du/dt ~ 16.0857. Also, because h = Va2 —u?, h = 4 when z = 10.4 and y = 9.6.

Moreover, hd— = a:d—x — u%, and therefore
dt dt dt

SO

dh

1
—| = =[(10.4)(19.2) — (9.6)(16.0857)] ~ 11.3143.
dt|,_, 4
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dh/dt
Y dujdt
V/(du/dt)? + (dh/dt)? ~ 19.67 mi/h. It is located 9.6 miles east and 4 miles north or south of A, or 10.4

miles from A at a bearing of either 67°22’ 48" or 112°37'12".

Finall ~ 0.7034, so the ship is sailing a course about 35°7" north or south of east at a speed of

3.9.65: Set up a coordinate system in which the radar station is at the origin, the plane passes over it at
the point (0, 1) (so units on the axes are in miles), and the plane is moving along the graph of the equation
y =x + 1. Let s be the distance from (0, 1) to the plane and let u be the distance from the radar station to
the plane. We are given du/dt = +7 mi/min. We may deduce from the law of cosines that u? = s+ 1+ sV2.
Let v denote the speed of the plane, so that v = ds/dt. Then

2u du

du
QU—=280+U\/§ZU(28+\/§), andso v=—+— - —.
25+ /2 dt

dt

When u = 5, s2 + sv/2 — 24 = 0. The quadratic formula yields the solution s = 3v/2, and it follows that
v = 5v/2 mi/min; alternatively, v ~ 424.26 mi/h.

av v d
3.9.66: V(y) = %7‘(‘(30:(]2 — y3) where the depth is y. Now e —ky = @ d_?z’ and therefore

By ki kT
dt av 7(20y — y2)’
dy

To minimize dy/dt, write F(y) = dy/dt. It turns out (after simplifications) that

k 20y — 3y

PO =5 Gow-mrve

So F'(y) = 0 when y = 0 and when y = %. When y is near 20, F(y) is very large; the same is true for y

near zero. So y = % minimizes dy/dt, and therefore the answer to part (b) is 6 {t 8 in.

3.9.67: Place the pole at the origin in the plane, and let the horizontal strip 0 < y < 30 represent the road.
Suppose that the person is located at (z, 30) with > 0 and is walking to the right, so dz/dt = +5. Then
the distance from the pole to the person will be v/22 + 900. Let z be the length of the person’s shadow. By

d d
similar triangles it follows that 2z = vx2 + 900, so 422 = 22 + 900, and thus 8zd—i = 2xd—f. When x = 40,
we find that z = 25, and therefore that
d
1002 =405 = 200.
dt z=25

Therefore the person’s shadow is lengthening at 2 ft/s at the time in question.

3.9.68: Set up a coordinate system in which the officer is at the origin and the van is moving in the positive

direction along the line y = 200 (so units on the coordinate axes are in feet). When the van is at position
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d d
(x, 200), the distance from the officer to the van is z, where 2% + 200? = 22, so that a:—x = z—z. When the

dt dt
van reaches the call box, 2 = 200, z = 200v/2, and dz/dt = 66. It follows that

d
o — 66v/2,

which translates to about 63.6 mi/h.

Section 3.10

Note: Your answers may differ from ours in the last one or two decimal places because of differences
in hardware or in the way the problem was solved. We used Mathematica and carried 40 decimal digits
throughout all calculations, and our answers are correct or correctly rounded to the number of digits shown
here. In most of the first 20 problems the initial guess xy was obtained by linear interpolation. Finally, the

equals mark is used in this section to mean “equal or approximately equal.”

3.10.1: With f(z) =22 -5,a=2,b=3, and

(b—a)f(a)
2o =a— 2 99
’ f(b) = f(a)
we used the iterative formula
f(@n) for n =0.

Tntl = Tpn — f’(.l? )
n

Thus we obtained x1 = 2.236363636, x5 = 2.236067997, and x3 = x4 = 2.236067977. Answer: 2.2361.

3.10.2: wp = 1.142857143; we use f(z) = 2® — 2. Then x; = 1.272321429, x5 = 1.260041515, 23 =
1.259921061, and z4 = z5 = 1.259921050. Answer: 1.2599.

3.10.3: 1o = 2.322274882; we use f(x) = x° — 100. Then z; = 2.545482651, x5 = 2.512761634, x3 =
2.511887041, and x4 = =5 = 2.511886432. Answer: 2.5119.

3.10.4: Let f(z) = 2%/? — 10. Then 2y = 4.628863603. From the iterative formula

z3/2 —- 10
- %xl/Q

N
we obtain x1 = 4.641597575, xo = 4.641588834 = x3. Answer: 4.6416.
3.10.5: 0.25, 0.3035714286, 0.3027758133, 0.3027756377. Answer: 0.3028.

3.10.6: 0.2, 0.2466019417, 0.2462661921, 0.2462661722. Answer: 0.2463.
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3.10.7: xg = —0.5, 1 = —0.8108695652, xo = —0.7449619516, x3 = —0.7402438226,
xy = —0.7402217826 = x5. Answer: 0.7402.

3.10.8: Let f(x) = a® + 222 + 22 — 10. With initial guess x9 = 1.5 (the midpoint of the interval),
we obtain z; = 1.323943661972, x5 = 1.309010783652, z3 = 1.308907324710, x4 = 1.308907319765, and
x5 = 1.308907319765. Answer: 1.3089.

3.10.9: With f(z) = « — cosz, f'(z) = 1+ sinz, and calculator set in radian mode, we obtain zp =

0.5854549279, x; = 0.7451929664, zo = 0.7390933178, z3 = 0.7390851332, and =4 = x3. Answer: 0.7391.

3.10.10: Let f(z) = 22 —sinz. Then f’(z) = 2z — cosz. The linear interpolation formula yields o =

0.7956861008, and the iterative formula

z? —sinx

x — T

2r —cosx

(with calculator in radian mode) yields the following results: x; = 0.8867915207, zo = 0.8768492470,
r3 = 0.8767262342, and =4 = 0.8767262154 = x5. Answer: 0.8767.

3.10.11: With f(z) = 4z — sinz — 4 and calculator in radian mode, we get the following results: zy =

1.213996400, x; = 1.236193029, xo = 1.236129989 = x3. Answer: 1.2361.
3.10.12: xg = 0.8809986055, x1 = 0.8712142932, x3 = 0.8712215145, and x4 = x3. Answer: 0.8712.

3.10.13: With zg = 2.188405797 and the iterative formula

2z + 1) — 100
S 2 N
x3(bx + 4)

we obtain z; = 2.360000254, =5 = 2.339638357, z3 = 2.339301099, and x4 = 2.339301008 = x5. Answer:
2.3393.

3.10.14: xp = 0.7142857143, x1 = 0.8890827860, x2 = 0.8607185590, z3 = 0.8596255544, and x4 =
0.8596240119 = z5. Answer: 0.8596.

3.10.15: The nearest discontinuities of f(x) = z — tanx are at 7/2 and at 37/2, approximately 1.571 and
4.712. Therefore the function f(x) = xz — tanz has the intermediate value property on the interval [2, 3].
Results: x9 = 2.060818495, x1 = 2.027969226, x5 = 2.028752991, and z3 = 2.028757838 = x4. Answer:
2.0288.

3.10.16: As %w ~ 10.9956 and %pi ~ 14.1372 are the nearest discontinuities of f(z) = z—tan z, this function
has the intermediate value property on the interval [11,12]. Because f(11) ~ —214.95 and f(12) ~ 11.364,
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the equation f(x) = 0 has a solution in [11,12]. We obtain zy = 11.94978618 by interpolation, and the

iteration
xr + tanx
p— T
1+sec?x

of Newton’s method yields the successive approximations

T1 = 7.457596948, zo = 6.180210620, z3 = 3.157913273, x4 = 1.571006986;

after many more iterations we arrive at the answer 2.028757838 of Problem 15. The difficulty is caused by the
fact that f(z) is generally a very large number, so the iteration of Newton’s method tends to alter the value of
x excessively. A little experimentation yields the fact that f(11.08) ~ —0.736577 and f(11.09) =~ 0.531158.
We begin anew on the better interval [11.08,11.09] and obtain zo = 11.08581018, x; = 11.08553759,
ro = 11.08553841, and x3 = x5. Answer: 11.0855.

3.10.17: z—e®=0; [0,1]: zo=0.5, 21 ~ 0.5663, 25 ~ 0.5671, 23 ~ 0.5671.

3.10.18: xp = 2.058823529, x; = 2.095291459, xo = 2.094551790, z3 = 2.094551482 = x4. Answer:
2.0946.

