Digital Control System Analysis and Design 4th Edition Phillips Solutions Manual

CHAPTER 2

2.2-1. The rectangular rules for numerical integration are illustrated in Fig. P2.2-1. The left-side rule is

(a)

depicted in Fig. P2.2-1(a), and the right-side rule is depicted in Fig. P2.2-1(b). The integral of x(t)
is approximated by the sum of the rectangular areas shown for each rule. Let y(kT) be the

numerical integral of x(t), 0<¢<kT
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FIGURE P2.2-1 Rectangular rules for integration: (a) left side; (b) right side.

Write the difference equation relating y(k + 1) , y(k) ,and x(k) for the left-side rule.
(b)Find the transfer function Y(z)/X(z) for part (a).

(c) Write the difference equation relating y(k + 1) , y(k) ,and x(k + 1) for the right-side rule.
(d)Find the transfer function Y(z)/X(z) for part (c).

(e) Express y(k) as a summation on x(k) for the left-side rule.

(f) Express y(k) as a summation on x(k) for the right-side rule.
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Solution:

(@) y(k+1) = y(k)+ Tx(k)

_ Yo _ T
(b) zY(2) =Y(2)+TX(2) = Y@ 21

(©) y(k+1) = y(k)+ Tx(k +1)

Y(2) _ Tz

d) zY(2) =Y(2)+TzX(2) = XG) 21

(©) y(1) = ¥(0) + Tx(0)
¥(2) = y(D)+Tx(1) = »(0) + T (x(0) +x(1))

¥(3) = y(2) + Ix(2) = y(0) + T [x(0) + x(1) + x(2)]
k-1
s y(k) = p(0)+ T x(n)
n=0
) y(1) = y(0)+Tx(1)
¥(2) = y(1) +Tx(2) = p(0) + T [x(1) + x(2)]
k
= (k) = y(0)+TY x(n)
n=1

2.2-2. The trapezoidal rule (modified Euler method) for numerical integration approximates the integral

of a function x(t) by summing trapezoid areas as shown in Fig. P2.2-2. Let y(t) be the integral of
x(t) .
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FIGURE P2.2-2 Trapezoidal rule for numerical integration.

(a) Write the difference equation relating y[(k + 1>T}, y(kT), x[(k + I)T], and x(kT) for this rule.

(b)Show that the transfer function for this integrator is given by



X (Z ) z—1
Solution:
@) yik+1) = yihy 7 2HOEED

(b) zY(2) = Y(z)+g[X(z)+zX(z)] = Y(2) =§ j—jX(z)

2.2-3. (a)The transfer function for the right-side rectangular-rule integrator was found in Problem 2.2-1

tobe Y (z)/X (z) = Tz/ (z — 1) . We would suspect that the reciprocal of this transfer function should

yield an approximation to a differentiator. That is, if w(kT) is a numerical derivative of x(t) at

t=kT,

Write the difference equation describing this differentiator.

(b)Draw a figure similar to those in Fig. P2.2-1 illustrating the approximate differentiation.
(c)Repeat part (a) for the left-side rule, where W(z)/X(z) =T/ (z — 1) .

(d)Repeat part (b) for the differentiator of part (c).

Solution:

(@) Tz W(z)=zX(2)- X(2)
wk+1) = %[x(k +1)—x(k)]

(b)

" +—<__calculated
I

] | slope
1

kKT (k+ DT ¢

(©) TW(z) =zX(2) - X(2)



x calculated

slope
Lot

kT (k+ DT ¢

wlk) = 2 [+t + )= 3(6)]

2.3-1. Find the z-transform of the number sequence generated by sampling the time function e(t) =t

every T seconds, beginning at t = 0 . Can you express this transform in closed form?

_ 1z
(-1

Solution: e(t)=t; E(z)=0+Tz"" + 27272 +---

2.3-2. (a) Write, as a series, the z-transform of the number sequence generated by sampling the time

t

function e(t) = ¢ ' every T seconds, beginning at + = 0 . Can you express this transform in

closed form?

(b)Evaluate the coefficients in the series of part (a) for the case that 7 = 0.05 s .

(c) The exponential e(t) = ¢ " is sampled every T = 0.2 s, yielding the z-transform

2 3
et ff oo

Evaluate b.