3.10.19: e+ 2 —2=0; [0,1]: o =0.5, z1 =~ 0.4439, zo ~ 0.4429, z3 ~ 0.4429.

3.10.20: e ® —Ilnz=0; [1,2]: xo=1.5, x1 ~ 1.2951, zo ~ 1.3097, x5 ~ 1.3098 ~ x4.
3.10.21: Let f(x) = 2® — a. Then the iteration of Newton’s method in Eq. (6) takes the form
flan) (zn)® —a _ 2(zn)*+a 1 (2xn+( a >

Tnl = Tn = Tn - -
2
J)n)

f'(an) 3(wn)? 3(za)? 3

Because 1 < /2 < 2, we begin with 2y = 1.5 and apply this formula with a = 2 to obtain z; = 1.296296296,
To = 1.260932225, 3 = 1.259921861, and x4 = 1.259921050 = x5. Answer: 1.25992.
3.10.22: The formula in Eq. (6) of the text, with f(z) = 2* — a, takes the form

_ f(xn) o (xn)k —a (k — 1)($n)k +a . 1 a
Tn+l = Tn — f/(xn) = Tn — k(xn)k* - k‘(i[,’n)k71 - E (k — 1)$n + 7(1.”)]671

We take a = 100, £ = 10, and zg = 1.5 and obtain 27 = 1.610122949, x5 = 1.586599871, z3 = 1.584901430,
x4 = 1.584893193, and x5 = 1.584893192 = x4. Answer: 1.58489.

3.10.23: We get g = 0.5, 27 = 0.4387912809, xo = 0.4526329217, x3 = 0.4496493762, ..., x4 =
0.4501836113 = x15. The method of repeated substitution tends to converge much more slowly than Newton’s

method, has the advantage of not requiring that you compute a derivative or even that the functions involved
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are differentiable, and has the disadvantage of more frequent failure than Newton’s method when both are

applicable (see Problems 24 and 25).

3.10.24: Our results using the first formula: zg = 1.5, 7 = 1.257433430, x5 = 1.225755182, z3 =
1.221432153, ..., x19 = 1.220745085 = x1;. When we use the second formula, we obtain z; = 4.0625,
To = 271.3789215, x3 = 5423829645, and x4 has 39 digits to the left of the decimal point. It frequently

requires some ingenuity to find a suitable way to put the equation f(x) = 0 into the form z = G(x).

3.10.25: Beginning with z¢o = 0.5, the first formula yields =g = 0.5, =1 = =1, a9 = 2, z3 = 2.75,
rq = 2.867768595, ..., x10 = 2.879385242 = x13. Wrong root! At least the method converged. If your
calculator or computer balks at computing the cube root of a negative number, then you can rewrite the

second formula in Problem 25 in the form

o = Sgn(3z% —1) - |3z% — 1|/3.

The results, again with ¢y = 0.5, are ;1 = —0.629960525, xo = 0.575444686, x3 = —0.187485243,
xq4 = —0.963535808, ..., x5 = 2.877296053, x96 = 2.877933902, ..., and xzg2 = 2.879385240 = x¢3.
Not only is convergence extremely slow, the method of repeated substitution again leads to the wrong root.

Finally, the given equation can also be written in the form

and in this case, again with x¢o = 0.5, we obtain z; = 0.632455532, x2 = 0.649906570, x3 = 0.652315106,
x4 = 0.652649632, ..., and x12 = 0.652703645 = x13.

1
3.10.26: If f(x) = — — a, then Newton’s method uses the iteration
x

Z_a 1
z— L —x+x2<——a):2x—ax2—>x.
1 x
22

3.10.27: Let f(x) = 2° + o — 1. Then f(x) is a polynomial, thus is continuous everywhere, and thus has
the intermediate value property on every interval. Also f(0) = —1 and f(1) = 1, so f(z) must assume the
intermediate value 0 somewhere in the interval [0, 1]. Thus the equation f(x) = 0 has at least one solution.
Next, f/(x) = 5x%+1 is positive for all z, so f is an increasing function. Because f is continuous, its graph can
therefore cross the z-axis at most once, and so the equation f(x) = 0 has at most one solution. Thus it has
exactly one solution. Incidentally, Newton’s method yields the approximate solution 0.75487766624669276.
To four places, 0.7549.
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3.10.28: Let f(x) = 2? — cosw. The graph of f on [—1, 1] shows that there are two solutions, one near
—0.8 and the other near 0.8. With xg = 0.8, Newton’s method yields x; = 0.824470434, z» = 0.824132377,
and x3 = 0.824132312 = x4. Because f(—x) = f(z), the other solution is —0.824132312. Answer: +0.8241.

3.10.29: Let f(x) = x — 2sinz. The graph of f on [—2, 2] shows that there are exactly three solutions,
the largest of which is approximately zp = 1.9. With Newton’s method we obtain z; = 1.895505940, and
x2 = 1.895494267 = x3. Because f(—x) = —f(z), the other two solutions are 0 and —1.895494267. Answer:
+1.8955 and 0.

3.10.30: Let f(x) =« + 5cosz. The graph of f on the interval [—5, 5] shows that there are exactly three
solutions, approximately —1.3, 2.0, and 3.9. Newton’s method then yields

n First x,, Second z, Third z,,

1 —1.306444739  1.977235450 3.839096917
2 —1.306440008  1.977383023 3.837468316
3 —1.306440008  1.977383029 3.837467106
4 —1.306440008  1.977383029 3.837467106

Answers: —1.3064, 1.9774, and 3.8375.

3.10.31: Let f(z) = 27 — 32® + 1. Then f(x) is a polynomial, so f is continuous on every interval of
real numbers, including the intervals [—2, —1], [0, 1], and [1, 2]. Also f(—2) = —103 < 0 < 3 = f(—1),
f0O)=1>0>—-1= f(1), and f(1) = —1 < 0 < 105 = f(2). Therefore the equation f(x) = 0 has one
solution in (—2, —1), another in (0, 1), and a third in (1, 2). (It has no other real solutions.) The graph of

f shows that the first solution is near —1.4, the second is near 0.7, and the third is near 1.2. Then Newton’s

method yields

5

First z,,

—1.362661201
—1.357920265
—1.357849569
—1.357849553

—1.357849553

Second z,

0.714876604
0.714714327
0.714714308
0.714714308

0.714714308

Third z,,

1.275651936
1.258289744
1.256999591
1.256992779

1.256992779

Answers: —1.3578, 0.7147, and 1.2570.

3.10.32: Let f(x) = 23 — 5. Use the iteration

=5
32

— T.
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With zy = 2, we obtain the sequence of approximations 1.75, 1.710884354, 1.709976429, 1.709975947,
and 1.709975947. Answer: 1.7100.

3.10.33: There is only one solution of 2 = cosz for the following reasons: x> < —1 < cosz if z < —1,
23 < 0 < cosw if —1 < 2 < 0, 2% is increasing on [0, 1] whereas cosz is decreasing there (and their graphs
cross in this interval as a consequence of the intermediate value property of continuous functions), and
23 > 1 2 cosx for & > 1. The graph of f(z) = 23 — cosx crosses the x-axis near zo = 0.9, and Newton’s
method yields z; = 0.866579799, x5 = 0.865475218, and x3 = 0.865474033 = x4. Answer: Approximately
0.8654740331016145.

3.10.34: The graphs of ¥y = = and y = tanx show that the smallest positive solution of the equation
f(z) = z—tanx = 0 is between 7 and 37/2. With initial guess x = 4.5 we obtain 4.493613903, 4.493409655,
4.493409458, and 4.493409458. Answer: Approximately 4.493409457909064.

3.10.35: With xg = 3.5, we obtain the sequence z; = 3.451450588, x5 = 3.452461938, and finally
xg = 3.452462314 = 4. Answer: Approximately 3.452462314057969.

3.10.36: To find a zero of f(f) =6 — 1sin6 — iIx, we use the iteration

_ 1 _ 17
_0 58inf — 5w

1
1-— 5(:059

0

— 0.

The results, with 6y = 1.5 (86°56’37"), are: 6; = 1.569342 (89°55'00”), 6, = 1.568140 (89°50’52"),
03 = 1.568140.

3.10.37: If the plane cuts the sphere at distance x from its center, then the smaller spherical segment has

height h = a — x =1 — = and the larger has height h = a + x = 1 + . So the smaller has volume
L9 1 2
i = gﬂ'h (3a—h) = §7T(1 —z)°(2+ 2)
and the larger has volume
L o 1 2
Vo = §7Th (3a—h) = gﬂ'(l +x)°(2—x) =2V.
These equations leads to

(1+2)2(2 —2) = 21 — 2)2(2 + 2);

(2% + 2z +1)(z — 2) +2(z? — 2z + 1)(z + 2) = 0;
22 =3 —2422%—6x+4=0;

32° — 9z +2=0.
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The last of these equations has three solutions, one near —1.83 (out of range), one near 1.61 (also out
of range), and one near xg = 0.2. Newton’s method yields z; = 0.225925926, x2 = 0.226073709, and
r3 = 0.226073714 = x4. Answer: 0.2261.

3.10.38: This table shows that the equation f(x) = 0 has solutions in each of the intervals (=3, —2), (0, 1),
and (1, 2).

The next table shows the results of the iteration of Newton’s method:

n Tp T Ln

0 1.5 0.5 —2.5

1 2.090909091 0.2307692308 —2.186440678
2 1.895903734 0.2540002371 —2.118117688
3 1.861832371 0.2541016863 —2.114914461
4 1.860806773 0.2541016884 —2.114907542
5 1.860805853 0.2541016884 —2.114907541
6 1.860805853 —2.114907541

Answer: —2.1149, 0.2541, and 1.8608.

3.10.39: We iterate using the formula

xr + tanx
gz
1+sec?x

Here is a sequence of simple Mathematica commands to find approximations to the four least positive solu-

tions of the given equation, together with the results. (The command list=g][list] was executed repeatedly,
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but deleted from the output to save space.)

list={2.0, 5.0, 8.0, 11.0}

ffx_J:=x+Tan[x]

glx J:=N[x—{[x]/f'[x], 10]

list=g[list]

2.027314579, 4.879393859, 7.975116372, 11.00421012
2.028754298, 4.907699753, 7.978566616, 11.01202429
2.028757838, 4.913038110, 7.978665635, 11.02548807
2.028757838, 4.913180344, 7.978665712, 11.04550306
2.028757838, 4.913180439, 7.978665712, 11.06778114
2.028757838, 4.913180439, 7.978665712, 11.08205766
2.028757838, 4.913180439, 7.978665712, 11.08540507
2.028757838, 4.913180439, 7.978665712, 11.08553821

2.028757838, 4.913180439, 7.978665712, 11.08553841

Answer: 2.029 and 4.913.

3.10.40: Plot the graph of f(x) = 42® — 4222 — 192 — 28 on [—3, 12] to see that the equation f(x) =0
has exactly one real solution neear x = 11. The initial guess o = 0 yields the solution x = 10.9902 after
20 iterations. The initial guess zo = 10 yields the solution after three iterations. The initial guess xg = 100

yields the solution after ten iterations.

3.10.41: Similar triangles show that

so that
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Next, w? + y? = 400 and w? + z? = 225, so that:

400 — % = 225 — 2%

175 + 22 = y?;

1\2

1754+ 25(1 + 1) = 25(1 + ¥> ;

175t2 + 25t2(1 + t)? = 25(1 + t)%;

T4t 23 2 =2 2t 4 1

23 + T2 -2t —1=0.
The graph of f(t) = t* 423+ 7t — 2t — 1 shows a solution of f(t) = 0 near 2o = 0.5. Newton’s method yields
r1 = 0.491071429, x5 = 0.490936940, and x3 = 0.490936909 = x4. It now follows that x = 7.454684547,

that y = 15.184608052, that w = 13.016438772, that u = 4.286063469, and that v = 8.730375303. Answers:
t = 0.4909 and w = 13.0164.

3.10.42: We let f(x) = 3sinaz — Inz. The graph of f on the interval [1, 22] does not make it clear whether
there are no solutions of f(z) = 0 between 20 and 22, or one solution, or two. But the graph on [20, 21]
makes it quite clear that there is no solution there: The maximum value of f(x) there is approximately
—0.005 and occurs close to x = 20.4. The iteration of Newton’s method,

f/(xn)’

Tn41 = Tp —

beginning with the initial values g =7, zo =9, xy = 13.5, and z¢ = 14.5, yielded the following (rounded)

results:

LTn

6.9881777136

6.9882410659

6.9882410677

6.9882410677

6.9882410677

Tn

8.6622012723

8.6242919485

8.6236121268

8.6236119024

8.6236119024
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Tn

13.6118476398

13.6226435579

13.6227513693

13.6227513801

13.6227513801

Tn

14.6151381365

14.6025252483

14.6023754151

14.6023753939

14.6023753939

The last line in the table gives the other four solutions to ten-place accuracy.
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3.10.43: Let f(6) = (100 + @) cosf — 100. The iterative formula of Newton’s method is

£(6)
7(6,) @

Oiy1 = 0; —

where, of course, f/(0) = cosf — (100 + 0) sin §. Beginning with 6y = 1, iteration of the formula in (1) yields

0.4620438212, 0.2325523723, 0.1211226155, 0.0659741863,
0.0388772442, 0.0261688780, 0.0211747166, 0.0200587600,

0.0199968594, 0.0199966678, 0.0199966678, 0.0199966678.

We take the last value of 6; to be sufficiently accurate. The corresponding radius of the asteriod is thus

approximately 1000/612 =~ 50008.3319 ft, about 9.47 mi.

3.10.44: The length of the circular arc is 2R = 5281; the length of its chord is 2R sin = 5280 (units are

radians and feet). Division of the second of these equations by the first yields

sin 6 5280

0 5281

To solve for § by means of Newton’s method, we let f(0) = 5281sinf — 528060. The iterative formula of

Newton’s method is
5281 sinf — 528060

Oitr = 0 = T cosd — 5280

(1)

Beginning with the [poor] initial guess 6y = 1, iteration of the formula in (1) yields these results:

0.655415, 0.434163, 0.289117, 0.193357, 0.130147,
0.0887267, 0.0621344, 0.0459270, 0.0373185, 0.0341721,

0.0337171, 0.0337078, 0.0337078, 0.0337078, 0.0337078.

Hence the radius of the circular arc is
5281
R =~

~ 78335.1,

and its height at its center is

x = R(1—cosf) ~ 44.4985.

That is, the maximum height is about 44.5 feet! Surprising to almost everyone.
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Chapter 3 Miscellaneous Problems

d - 6
3.M.1: If y = y(z) = 22 + 3272, then Y o s =22 — —.
dx a3

3.M.2: Given y? = 22, implicit differentiation with respect to = yields

2y ;l_z = 2z, so that Z—i = g
3.M.3: Ify=y(x)=+r+ SLJ: =22 4 271/3 then
dy 1 e 1oap 1 :3x5/6—2
dr 2 3 2z1/2 324/3 624/3
3.M.4: Given y = y(x) = (22 + 42)°/2, the chain rule yields Z—Z = g(xQ + 42)3/2 (22 + 4).

3.M.5: Given y = y(z) = (z — 1)"(3z + 2)?, the product rule and the chain rule yield

d
% =T7(x—1)5Bx +2)° 4+ 27(x — 1)"(3x 4+ 2)% = (z — 1)°(3z + 2)%(48z — 13).
) xt + 2?2 . .
3.M.6: Given y =y(z) = PR the quotient rule yields

dy (2®+x+1)42®+22) — (2 +2?) (22 +1) 225 + 32" +42° + 22 + 22
de (22 +2+1)2 N (22 +2+1)2

4
3M.7: Ify=y(z) = <3x — —> = (Sx — %x*2)4, then

_2\3 _ 1Y 1

3.M.8: Given y = y(z) = ' sin 10z, the product rule and the chain rule yield

d
d—y = 102° sin 10z + 102'° cos 102 = 102°(sin 10z + = cos 10z).
T

3.M.9: Given xy = 9, implicit differentiation with respect to x yields

dy dy Y
— =0 that = =-_2Z
x I +vy , so tha . .
9 d 9
Alternatively, y = y(z) = = so that d_?; = -
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dy 1 ; 3 3v5
3.M.10: y = = (526)"1/2. ZL — _Z(5,6)-3/2 5 _ _ .
y =y(z) = (52°) . 2(5x )73/%(302°) = =
1
3.M.11: Giveny =y(x) = ————= = (3;3 _ x)_3/2,
@ oy
dy 3.3 —5/2(q,.2 3(32% — 1)
g - __ _ — 1) =— )
dx 2(x z) (32 ) 2(x3 — x)5/2