Solution:

(@) EGz)=1+e "z +e 272 4L

=1+(e*Tz*‘)1+(s*Tz*1)2+---=1_ ——=——

z

b) E(z) =1+(0.9512z7) +(0.9512z71) 4o = — =
(b) E(2) ( z7) +( z7) ~ 09502

(c) e’ ey = e =05



».—0.2b =1n(0.5) =-0.6931 = b =-3.466

2.3-3. Find the z-transforms of the number sequences generated by sampling the following time functions
every T seconds, beginning at ¢t = 0 . Express these transforms in closed form.

(a) et) =
o) e(t)= e " u(t— 1)

—(t-sT)

(c) e(t) =t u(t — ST)

Solution:

@ e(t)=e " = E(z)=1+e Tz 42Tz 2 4. = e 2-3
(®) e(t) = Du@-T)
E(Z)=Z"1+8_Tz'2+s"2Tz'3+~~-=z"l[ Z_T]= I_T
z-¢ z-¢
(©) e(t) =" Dy(t —5T)
Ez)=z"+e 20427 4227 L _Zg-r } = s i =k

2.4-1. A function e(t) is sampled, and the resultant sequence has the z-transform

E(z) _ -2z
z* —0.922 +0.8

Solve this problem using E (z) and the properties of the z-transform.
(a) Find the z-transform of e(t — 2T>u(t — ZT) .
(b)Find the z-transform of e(t + 2)u(t) .

(¢)Find the z-transform of e(t — T)u(t — 2T) .



Solution:

(z° =2z2)z7?

-2 2T = —=2 =277
(a) slel - 27)u(t - 21)] z4-0.922+0.8

(b) €(0) =0, e(1) =1

= ogle(t + Tu(t)] = z[E(2) - e(0) — e(1)z™']

z{ -2z 1:|_ -1.1z22+0.8

40922408 z| z'-092+08

(©) gle(t = T)u(t - 2T)] = e(T)z* + e(2T)z™> +---

=z [E(z)—e(0)] =z 'E(z), since e(0) =0

2
z —z

2420922408

2.4-2. A function e(t) is sampled, and the resultant sequence has the z-transform

22—t +d
Find the z-transform of ™’ e(kT) . Solve this problem using E (z) and the properties of the z-
transform.

Solution:

By complex translation

22T —p

Se 2l _ 22l

5 e e(kT)} — E(zeT) =

2.5-1. From Table 2-3,

z(z — cos aT)

3|cos akT | =
[ ] 22 —2zcosal +1



(a) Find the conditions on the parameter a such that 5[cos akT] is first order (pole-zero cancellation

occurs).

(b)Give the first-order transfer function in part (a).

(c)Find a such that 5[cos akT] = 5[u(kT)] , where u(kT) is the unit step function.

Solution:

_ zcosat+4cos’a—4

(a) poles: z = 5 = cos(a) £ j sin(a)

. pole =cosa, provided sina=0=a=0, %, 21, K ,tnn

Then cosa=(-1)" .. poles =cos a

d)E(2)= Z(z=cos a) = z ,a=xnn,n=0,1,...
(z—cosa)(z—cosa) z-—cosa
(©) E(2) -z =L, scosa=1, a=0,+2n +4x, ...

z—cosa z-—1

2.5-2. Find the z-transform, in closed form, of the number sequence generated by sampling the time
function e(t) every T seconds beginning at t = 0 . The function e(t) is specified by its Laplace

transform,
T=1s

Solution:

E(s)= 2B
s(s+2) s s+2

s (t) =(1—e)u(t) = e (kT) = 1—& T yu(kT)

SE(Z)=(0+ 7z ) (I 2 e 22 )



1 1 z z _ (-¢7)z

-z 1-g22" z-1 z—¢X (z-1)z-€2)

(1-eH)(-1) _ 0.8647(z° 1)

— E(2)=2E (2) = =
E(Z)—E1( ) El( ) Z4(Z—1)(Z—8_2) Z4(Z—1)(Z_0‘1353)

2.6-1. Solve the given difference equation for x(k) using:

Lk=0,1
0,k>2

x(k) =3x(k =)+ 2x(k - 2) = e(k), e(k)= {
x(=2)=x(-1)=0
(a) The sequential technique.