3.M.12: Given y = y(z) = (22 + 1)V/3(3z — 2)1/5,

dy 2 3
d—y 320+ )7 Ee =)0 4 230 - 2) P2+ 1)
X

103z —2) + 92z +1) A8z — 11

T 152z + 1233z — 2)45  15(2z + 1)2/3(3z — 2)4/5

dy dy du —2u -2z 1 x4+ 222 +2
3.M.13: —=—>.— = : . Now 14u?=1 =
Qe du dr (Q+@@)P (ga2p VIt =t ee T oy
So dy  —2u =2 (1+22)*  —2(1+a?)3
du  (1+u2)2 1422 (2*4222+2)2 (244222 +2)2°
_ 23 _ 2
Therefore dy = 21 +27) : 2w do(l+27)

dr  (z*+222+2)2 (1+22)2 (2% +222+2)2

d d 3a?
3.M.14: 322 = 2% siny cosy, so L =
dx dxr  2siny cosy

3.M.15: Given y = y(z) = (/2 + 21/3331/3)7/3,

dy T/ 12, o1 48 (1 2/ _
ay _ 1 91/3 1/3) (L 12 2/3)
i G PR T

3.M.16: Given y = y(z) = V325 — 422 = (32° — 422)1/2,

dy 1, & 2\—1/2 4 152% — 8x
— = —(3z° — 4z (152" — 82) = ———.
dx 2( ) ( ) 2v/3x% — 422
1
3.M.17: Ify= vt . and u = (z+1)/2, then
dy dy du _ (u—1)—(u+1) l(a:—i-l)_l/Q—— 2 1 _ 1
dr  du dzx (u—1)2 2 (u—1)2 2z +1 (m_1)2m'

3.M.18: Given y = y(z) = sin(2 cos 3z),

;l_z = [cos(2cos3x)] - (—6sin3z) = —6(sin 3x) cos(2 cos3z).
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3.M.19: Given 22y = x + y, we differentiate (both sides) implicitly with respect to x and obtain

dy dy

2zy% + 2%y == =1+ —;

Ty TY 4 +dm’
dy dy

2%y = — = =1 —2zy%

TV dx Y
dy_1—2xy2.
de 222y —1’

dy vy .23—21‘2?;2.
z 2x%y? — vy’

dy 'y z—2x+y)
z 2z+y) -y

dy g'—x—Qy:_(x-i—Qy)y
xr 2x+y x+y)x

Of course you may stop with the third line, but to find horizontal and vertical lines tangent to the graph of

22y? = x + y, the last line is probably the most convenient.

3.M.20: Given y = y(z) = (1 + sinx1/2)1/2,

dy 1 ( 12\ M2 12 L 1 cos \/x
— =—(1+sinx ) (cosx/)-—a: 12 = .
de 2 2 4y/x \/1+ siny/x

1/2
3.M.21: Giveny =y(z) = \/x—l— 2¢ ++/3r = (x—l— [2z + (3$)1/2]1/2) ,

Z_Z - %<x+ |22+ (3x)1/2}1/2>1/2 : <1 +% |20+ (3x)1/2}_1/2. [2+ g(gx)lﬂ] ) .

The symbolic algebra program Mathematica writes this answer without exponents as follows:

2+ v3
R
dy 2v/2z + V/3z

dr 2/ x+ 2z +V3x

dy (2% +cosz)(1 +cosz) — (z +sinz)(2r —sinz) 1 —22 —rsinx + cosx + 22 cosx
3.M.22: = = = .
dx (22 + cosx)? (22 + cosx)?

3.M.23: Given z!/3 4+ y'/3 = 4, differentiate both sides with respect to x:

Loes Loepndy dy _ (E)w,

3 3 dx ’ dz x
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3.M.24: Given 2 + 3% = zy, differentiate both sides with respect to z to obtain

dy dy dy y—3z2?
2 2

L=t that — —= = .
SuT 43y dr  ds t s tha dr  3y2—=x

3.M.25: Given y = (1 + 2u)? where u = (1+ )73

By Ay g ()14 a)t =

18(1 + 2u)? 18(1+2(1+x)73)2
der  du dx

(1+z)* (1+z)*

B+ +2004+2)7%)*  18((L+ )P +2) s, (2% + 32% + 3z + 3)?

(14 )10 (14 )10 (z+1)10

dy _

3.M.26: T = (-2 cos(sin? z) sin(sin? z) ) - (2sinz cosz).
x

sin? 1/2
3.M.27: Given y=y(z) = (T)
CcosS T

dy 1 ( sin? >_1/2 (1 + cosz)(2sinz cosz) + sin® x
=\ Tree .

dx 1+ cosz (14 cosx)?

1/2 . . .
(1+cosx)/ 2sinz cosz + 2sinz cos? x + sin®

sin? 2(1 + cos x)?

dy  3(1++@)

. 4 3/ 2 -2/3 3
3.M.28: — = NG (1-2¢z) +4(1-2¢x)° (-22723) 1+ V)"
cos 2x
3.M.29: Given: y=y(r) = ——— = (cos2z)(sin 3z _1/2,
y=y() Jonss ( )(sin 3z)
dy . : —1/2 L. —3/2
e (—2sin 2z)(sin 3z) + (cos2z) —§(sm 3x) (3 cos3z)
_ 2sin2x  3cos2x cos3x _ 4sin2x sin3x 4 3 cos 2z cos 3w
- Vsin3z 2(sin3z)3/2 2(sin 3z)3/2
dy dy dy dy 322 —2xy +y°?
3.M.30: 322 — 222 -2 242y~ — 322 =0 L =—"—_—"° °
R Tyt Wiz~ i dr  3y? — 2xy + a2
3.M.31: i (%) -cosx +e” - (—sinz) = e”(cosx — sinx).
x
. dy 2z :
3.M.32: I € (3cos3x — 2sin 3x).
d x
3.M.33: L = — 3¢ s
dx (2 4 3e7)5/2 [1 4 (2 + 3ev)—3/2]
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dy

3.M.34: T = 5(e” +e M) (e® —e ).
sanss: W o_ o8’ (L ma]'?) sin ([ +na]' /%)
dz z[1 + Inx]?/3

3.M.36: If f(z) = cos(l —e™ %), then f'(z) = —e ®sin(l — e~ 7).
3.M.37: If f(x) = sin®(e™ %) = [sin(e"”)]z, then f/(z) = —2e *sin(e™") cos(e™*).

3.M.38: If f(z) = In(x + e~ ), then f'(z) = L 16: .
r+e ®

3.M.39: If f(x) = e cos 2z, then f'(x) = €” cos 2z — 2e” sin 2z.
3.M.40: If f(x) = e~ **sin 3z, then f/'(z) = 3e~2% cos 3z — 22 sin 3z.

3.M.41: If g(t) = In(te’’) = (Int) + 2Ine = (Int) + ¢2, then

1 1+ 217
t)=-+2t= .
gt) =+ "
1
3.M.42: If g(t) = 3(e! — Int)®, then ¢/(t) = 15(e* — Int)* <et - E)

3.M.43: If g(t) = sin(e’) cos(e™*), then

g'(t) = e’ cos(e?) cos(e™") + e Lsin(e’) sin(e?).

2
3.M.44: If f(z) = —&—T?)x’ then
e T
, 3et® —4(2 +3z)e*® 3 -8-122 122 +5
fi(z) = (er)2 = e TR
1+ et (1 —eb)el + (1 +et)et 2¢!
3.M.45: If g(t) = ——, then ¢'(¢) = = .
9(t) = T then ¢'(1) e e
3.M.46: Given xze¥ =y, we apply D, to both sides and find that
dy _dy dy
y y 49 _ %Y. 1— ze¥) &Y — o,
e¥ + xe T = dp ( xe)dm eY;
% . ey ) @ . ey
de 1 —xey’ de  1—vy’

In the last step we used the fact that xe¥ = y to simplify the denominator.
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3.M.47: Given sin (e*¥) = z, we apply D, to both sides and find that

[cos (e™¥)] - ™Y - (y +x %) =1 xe™ [cos (V)] - ;l_z =1—ye™cos(e™);

dy 1 —ye™ cos(e™)
dr  xe®¥cos(ey)

3.M.48: Given e* + e¥ = e®, we apply D, to both sides and find that

d d
e’”—i—eyﬁ:ew <y—|—xd—‘z>; (e¥ — ze™) — = ye™ — €7
dy _ye —e”
de ~ e¥ — xer’

3.M.49: Given x = ye¥, we apply D, to both sides and obtain

y% ﬁ_ 1 _ Y Y

dx’ de eV +yev ye¥+y2ey x4y

d
1:63}%4-@/6

We used the fact that ye¥ = = in the simplification in the last step.

Here is an alternative approach to finding dy/dz. Beginning with x = ye¥, we differentiate with respect to

y and find that
d d 1
ar =e¥ +yeY, so that A —
dy dr  eY+ yeY

3.M.50: Given e*7Y = zy, we apply D, to both sides and find that

- dy dy _n Ay _
ey (1% _ 4. e—y\ Y _ ey _ .
¢ < dx> Y (r+e )dx ¢ v
dy _ ey, dy _ay—y _(z—1y
de  er=v+a’ dr  zy+z (y+ 1Dz’

We used the fact that e*~Y = zy to make the simplification in the last step.

3.M.51: Given zlny = = 4y, we apply D, to both sides and find that

r dy dy
| - = =14 -
ny—i—y dx +dx’
(E — 1>@ =1—-Iny;

Y dx
—y d
z y-—yzl—lny;
Y dx
dy _ y(l—Iny)
dx r—y
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3.M.52: Given: y = \/(x2 —4)v2zx+ 1. Thus

/2 1 1 1
Iny = In [(xQ —4)(22 + 1)1/2} =S {(mQ —4)(22 + 1)1/2} = [111(:52 —4)+ 5 In(20 + 1)
Therefore
tdy = 1 5x% 4 2z — 4
y dr  22—4 22zx+1) 2(22-4)(2z+1)
and so
dy 5?4204 (2420 —4)\/@? - VI T T
ATy Yy 2(z2 — 4)(2z + 1)

3.M.53: Given: y = (3 — 22)'/2(z* +1)~'/%. Thus
1 oy 1 4
1ny:§ln(3—a:)—zln(x +1),

and therefore
1 dy x x3 z(32% + 1)

y dz 3 — a2 a:4+1:(x2—3)(x4+1)'

Thus
dy z(32+1) z(3z2+1)(3 —22)/2 - z(32% + 1)

dr y(z) - (22 —3)(z* +1) o (B—a?)(zt + 1) (@ + DV/A (3 —a2)/2(xt + 1)5/4

(z+1)(z +2) ]1/3 Then
|

3.M.54: Given: Yy = [m

[In(z + 1) +In(z + 2) — In(2? + 1) — In(2* + 2)] ;

1 dy 1 1 n 1 2x 2z .
y de 3\z+1 z+2 224+1 2242)°

Iny =

W =

6 — 8z — 922 — 8x% — 9a* — 225
3z +1)(z+2)(x2 + 1) (22 +2)’

I =y(z)-

1/3

)

dy  6—8x—92% — 8 — 92t — 22 (x4+1)(z+2)
dr ~ 3+ 1)(z+2)(x2+1)(22 +2) [(:ﬁ + 1) (22 +2)}

dy 6 — 8z — 922 — 823 — 9z — 22°

dr 3(x + 1)2/3(x + 2)2/3(22 + 1)4/3 (22 + 2)4/3°

3.M.55: If y = (z+1)"%(x 4 2)"/3(x + 3)"/%, then

1 1 1
Iy =3 M(@+1)+ 7@ +2)+ 7 In(z +3);

Ldy 1 1 1

y dz  2(x+1) 3(x+2) 4(z+3)

@_ () 1322 + 55z + 54 _ 1322 4 55z + 54

dz Y REr D@ +2)@+3) 12+ 1)/2(z + 2)23(x + 3)3/4°
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3.M.56: If y = 2(¢"), then

1 d *
Iny = e” Inx; —'—y:e——i—e’clnx;
y dzx T

dy (14 zInxz)e” dy (14 zlnx)e* =
LoV e (=),

3.M.57: Given: y = (lnx)lmc7 z > 1. Then

Iny = (Inz)In(lnx);

1 d 1 1 1+ 1In(l
_._y:_ln(hm)+ nr o +n(nx);
y dr =« rlnz x
dy 14+In(lnz) Inz
—=——(1 .
dx x (In)
d -1) - 1 2
3.M.58: ﬁ = (= (a:)— 1(;62+ ) = - @ 1)2; the slope of the line tangent at (0, —1) is —2; an equation

of the tangent line is y +1 = —2z; that is, 2o +y +1 = 0.

d d 1
3.M.59: 1= (2(5082?])%; SO d_?; = 2 cos 2y

d
. Because % is undefined at (1, 7/4), there may well be a

d
vertical tangent at that point. And indeed there is: d_x =0 at (1, m/4). So an equation of the tangent
Y

line is x = 1.

d 3y — 2
3.M.60: Y — Y x; at (2, 1) the slope is % So an equation of the tangent is y —1 = %(m —2); that
der 4y —3x
is, = 2y.
d 2 1 d
3.M.61: &_ =2 + ; at (0, 0), @ _ 0, so the tangent line is vertical. Its equation is = = 0.
dx 3y? d
dv  dV dx dx
.M.62: =1 223 V! = 24—x). N — = —-—; wh = =-1 —
3 d6 V(z) = 3m(362° —2°): V'(z) = m2(24—x). Now = g s When @ 6, 367 087 e
SO d_i'f = —1 (in./s) when z =6.

3.M.63: Let r be the radius of the sandpile, h its height, each a function of time ¢. We know that 2r = h,

so the volume of the sandpile at time ¢ is

substitution of r = 5 yields the answer: dr/dt = 3 (ft/min) when r =5 (ft).
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3.M.64: Divide each term in the numerator and denominator by sinx to obtain

lim — — lim =1-1=0.
z—0 sinx z—0 COSx
1 3 1
3.M.65: xcotdx = —- .a: ——-1=—-as x—0
3 sin3z 3
3.M.66: STn2x = g . sin 2z . '5x — g as z — 0.
sin bz 5 2x sin 5x 5
1 2 2 1 1
3.M.67: x20502m00t2x=—-,—x-,—x-cos%vﬁ—-l-l-l:— as © — 0.
4 sin2x sin2x 4 4
3.M.68: —1<sinu<1 forall u. So
—22 < 2?sin — < 22

z2
for all  #0. But 22 — 0 as x — 0, so the limit of the expression caught in the squeeze is also zero.

3.M.69: —1<sinu<1 forall u. So
1
-V <Vrsin- <V
x
for allz > 0. But /z — 0 as z — 07, so the limit is zero.

3.M.70: h(z) = (z 4+ 283 = f(g(z)) where f(z) = z'/3 and g(z) = x + 2*. Therefore h/(z) =
fllg()) - g'(2) = g(x +a*) 7% (1 +4a%).

3M.T1: h(z) = (2% + 25)71/2 = f(g(z)) where f(x) =272 and g(x) = 2% + 25. Therefore h/(z) =
fg(@) - g'(x) = —3(a* +25)7%2 - 2.

3.M..72: First,

[ x z \/? 1/2 x
h(z) = 21 <x2+1> = f(g(x)) where f(z)==x and g(z) = T

Therefore

iy 1 z \ V2 x2+1—2x2_ 2?2 +1 V2 g2 1—a?
R (z) . = .2(

T2 a2 +1 (22 +1)2 T 22412 221/2(22 +1)3/2°

3.M.73: One solution: h(z) = (z — 1)/% = f(g(x)) where f(z) = 2°/3 and g(z) = 2 — 1. Therefore
W(z) = f'(g(z) - ¢'(x) = 3(x = 1)>/3. 1 = 2(z — 1)?/3. You might alternatively choose f(z) = 2!/ and
g(z) = (z = 1)°.
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3.M.74: If

z 10 T
h(:n)—gx%;lo, then h(r) = [(g(@)) where f(z)=a"" and ga)= 1
Hence
T ' (z — (T — T ’ z ’
h’(x)=f’(g(w))-g’(w)=10<xi> 4 +(?-1(>2 . :1(’(;1) '<x_21>2 N 28c(—+1>11)1 '

3.M.75: h(z) = cos(x® + 1) = f(g(x)) where f(z) = cosz and g(z) = 2? + 1. Therefore h'(z) =
f'(g(@)) - g'(z) = —2@sin(z® + 1).

[ L dT /32 dr 2
3.M.76: T = 2m 3—2; = % % So i . = % Hence when L = 4, T is changing at
approximately 0.27768 seconds per foot.
dav dA av 4
3.M.77: Of course r denotes the radius of the sphere. First, — - — = —. Now V = —mr® and
dA dr dr 3
r 1 [A

d d
A =4mr?, so d_Z -8mr = 4mr?, and therefore A3 -1V

3.M.78: Let (a, b) denote the point of tangency; note that

1 1
b=a+=, a>0, and h'(z)=1-—.
a x

The slope of the tangent line can be computed using the two-point formula for slope and by using the

derivative. We equate the results to obtain

1
a-i—E—O 1 a2_1

a—1 a? a?