(b)The z-transform.

(c) Will the final-value theorem give the correct value of x(k) as k — oo ?

Solution:
(a) x(0)=e(0)=1
x(1) = (1) +3x(0) = 4
x(2) = e(2) +3x(1) - 2x(0) = 10
x(3) = 0+3(10) - 2(4) = 22

x(4) = 0+3(22) —2(10) = 46

() 1-3z"+221X(2) = E(z) =1+z" = z+1
X(o) e Py Etl_ =zt :Z[ 2, 3 }
(z-D)(z-2) =z (z=1(z-2) -1 2-2

sox(k) =-2+32)

(¢) No, since the final value does not exist.



2.6-2. Given the difference equation
p(e+2) =2 y(k +1) + 5 y(k) = e(k)
where y(0) = y(1) =0, e(0) =0,and e(k) =1k =12,....
(a)Solve for y(k) as a function of k, and give the numerical values of y(k), 0 <k <4.

(b)Solve the difference equation directly for y(k), 0 <k <4, to verify the results of part (a).

(c)Repeat parts (a) and (b) for e(k) = 0 for all &, and y(O) =1, y(l) =-2.

Solution:

(@) E(z)=glu(k-1)]=z" {L} =
z

- z—1
[22—%Z+é}Y(z)=E(z)
Y(Z)= 11 1 1 =—_8+ 8/3 + —1? + 64/3
z Z(Z_Z)[Z_4] z-1 z z-1 Z_A z—1/4

1Y 64(1Y
y(k)=—88(0)+%—16(5j +?[Z)
S p(0)=0; y1)=0; »(2)=0; y(3)=1; y(4)=£
3 1
() y(k+2)=e(k)+ Zy(k +1) —gy(k)

301
y(2)=0+z(0)—§(0)=0

301
y(3)=1+z(0)—§(0)=1

() =1+§(l)—é(0) —7/4



© () y(k+2)—%y<k+1>+§y(k>=o

- 21V = y(0) - y(1)=] - %zmz) — O]+ %Y(z) -0

| ey MU O O

»0)=1, y()=-2, »(2)=-13/8, ¥(3) =-31/32, y(4) =—67/128

~Y(z)=z

(b) y(k+2) =§ Yk +1) —%y(k)

3 1
»2)= Z(_Z) —g(l) =-13/8
(LB
y(3)—4( 8] 2 31/32

3( 31 1( 13)_ 67
4 = -—— |- - |=—=—
o 4[ 32] 8( 8) 128

2.6-3. Given the difference equation
x(k) = x(k —1)+ x(k — 2) = (k)
where e(k) =1 for k>0.

(a) Solve for x(k) as a function of &, using the z-transform. Give the values of x(O), x(l) , and
x(2) .
(b) Verify the values x(O) , x(l) ,and x(2) , using the power-series method.

(c) Verify the values x(O) , x(l) ,and x(2) by solving the difference equation directly.

(d)Will the final-value property give the correct value for x(oo)?



Solution:

(@) [I-z"+221X(2) = E(z) = il

z—

3 1 \/g

z
X(z)=——5  poles: z=—+ ;Y2 _1 4600
&= 0Z 4y P PR

*

YO _ 1 A R i p=1260°

z z=1 z-p  z—p

‘- 2 | ~ 1£120°
' -DE-1£-60%)] .. (5+/.866-1)(5+ .866—.5+ .866)
- 12120 = 0.5774 £ —90°
1.£120° [/2(0.866)]

soal =1In (|p1|)=0; bT = arg p, =§
A=2k|=1.155; 6 =arg k =-90°
o x(k)=1+1.155 cos(%k—90°]=1+1.155 sin(gkj

x(0)=1, x(1)=2, x(2)=2

142z 42272 4 - x(0)=1
(b) z2-2z2+2z- 1>z3 x()=2
2 =227 4221 x(2)=2
222 -2z+1
2z —4z+4-27"
2Z 4+

© x(k)=1+x(k—1)—x(k—2)
x(0)=1+0-0=1
x(1)=1+1-0=2
x(2)=1+2-1=2

(d) No, 3 poles for X(z) on the unit circle.



2.6-4. Given the difference equation
x(k +2) + 3x(k + 1) + 2x(k) = e(k)

where

(k)= b F=0
0, otherwise

(a) Solve for x(k) as a function of k.
(b)Evaluate x(O) s x(l) , x(2) ,and x(3) in part (a).

(c) Verify the results in part (b) using the power-series method.

(d) Verify the results in part (b) by solving the difference equation directly.

Solution:
(@) Z2[X(z2) - x(0) —x(1)z"' ]+ 32[ X (z) — x(0)] + 2X (z) = E(z) =1

1+22—Z+3Z_ 22 +2z+1 _z+1
22 =3z+2 2243242 z+2

X (2)= Z|:Z—+1} - z[ﬁ + L}

z(z+2) z z+2

S X(2)=

- x(k) = %S(k) + % (-2)k

(b) x(0)=1,x(1)=-1, x(2)=2, x(3)=—4



l-z"+2z2 -4z 4.
(©) z+2)z+l
z+2
-1
-1-2z7"
227!

(d) x(k+2) = e(k)—3x(k +1)— 2x(k)
X(2)=1-3(-1)-2(1) =2

x(3)=0-3(2)—2(-1)=—4

2.6-5. Given the difference equation
x(k +3) = 2.2x(k + 2) + 1.57x(k + 1) — 0.36x(k) = ¢(k)
where e(k) =1 forall k>0, and x(0) = x(1) = x(2) = 0.
(a) Write a digital computer program that will calculate x(k). Run this program solving for x(3),
x(4),.... x(25).
(b)Using the sequential technique, check the values of x(k), 0 <k <5.

(c) Use the z-transform and the power-series method to verify the values x(k), 0<k<5.

Solution:
(a)x0 =0;
x1 =0;
x2 =0;
for k = 0:5;
x3 =2.2%x2 - 1.57*x1 + 0.36%x0 + 1

x0 =x1;



x1 =x2;
x2 = x3;
end
(b) x(k+3)=e(k)+2.2x(k+2)—1.57x(k +1)+0.36x(k)
x3)=1+0-0+0=1
x(4)=1+22(1)-0+0=3.2
x(5)=14+223.2)-1.57(1) = 6.47

(c) [ -2.22° +1.572-036]X(z) = E(2) = Ll

z—

z

C(z-1)(2° —2.22* +1.572-0.36)

X(2)

2343224464727 4+
242323437722 -1.932 + 0.36z)
z-32+377z7 -
3.2-3.77z"

3.2-1024z7" 4.
6.47z7" +---

~x(3) =1
x(4)=32
x(5) = 6.47

2.7-1. (a)Find e(O) s e(l) ,and e(lO) for

E(Z)_Z(ZO—+1(),9>

using the inversion formula.
(b)Check the value of e(O) using the initial-value property.

(c) Check the values calculated in part (a) using partial fractions.



(d)Find e(k) for k =0, 1,2, 3, and 4 if 3e(k)]| is given by

1.982
(22 — 0.9z + 0.9)(2 - 0.8)(22 1.2z + 0.27)

E(z) =

(e)Find a function e(t) which, when sampled at a rate of 10 Hz (T =0. ls) , results in the

transform E(z) = 22/(2 — 0.8) .
(f) Repeat part (e) for E(z) = zz/(z + 0,8) .

(g)From parts (e) and (f), what is the effect on the inverse z-transform of changing the sign on a
real pole?

Solution:

k-1 k=2
(a) e(k): z OIZ z OIZ

residues Z(Z - 09) residues £ 0.9

k=0:fcn= 2L’ . residue
z°(z-0.9)

residue| _ =i{ 01 } I O H =-0.1235
=0 dz|z2-09] ,  (2-097|_, (0.9

e = 01235
2 (0.9)

~e(0)=0

0.1

k=1:¢e()=
“D=""03

z=0 z
k=10: e(10) =0.1(0.9)®

0.1
b 0) = lim E =lim———=0
( ) e( ) zgl;lo (Z) zgl;lc Z(Z - 09)