It follows that a® +a = (a — 1)(a® —1) =a® —a? —a+ 1. Thus a® +2a —1 =0, and so a = —1 + /2 (the
positive root because a > 0). Consequently the tangent line has slope —2 (1 +V2 ) and thus equation

y=-2(1+v2) (@-1).

3.M.79: Let y = y(t) denote the altitude of the rocket at time ¢; let u = u(t) denote the angle of elevation

of the observer’s line of sight at time ¢. Then tanu = y/3, so that y = 3 tanw and, therefore,

dy

d
pri (3sec? u) iy

dt

When u = 60°, we take du/dt = g and find that the speed of the rocket is

dt = —— oy - o~ = -7 ~ 1.2566
dt |,_gpo cos?(m/3) 30 57 (mi/s),
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about 4524 mi/h, or about 6635 ft/s.

3.M.80: Current production per well: 200 (bbl/day). Number of new wells: « (x = 0). Production per
well: 200 — 5x. Total production:

T =T(z) = (20 + z)(200 — 5z), 0 <z < 40.

Now T'(z) = 4000 + 100z — 522, so T’(z) = 100 — 10x. T’(z) = 0 when z = 10. T(0) = 4000, T'(40) = 0,
and T'(10) = 4500. So = 10 maximizes T'(z). Answer: Ten new wells should be drilled, thereby increasing
total production from 4000 bbl/day to 4500 bbl/day.

3.M.81: Let the circle be the one with equation 2% + %2 = R? and let the base of the triangle lie on the
x-axis; denote the opposite vertex of the triangle by (z, y). The area of the triangle A = Ry is clearly
maximal when y is maximal; that is, when y = R. To solve this problem using calculus, let 6 be the angle
of the triangle at (—R, 0). Because the triangle has a right angle at (z, y), its two short sides are 2R cos @

and 2R sin 0, so its area is

A(0) = 2R?sin 6 cosf = R*sin 26, 09

A
B

Then A'(6) = 2R?cos20; A’(f) = 0 when cos26 = 0; because 0 lies in the first quadrant, § = 7. Finally,
A(0) = 0= A(n/2), but A(7/4) = R?> > 0. Hence the maximum possible area of such a triangle is R.

3.M.82: Let x be the length of the edges of each of the 20 small squares. The first five boxes measure
210 — 2z by 336 — 2z by x. The total volume is then

V(z) = 52(210 — 22)(336 — 2x) + 82°, 0 <z < 105.
Thus V(z) = 2823 — 546022 + 352800z, and so
V'(x) = 8422 — 10290z + 352800 = 84(x? — 130x + 4200) = 84(z — 60)(x — 70).

So V'(z) = 0 when z = 60 and when z = 70. But V(0) = 0, V(60) = 7,560,000, V(70) = 7,546,000, and
V(105) = 9,261,000. Answer: For maximal volume, make z as large as possible: 105 cm. This yields the
maximum volume, 9,261,000 cm®. Note that it is attained by constructing one large cubical box and that

some material is wasted.

3.M.83: Let one sphere have radius 7; the other, s. We seek the extrema of A = 47 (r? + s2) given

%71’(7‘3 + 53) =V, a constant. We illustrate here the method of auxiliary variables:

dA ds
- 47 <2r+ 25%) ;
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the condition dA/dr = 0 yields ds/dr = —r/s. But we also know that 37 (r® + s*) = V; differentiation of

both sides of this identity with respect to r yields

4 d
gﬂ' (37"2 +3S2d_i) =0, andso

Therefore r = 0 or r = s. Also, ds/dr is undefined when s = 0. So we test these three critical points. If r =0

or if s = 0, there is only one sphere, with radius (3V/47)'/? and surface area (367V?)Y/3. If r = s, then

there are two spheres of equal size, both with radius 1 (3V/m)!/3 and surface area (727V?)!/3. Therefore,

for maximum surface area, make two equal spheres. For minimum surface area, make only one sphere.

3.M.84: Let = be the length of the edge of the rectangle on the side of length 4 and y the length of the

adjacent edges. By similar triangles, 3/4 = (3 —y)/z, so x =4 — %y. We are to maximize A = xy; that is,

4
zﬁle(y)zély—ng7 0<y<3.

Now dA/dy = 4 — 8y; dA/dy =0 when y = 2. Because A(0) = A(3) = 0, the maximum is A(2) = 3 (m?).

3.M.85: Let r be the radius of the cone; let its height be h = R 4+ y where 0 < y < R. (Actually,
—R £ y £ R, but the cone will have maximal volume if y = 0.) A central vertical cross section of the
figure (draw it!) shows a right triangle from which we read the relation y?> = R? — r2. We are to maximize

V= %m’Qh, so we write
V:V(r)z%w[rQ(R—i—\/RQ—rQ)}, 0<r<R

The condition V'(r) = 0 leads to the equation r (2R? — 3r? + 2RV R? — 12 ) = 0, which has the two solutions
r=0andr = 2Rv2. Now V(0) =0, V(R) = 2mR* (which is one-fourth the volume of the sphere), and
V(%R\/i) = %TFR3 (which is 8/27 of the volume of the sphere). Answer: The maximum volume is %T{'RB.

3.M.86: Let x denote the length of the two sides of the corral that are perpendicular to the wall. There

are two cases to consider.

Case 1: Part of the wall is used. Let y be the length of the side of the corral parallel to the wall. Then

y = 400 — 2z, and we are to maximize the area
A = zy = (400 — 2z), 150 < = < 200.

Then A’(z) = 400 — 4x; A'(z) = 0 when x = 100, but that value of z is not in the domain of A. Note that
A(150) = 15000 and that A(200) = 0.
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Case 2: All of the wall is used. Let y be the length of fence added to one end of the wall, so that the
side parallel to the wall has length 100 + y. Then 100 + 2y + 2x = 400, so y = 150 — z. We are to maximize
the area

A =z(100 + y) = (250 — z), 0 <z < 150.

In this case A’(x) = 0 when = = 125. And in this case A(150) = 15000, A(0) = 0, and A(125) = 15625.

Answer: The maximum area is 15625 ft2; to attain it, use all the existing wall and build a square corral.

3.M.87: First, R'(z) = kM — 2kx; because k # 0, R'(x) = 0 when x = M/2. Moreover, because
R(0) = 0 = R(M) and R(M/2) > 0, the latter is the maximum value of R(x). Therefore the incidence of

the disease is the highest when half the susceptible individuals are infected.

3.M..88: The trapezoid is shown next. It has altitude h = Lcosf and the length of its longer base is
L + 2Lsin#6, so its area is

A(f) = L*(1 4 sin6) cos b, ——==<4

IA
ol 3

il
6
Now dA/df = 0 when

1 —sinf — 2sin% 0 = 0;

(2sinf — 1)(sinf + 1) = 0;

the only solution is § = /6 because sinf cannot equal —1 in the range of A. Finally, A(n/2) = 0,
A(-7/6) = 1123, and A(r/6) = 3L2V/3. The latter maximizes A(f), and the fourth side of the
trapezoid then has length 2L.

L

3.M.89: Let x be the width of the base of the box, so that the base has length 2z; let y be the height of
the box. Then the volume of the box is V' = 222y, and for its total surface area to be 54 ft2, we require

222 4 6xy = 54. Therefore the volume of the box is given by

27 — a2 2
V=V(x):2a:2( SxI):§(27x_x3)’ 0<z<3V3.
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Now V'(z) = 0 when 22 = 9, so that z = 3. Also V(z) -0 as z — 0% and V(3v/3) =0, so V(3) =36

(ft3) is the maximum possible volume of the box.

3.M.90: Suppose that the small cone has radius = and height y. Similar triangles that appear in a vertical

T R H
cross section of the cones (draw it!) show that I =5 Hence y = H — 7 and we seek to maximize

the volume V = %7‘(‘.1?2?;. Now

H
So V'(z) = g—Rx(ZR —3z). V'(z) =0 when z =0 and when z = 2R (in this case, y = H/3). But

4

V(0)=0 and V(R)=0, so z = %R maximizes V. Finally, it is easy to find that Vij.x = — - ERQH, SO

the largest fraction of the large cone that the small cone can occupy is 4/27.

3.M.91: Let (z, y) be the coordinates of the vertex of the trapezoid lying properly in the first quadrant and
let 6 be the angle that the radius of the circle to (z, y) makes with the z-axis. The bases of the trapezoid

have lengths 4 and 4 cos# and its altitude is 2sin 8, so its area is

1
A(9) = 5(4+40059)(251n9) =4(14cosf)sinf, 0<60<

ol 3

Now

A'(0) = 4(cosf + cos? § — sin? 0)
=4(2cos? 0 4 cosf — 1)

=4(2cosf — 1)(cos @ + 1).