E@)___ 01 _k kb, K

(c) =
z  Z2(z-09) 22 z z-09

0.1 1 0.1 1

k :—:——; —_—

Y09 97 P09 81

Zzil: 0.1 } =_—1, from (a)
dz|z-094,, 81



~e(k) = 8_—11 (k) — %S(k D+ %(0.9)k

H0) =~ 40+ =0, xy=—0-1+22 ¢
81 81 9 8.1

0.1

097 (0.9)'° =0.1(0.9)®

x(10)=-0-0+

(@) E()= 122 198 4 (92 # ()2 o

Z7 +

se(0)=e(l)=e(2)=e(3)=0; e(4)=1.98

(e) E(z)= 2 = 22 S e’ =0.8= aT =0.2231
z—08 z-¢™
a=22231_ 1503 1, -~ e(t)=2e2"u(r)
0.1
2z —al .jn
) E@=———"——; ~.e”e"=-08=al =2.231
z—(-0.8)
2231 08
soe(t)=2e cos10m where £ =10xn

(@) (e) e(k)=(0.8)"; (f) e(k)=(-0.8)"

.. sign alternates on e(k).

2.7-2. For the number sequence {e(k)} ,

(a) Apply the final-value theorem to E (z) .

(b)Check your result in part (a) by finding the inverse z-transform of E (z) .
(c)Repeat parts (a) and (b) with E(z) = z/(z — 1)2 .

(d)Repeat parts (a) and (b) with E(z) = z/(z — 0.9)2 .



(e)Repeat parts (a) and (b) with E(z) = z/(z — 1‘1)2 .

Solution:

z(z—-1) _
(z+1)7|

(@) e() =lim (z-DE(z) =

(b) e(k)= Z-{ }: k(=1), .. e(eo)unbounded

z

(z=1°

(©) (a) e(e0) = 121Lr11 (z—l)m, .. unbounded
(b) e(k)=k, ..unbounded

(d) (a) e(oo)—hm (z— 1)( _09)

(b) e(k) =k(0.9); .. e(e0) =0

(e) (a) e(oo)—hm (z- 1)( =y 1)

(b) e(k) = k(1.1)¥; .. e(c0) is unbounded.

2.7-3. Find the inverse z-transform of each E (z) below by the four methods given in the text. Compare

the values of e(z) ,for £ =0, 1, 2, and 3, obtained by the four methods.

(a) E(z) __ 05 (b) E(z) - 05

(z—1)(z—0.6)

0.5(z+1)

(¢) E(z) = F-G-09)

(e)Use MATLAB to verify the partial-fraction expansions.

Solution:



0.527' +0.8272 +0.98z7 +---
(a) (i) 2> -1.6z+ 0.6)0.52

0.52-0.8+0.3z7"
0.8-0.3z"
0.8-1.2827" +--.
0.98z7" +---
(i) E(z) _ 0.5 _L2s —1.25; CE(2)= 125z 1.25z
z (z=1)(z-0.6) z-1 z-0.6 z—1 z-0.6

soe(k) =1.2501-0.6"u(k)

e k-1 _ O.SZk

W) 2L = Zoe)
k k

0.5 05(06)

e(k) =
*) 1-0.6 0.6—1

=1.251-0.6"u(k)

(iv) E(z)= % = ¢,(k) = 0.5(0.6)"

E,(z) =i =¢,(00=0; e,(k)=1,k>1
(0) = ¢,(0)e, (0) = (0.5)(0) = 0
e(1) = ¢,(0)e, (1) + ¢, (1)e, (0) = (0.5)(1) +(0.3)(0) = 0.5
e(2) =¢/(0)e,(2) +¢,(De, (1) +¢,(2)e,(0)
=0.5%x1+03%x1+0.18x0=0.8
e(3) =0.5x1+0.3x1+0.18x1+0.108x0 = 0.98
() e(0)=0
e(k) =1.25-2.083(0.6), k>1
E(z)=0.52+0.827+0.9827* +1.08827 +---
(€) e(0)=0; e(k) =2.5-3.33(0.6), k=1
E(z)=0.5z""+1.30z7 +1.78z7 +2.068z7* +2.2408z7° +---

(d) e(k)=0.75+0.25(0.6)"



E(z)=1+409z"+0.84z72 +0.804z7 +---

(e) num=[0 0 0.5];
den=[1-1.60.6];

[r, p, k] = residue (num, den)

2.8-1. Given in Fig. P2.8-1 are two digital-filter structures, or realizations, for second-order filters.

e(k)
O T T
y(k)
B2 By Bo O
+ + (k)
31
4]
(a)
b2
b
k) + N B + \+ k)
O T T bo ()
ap
agp

(b)

FIGURE P2.8-1 Digital-filter structures: (a) 3D; (b) 1D.