The only zero of A’ in its domain occurs at § = 7/3. At the endpoints, we have A(0) = 0 and A(7/2) = 4.
But A(7/3) = 3v/3 &~ 5.196, so the latter is the maximum possible area of such a trapezoid.

3.M.92: The square of the length of PQ is a function of z, G(x) = (x — 20)% + (y — y0)?, which we are to

maximize given the constraint C(z) =y — f(z) =0. Now

dG dy dc dy

o _ a2 o _ Y
= o —m) 2y o) L and o= ).
d _
When both vanish, f/(z) = d—y -z xo. The line containing P and @ has slope
x Y=Y
y—y _ 1
T — x0 f(x)’

and therefore this line is normal to the graph at Q.
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C03S0M.093: If Az + By+ C =0 is an equation of a straight line L, then not both A and B can be zero.

Casel: A=0and B # 0. Then L has equation y = —C//B and thus is a horizontal line. So the shortest
segment from P(xg, yo) to Q on L is a vertical segment that therefore meets L in the point Q(zg, —C/B).
Therefore, because A = 0, the distance from P to @ is

|Byo +C| _ |Azo + Byo + C|
B] VB

Case 2: A# 0 and B =0. Then L has equation z = —C/A and thus is a vertical line. So the shortest

Ol
leoB—

segment from P(xo, yo) to Q on L is a horizontal segment that therefore meets L in the point Q(—C/A, yo).
Therefore, because B = 0, the distance from P to @ is

|A{E0+C| . |A{E0 +By0+C|
A VI D7

x-l—g—
ot 3=

Case 3: A #0and B # 0. Then L is neither horizontal nor vertical, and the segment joining P(xo, yo)
to the nearest point Q(u, v) on L is also neither horizontal nor vertical. The equation of L may be written
in the form

__A_¢C
Yy = B B
so L has slope —A/B. Thus the slope of PQ is B/A (by the result in Problem 70), and therefore PQ lies

on the line K with equation

B
Y—%Yo = Z(J?—ﬂ?o)-

Consequently A(v —yo) = B(u — zp). But Q(u, v) also lies on L, and so Au+ Bv = —C. Thus we have the
simultaneous equations
Au+ Bv = -C;

Bu — Av = Bxg — Ayp.

These equations may be solved for

—AC + B?zy — AByj —BC — ABxo + A%y,
u = and v = ,
A? 4 B2 A? 4 B2

and it follows that

A(—C - AJ,‘Q - Byo)
A% + B?

B(—C - AJ)Q - Byo)

U —Trog— A2+32

and v—yo =

Therefore

A2(—C - A(Eo - By0)2 B2(—C - A(Eo - By0)2

(u=20)” + (v = 30)° = (A2 + B?)2 * (A2 + B?)?

(A2 + B2)(—C — Axg — By0)2 (Azg + Byo + 0)2

(AQ +BQ>2 - A2 +BQ
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The square root of this expression then gives the distance from P to @) as

|Azg + Byo + C|
VAZ+ B2

and the proof is complete.

3.M.94: Let r be the radius of each semicircle and x the length of the straightaway. We wish to maximize
A = 2rz given C = 21r+ 2x —4 = 0. We use the method of auxiliary variables (as in the solution of Problem

83):

dA dr ac dr
S 9+ 22— and — = 21— +2.
dx nr Tar M @ "z N
When both derivatives are zero, —r/x = dr/dx = —1/m, and so x = 7r. Also 27r + 2z = 4, and it follows

1 1
that » = — and that x = 1. Answer: Design the straightaway 1 km long with semicircles of radius — at
™ T

each end.

3.M.95: As the following diagram suggests, we are to minimize the sum of the lengths of the two diagonals.

Fermat’s principle of least time may be used here, so we know that the angles at which the roads meet the
6—=x

x
shore are equal, and thus so are the tangents of those angles: 1= It follows that the pier should
be built two miles from the point on the shore nearest the first town. To be sure that we have found a

minimum, consider the function that gives the total length of the two diagonals:

f@)=vVa2+1+/6-22+4, 0Zz<6.

(The domain certainly contains the global minimum value of f.) Moreover, f(0) = 1+ /40 ~ 7.32,
f(6) = 2 ++/37 ~ 8.08, and f(2) = v/5+ v20 ~ 6.71. This establishes that = = 2 yields the global
minimum of f(z).
Pier
” L ake

X 6- X

Town 1

4cosb
COSH . So the

2
3.M.96: The length of each angled path is et The length of the roadway path is 10 —
sin

sin
total time of the trip will be
5 32—12cosf
T = T = — _—
() 4 + 24 sin 6
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Note that cosf varies in the range 0 < cosf < %\/ 29, so 21.80° < #° < 90°. After simplifications,

7(0) = 12 — 32cos 0
24 sin% 0

T'(0) = 0 when cosf = %, so 0° =~ 67.98°. With this value of 8, we find that the time of the trip is

~ 2v55+15

T = T ~ 2.486 (hours).

Because T' = 3.590 with 0° ~ 21.80° and T ~ 2.583 when 6° = 90°, the value ° ~ 69.98° minimizes T', and

the time saved is about 50.8 minutes.

3.M.97: Denote the initial velocity of the arrow by v. First, we have

dy 32z, o
2 222 1):
dr 2 (m” +1);
2
dy/dx = 0 when mv? = 32z(m?+1), so that = = ™Y Substitution of this value of = in the formula
32(m? +1)

given for y in the problem yields the maximum height
m2v?
Ymax = m
For part (b), we set y = 0 and solve for x to obtain the range
mu?

= mz 1)

Now R is a continuous function of the slope m of the arrow’s path at time ¢ = 0, with domain 0 < m < +ooc.
Because R(m) = 0 and R(m) — 0 as m — +oo, the function R has a global maximum; because R is
differentiable, this maximum occurs at a point where R'(m) = 0. But

drR  v* (m®+1)—2m?

dm 16 (m2+12

so dR/dm = 0 when m = 1 and only then. So the maximum range occurs when tana = 1; that is, when

2
R=R(0) = 1\6/§(COS9 sinf — cos®f) for 1w <6

A
N[=

Now
2
2
R(0) = Y 1\6/_ (cos? @ — sin? O + 2sin 6 cosh);

R'(6) = 0 when cos26 + sin26 = 0, so that tan20 = —1. It follows that § = 37/8 (67.5°). This yields the

maximum range because R(w/4) = 0 = R(w/2).
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3.M.99: With initial guess zy = 2.5 (the midpoint of the given interval [2, 3]), the iteration

f(xn) _ (xn)Q -7

o1 = f,(xn) T 2(En

of Newton’s method yields x1 = 2.65, x5 = 2.645754717, and x3 = 2.645751311. Answer: 2.6458.

3.M.100: We get g = 1.5, x1 = 1.444444444, x5 = 1.442252904, and z3 = 1.442249570. Answer:
1.4422.

3.M.101: With zg = 2.5, we obtain xz; = 2.384, x5 = 2.371572245, x3 = 2.371440624, and x4 =
2.371440610. Answer: 2.3714.

3.M.102: With zg = 5.5 we get ©1 = 5.623872512, x5 = 5.623413258, and x3 = 5.623413252. Answer:
5.6234. If your calculator won’t raise numbers to fractional powers, you could solve instead the equation
2* — 1000 = 0. With 29 = 5.5 the results should be z; = 5.627629602, x5 = 5.623417988, and z3 =
5.623413252.

3.M.103: With zo = —0.5 we obtain z1 = —0.333333333, o = —0.347222222, z3 = —0.347296353, and
x4 = —0.347296355. Answer: —0.3473.

3.M.104: With o = —0.5 we obtain z;1 = —0.230769231, z2
x4 = —0.254101688. Answer: —0.2541.

—0.254000237, x3 = —0.254101686, and

3.M.105: With f(z) = e~ — sinz and initial guess xg = 0.6, five iterations of the formula of Newton’s

method yields the approximate solution 0.588532744 of the equation f(x) = 0.

3.M.106: With f(x) = cosz — Inx and initial guess zo = 1.3, four iterations of the formula of Newton’s

method yield the approximate solution 1.302964001 of the equation f(z) = 0.

3.M.107: With 2y = —1.0 we obtain z; = —0.750363868, xo = —0.739112891, z3 = —0.739085133, and
x4 = —0.739085133. Answer: —0.7391.