(a) Write the difference equation for the 3D structure of Fig. P2.8-1(a), expressing y(k) asa
function of y(k — i) and e(k — i).

(b)Derive the filter transfer function Y (z)/E (z) for the 3D structure by taking the z-transform of
the equation in part (a).

(c) Write the difference equation for the 1D structure of Fig. P2.8-1(b). Two equations are

required, with one for f (k) and one for y(k) .

(d)Derive the filter transfer function Y (z)/E (z) for the 1D structure by taking the z-transform of

the equations in part (¢) and eliminating F(z) .
(e)From parts (b) and (d), relate the coefficients o, 3; to a,, b, such that the two filters realize the
same transfer function.

(f) Write a computer-program segment that realizes the 3D structure. This program should be of
the form used in Example 2.10.

(g)Write a MATLAB-program segment that realizes the 1D structure. This program should be of
the form used in Example 2.10.

Solution:

@) y(k) =B,e(k) +PBie(k —1) +Bpe(k —2) — oy y(k =1) -0 y(k - 2)

(b) [1 +oyz” + oz J Y(z)= |:[32 +Bz7 + Boz_2]E(z)

Y(z) B222 +Bz+B,
E(z) Z2° + 0,z + 0

fk)=elk)—a f(k=1)~a,f(k-2)
Y(k) = by f (k) + b, f (k=1 +b, f (k= 2)

E(z)

F(z)= E(2)—(az" +a,z2)F(z) = F(z) = = S
1 0

bz* +bz+bh
22 1 OE(Z)
z"+az+a,

Y(z)=(by+bhz" +byz?) F(z) =

o, =a; and B,=b, i=12

1 1



()

ykminus2 = 0;

ykminusl = 0;

ekminus2 = 0;

ekminusl = 0;

ek=1;

for k =0:5
yk=b2*ek+b1*ekminus1+b0*ekminus2—al*ykminus1-a0*ykminus2;
[k, ek, yk]
ekminus2 = ekminusl1;
ekminus] = ek;
ykminus2 = ykminus1;

ykminus1 = yk;

end
(€9)
fkminus2 = 0;
fkminus1 = 0;
ek=1;
for k =0:5

fk=ek-al*fkminusl—-a0*fkminus2;

yk = b2*fk+b1*fkminus1+b0*fkminus2;
[k, ek, yk]

fkminus2 = fkminusl;

fkminus1 = fk;

end



2.8-2. Shown in Fig. P2.8-2 is the second-order digital-filter structure 1X.

by

81
*) *J\ Ak )
: 83 i . T C)—y>

- +

82
82
I G A05)
84 T
T+
g1

FIGURE P2.8-2 Digital-filter structure 1X.

This structure realizes the filter transfer function

A_’_A%<

D(Z):b2+z_p Z_p*

where p and p * (conjugate of p) are complex. The relationships between the filter coefficients

and the coefficients in Fig. P2.8-2 are given by
g = Re(p) g =-2 Im(A)
g =1m(p) g, =2Re(4)

(a) To realize this filter, difference equations are required for f (k), /s (k), and y(k) . Write these

equations.

(b)Find the filter transfer function Y (z)/E (z) by taking the z-transform of the equations of part (a)
and eliminating F, (z) and F, (z) .

(c) Verify the results in part (b) using Mason’s gain formula.

(d)Write a MATLAB-program segment that realizes the 1X structure. This program should be of
the form of that is used in Example 2.10.



Solution:
@ fik) =g fitk=1)=g, /,(k 1)+ gse(k)
(k) =g f(k=1)+g f,(k—1)+ ge(k)
y(k) = bye(k) + f,(k—1)
®) (1) F(2)=g7 F(2)-2 F()+gE()
2) F(2)=gz B2 +g27 K@) +gE(z)
(3) Y(z) =hyE(z)+z'F)(2)
(D) (z-g)F(2)+8,F(2) = g32E(2)

(2) —gE () +(z-g)F(2) = g,2E(2)

z-g &zE(2)
- zE(z o +
o Fy(s) = g, 842E(2) _ (g42 g1g422 gzzgsz) E(2)
‘Z_gl & (z-g) +g
-8 Z-&

CY(2) b +g4z+g2g3—g,g4
e -2 2 2
E(z) (z-g) +&

Re(A)+jIm(4) . Re(4)—jIm(4)
z—Re(p)—jIm(p) z—Re(p)+jlm(p)

also, D(z) =b, +

:b2+%(g4_j$3)+%(g4+]?3)
zZ-=8-J8& Z-8& 71J&
b +g4z—g1g4+g2g3
=b
(z-g) +g;

g2g3272 +g,(1-gz ")
1_g1271 _glzil +g12272 +g22272

(¢) D(z)=b,+

842+ 8,83 — 8184
by +— 2, 2
z°=2gz+ g +g

(d) flkminusl = 0;

f2kminus1 = 0;



ek=1;

for k =0:5
yk = bO*ek+f2kminus1;
[k, ek, yk]
flk = gl*flkminus1 — g2*f2kminus1 + g3*ek;
f2k = g1*f2kminus1 + g2*flkminus1 + g3*ek;
flkminus1 = f1k;
f2kminus1 = f2k;

end

2.8-3. Given the second-order digital-filter transfer function

222 — 242+ 0.72
D(Z> =
z-—1.4z 4+ 0.98

(a) Find the coefficients of the 3D structure of Fig. P2.8-1 such that D(z) is realized.
(b)Find the coefficients of the ID structure of Fig. P2.8-1 such that D(z) is realized.

(c)Find the coefficients of the IX structure of Fig. P2.8-2 such that D(z) is realized.

The coefficients are identified in Problem 2.8-2.
(d)Use MATLAB to verify the partial-fraction expansions in part (c).

(e) Verify the results in part (c) using Mason’s gain formula.

Solution:
(@ B,=2,B=-24,B,=072,0,=—14, o, =0.98
(b) b,=2,b=-24,b,=0.72,a, =-1.4, a, =0.98

]
14%(1.4° —4(0.98))A
(c) poles: z = 5 =0.71,0.7=0.99 £+45°




*

A A

D(z)=2+ —+ -
z—0.7-;0.7 z-0.7+ ;0.7
s ~2.42+0.72| _j1.96—(1.68 + j1.68)+0.72
z-0.7+ /0.7 |z:o.99445° 14
=0.2+ j0.6857

Lg =07 g =1371
g, =07 g,=04
(d) num=[2 -2.4 .72];
den=[1 -1.4 0.98];
[r,p.k,]=residue(num, den)
(€) A=1-(0.7z"+0.7z" +0.4z2)+0.4922

=1-14z"+098z7
D(z)=2 +%[1.371 (0.7)z7% +0.4z7'1+0.7z71)]

04z-124 22" -24z+0.72

=2+ )
z°—14z+098 z°—-1.4z+0.98

2.9-1. Find two different state-variable formulations that model the system whose difference equation is
given by:

(@) y(k +2)+ 6y(k + 1)+ 5y(k) = 2e(k)
(b) y(k +2)+ 6y(k + 1)+ 5y(k) = e(k + 1)+ 2e(k)

(©) y(k +2)+ 6y(k + 1)+ 5y(k) = 3e(k + 2) + e[k + 1) + 2e(k)

Solution:

Y(z) 2
U(z) z°+6z+5

(a)

(1) control canonical:



b 12
wh) + ~ , X, (k) , x,(k) N O y(k)
\ 3
—a .
—6
k+1)= 01 k)+ 0 k
xk+D=| o |xb)+| | fuh)
y(ky=[2 0]x(k)
(2) observer canonical:
u(k)
i i i
by by by
z 0] 0
X(k) x,(k) y(k)
Ny, P N P
s e
! !
k=0 Moo+
xk+D)=| (xR +| (k)
y(ky=[1 0]x(k)
(b) () = Z+2 (1) control canonical: x(k +1) = same as (a)
U(z) z*+6z+5 yk)=[2 1]x(k)
(2) observer canonical:
ke =| 0 M+ uk
xk+D)=| (x| (k)
y(k)y=[1 0]x(k)
Y(z2) 32 +z+2 x(k +1) = same as (a)