3.M.108: With z¢p = —0.75, we obtain z; = —0.905065774, xo = —0.877662556, z3 = —0.876727303,
x4 = —0.876726215, and x5 = —0.876726215. Answer: —0.8767.

3.M.109: With zg = —1.5, we obtain z; = —1.244861806, o = —1.236139793, x3 = —1.236129989, and
ry = —1.236129989. Answer: —1.2361.

3.M.110: With xp = —0.5 we obtain x; = —0.858896298, x5 = —0.871209876, x3 = —0.871221514, and
x4 = —0.871221514. Answer: —0.8712.
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3.M.111: The volume of a spherical segment of height h is

1
V= gth(Sr —h)

if the sphere has radius r. If p is the density of water and the ball sinks to the depth h, then the weight of
the water that the ball displaces is equal to the total weight of the ball, so

1 4 .
gﬂph2(3r —h)= ﬁﬂpr‘S.

Because 7 = 2, this leads to the equation p(h) = 3h3 — 18h? 4 32 = 0. This equation has at most three [real]
solutions because p(h) is a polynomial of degree 3, and it turns out to have exactly three solutions because
p(—=2) = =64, p(—1) = 11, p(2) = —16, and p(6) = 32. Newton’s method yields the three approximate
solutions h = —1.215825766, h = 1.547852572, and h = 5.667973193. Only one is plausible, so the answer is
that the ball sinks to a depth of approximately 1.54785 ft, about 39% of the way up a diameter.

3.M.112: The iteration is
24+1 z22-1

T — = — X.

2z 2z

With xg = 2.0, the sequence obtained by iteration of Newton’s method is 0.75, —0.2917, 1.5685, 0.4654,
—0.8415, 0.1734, —2.7970, —1.2197, —0.1999, 2.4009, 0.9922, —0.0078, 63.7100, ... .

3.M.113: Let f(z) = 2% — 323 + 2% — 23z + 19. Then f(—3) = —65, f(0) =19, f(1) = —5, and f(3) = 121.
So there are at least three, and at most five, real solutions. Newton’s method produces three real solutions,
specifically r1 = —2.722493355, ro = 0.8012614801, and r3 = 2.309976541. If one divides the polynomial
f(x) by (x — r1)(z — ra)(x — r3), one obtains the quotient polynomial 2% + (0.38874466)x + 3.770552031,
which has no real roots—the quadratic formula yields the two complex roots —0.194372333 4+ (1.932038153)1.

Consequently we have found all three real solutions.
1 .

3.M.114: Let f(x) = tanxz — —. We iterate
x

1
tanx — —
T
r— — — .

9 1
sec a:+—2
x

The results are shown in the following table. The instability in the last one or two digits is caused by machine
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rounding and is common. Answers: To three places, a; = 0.860 and ay = 3.426.

flx_|:=Tan[x]—-1/x

gfx J:=N[x—f[x]/£[x], 20]

list={1.0,4.0};

g|[list]

0.8740469203219249386, 3.622221245370322529
0.8604001629909660496, 3.440232462677783381
0.8603335904117901655, 3.425673797668214504
0.8603335890193797612, 3.425618460245614115
0.8603335890193797636, 3.425618459481728148
0.8603335890193797608, 3.425618459481728146

0.8603335890193797634, 3.425618459481728148

3.M.115: The number of summands on the right is variable, and we have no formula for finding its
derivative. One thing is certain: Its derivative is not 2x2.
3.M.116: We factor:

23/2 _ 1'3/2 _ (21/2)3 _ (1’1/2)3 _ (21/2 . {EI/Q)(Z + 21/2$1/2 + (E)

and z — x = (21/2)2 — (21/2)2 = (212 — £1/2)(2"/% + £'/?). Therefore

23/2—m3/2_z+21/2x1/2+m 33 1)
— = AL —>2x1/2_§x as z —x.
3.M.117: We factor:
22/3 _ 1‘2/3 — (21/3)2 _ (331/3)2 — (21/3 _ 331/3)(2:1/3 + xl/d) and

b — = (21/3)3 . (xl/d)d _ (Zl/d _ 1'1/3)(22/3 + 21/3$1/3 + 1'2/3).

Therefore
_ 332/3 21/3 4 xl/S 2.1?1/3 )

—_ _ —-1/3

S — 2 2234 ,1/3,1/3 1 ,2/3  342/3 3¢
+ +

as T — .

3.M.118: The volume of the block is V' = 22y, and V is constant while  and y are functions of time ¢ (in
minutes). So
_av dz 5 dy

= — oy cay
0= =2 g (1)
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We are given dy/dt = —2, = =30, and y = 20, so by Eq. (1) dz/dt = % Answer: At the time in question

the edge of the base is increasing at 1.5 cm/min.

3.M.119: The balloon has volume V = %m“3 and surface area A = 4mr? where r is its radius and V, A,

and r are all functions of time ¢. We are given dV/dt = +10, and we are to find dA/dt when r = 5.

av 5 dr dr

R — 10=47-25- —.
7 r Tk so 10 m-25 7

Thus @ 10 L

dt 100 107

Also % = 87rrﬁ, and therefore
dt dt

Answer: At 4 in.?2/s.

3.M.120: Let the nonnegative x-axis represent the ground and the nonnegative y-axis the wall. Let = be
the distance from the base of the wall to the foot of the ladder; let y be the height of the top of the ladder

above the ground. From the Pythagorean theorem we obtain z2? + y? = 100, so

Lz dy
at " Vat ~
d d d 5280 22
Thus d—?z = —g . d—f We are given d—f = 3600 — 15 ft/s, and at the time when y = 1, we have

x = /100 — (0.01)2 = 1/99.9999.

At that time,

d V99.9999 22
d_i{ = YT 22~ —1466.666 (ft/s),

y=0.01
almost exactly 1000 mi/h. This shows that in reality, the top of the ladder cannot remain in contact with
the wall. If it is forced to do so by some latching mechanism, then a downward force much greater than that

caused by gravity will be needed to keep the bottom of the latter moving at the constant rate of 1 mi/h.

3.M.121: Let @Q be the amount of water in the cone at time ¢, r the radius of its upper surface, and h its

height. From similar triangles we find that h = 2r, so

1 2 1
Q= §7T7“2h = 5777“3 = E?Thg.

Now
aQ 1 thh dh 200

Tat 1@ Y dr T 36m
258

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall



Cal culus Early Transcendentals 7th Edition Edwards Sol uti ons Manual

dh 50 .
Therefore i —1.7684 (ft/min).

3.M.122: Let x denote the distance from plane A to the airport, y the distance from plane B to the airport,
and z the distance between the two aircraft. Then

A=ty +(3-2) =2+ 7 +1

and dz/dt = —500. Now

d d d
2:2 =9, + 2y—y

dt dt dt’
and when x = 2, y = 2. Therefore z = 3 at that time. Therefore,
d
3. (~600) =2- (~500)+2- Z| |
dt|,_,
dy . .
and thus o = —400. Answer: Its speed is 400 mi/h.
=2
d d d
3.M.123: d—‘; = Sﬂd_?; = —3/y, so d—ZZ = —1. Answer: At 1 in./min—a constant rate. The tank is a

clock!

3.M.124: As in the solution of Problem 121, we find that when the height of water in the tank is y, its

volume is V = 1—127ry3. For part (a), we have

av 1 ,dy
+50 — 10/y praialy it
So when y = 5,
25 d
50— 10v5 = 2%
4 dt|,_5
dy 1 .
and therefore pn = 5—(40 — 8v/5) ~ 1.40766 (ft/min). In part (b),
y=5 T
dv 1 dy
— =25—-1 = —my? = 1
o = 2510V = gy (1)

dy/dt = 0 when 25 = 10,/y, so that y = 6.25 (ft) would seem to be the maximum height ever attained by the
water. What actually happens is that the water level rises more and more slowly as time passes, approaching
the limiting height of 6.25 ft as a right-hand limit, but never reaching it. This is not obvious; you must
solve the differential equation in (1) (use the substitution y = u?) and analyze the solution to establish this

conclusion.

2
a” — Yo

3.M.125: The straight line through P(z0, yo) and Q(a, a?) has slope = 2a, a consequence of the

a — X
two-point formula for slope and the fact that the line is tangent to the parabola at Q. Hence a®—2azo+yo = 0.
Think of this as a quadratic equation in the unknown a. It has two real solutions when the discriminant is
positive: (z9)? — yo > 0, and this establishes the conclusion in part (b). There are no real solutions when

(w0)? — yo < 0, and this establishes the conclusion in part (c). What if (2¢)? — yo = 0?
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