(©)

= (1) control canonical:
U(z) z*+6z+5 (k) =[-13 =17]x(k) + 3u(k)



(2) observer canonical:

-6 1 1
x(k+1) = {_5 O};(k) + Mu(k)

yky=[1 0]x(k)+3u(k)

2.9-2. Write the state equations for the observer canonical form of a system, shown in Fig. 2-10, which
has the transfer function given in (2-51) and (2-61)

-1
G(z) = b2 +1---—|-blz—|—b0
" +a 2" -4 az+a,
Solution:
an—l 1o - 0 n-1
x(k+)=| @2 O 1 0l bn_-z u(k)

yky=[1 0 0 - 0 ]xw

2.10-1.Find a state-variable formulation for the system described by the coupled second-order difference
equations given. The system output is y(k) ,and e (k) and ez(k> are the system inputs. Hint:

Draw a simulation diagram first.
x(k+2)+ v(k + 1) = 4e, (k) + ¢, (k)
(ke +2) = (8] + x{£) = 20,

y(k)=v(k+2) = x(k+1)+ ¢ (k)

Solution:



e(k) . + /e - r x,(k)
. x(k) x(k)
A y(k)
2 +
1
ey(k) +/\ T T x3(k)
N x,(k) n(k)
+
0 1 0 O 0 0
0 0 0 -1 4 1
x(k+1)= 00 1 x(k)+ 00 e(k)
-1 01 O 2 0

Y(k) = x, (k +1) = x, (k) + € (k) = =x, (k) + x5 (k) — x, (k) + ¢, (k)

sy =[-1 -1 1 0]x(k)+[1 0]e(k)

2.10-2.Consider the system described by

X<k+1> =

(a) Find the transfer function Y(z)/U(z) .

(b)Using any similarity transformation, find a different state model for this system.
(c)Find the transfer function of the system from the transformed state equations.

(d)Verify that A given and A derived in part (b) satisfy the first three properties of similarity

transformations. The fourth property was verified in part (c).

Solution:

z -1

(a) ZI—A=|:O .3

} A:|ZI—A|:z(Z—3)=A



¥() _ ClA-A'B = l[_z 1] {2—3 1} H
2 A 0 z||1

Ll —z+4
1| z(z-3)

:%[—22+6 Z—2]|:
_1 _l, -1 _ % %
ORI Lk E]

_pap<| 4 AJ[0 T[4 A
A, =P AP—{_% %MO 3“1 1}{—% %H3 3}

a
Il

L =CP=[-2 1]B ﬂ:[—l 3]

2 2 1
Wk +1) = [1 Jw(k) + Mu(k)

y(b)=[-1 3]w(k)

-2

—2
©) zI—sz[Z 1 J; A=|d-A,|=2-3z42-2=2(2-3)
I

LZ):CW[ZI_AW]ABWZL[—I 3][2_1 2 }[1}
U(z) A Lol

:%[_1 3]{2—1}_ —z+4

1| z(z-3)

(d) |ZI—A|:‘3 213‘222_32; |z1-A,| =

z=2 =2
O Z—l‘=2(2_3)
nz=0,2,=3
01 2 2
|A|=O 3=0=lez; |Aw|=1 1=0

trA=3=z+z,; trA, =3



2.10-3.Consider the system of Problem 2.10-2. A similarity transformation on these equations yields

d,

w(k—i—l): 0

: w(k)+ B u(k)

y(k) =€ x(k)
(a)Find 4, and d, .

(b)Find a similarity transformation that results in the A matrix given. Note that this matrix is

diagonal.

(¢)Find B, and C

(d)Find the transfer functions of both sets of state equations to verify the results of this problem.

Solution:

(a) Let z,z, be the characteristic value of A. d, =2z, d,=z,

-1
ZI—Az[g Z_3:|, |zI—A|=z(Z—3); sz =0, z,=3

0 -1 11 0 —my =0
® (ZII_A)"”:[O —3} [:Z }:{O}:}—gn =0
21 21 =

1
oy =0, let my =1, omy = [0}

3 —17[m,] [0
(l=Am =| - my |~ |0 = 3my, —my; =0

1
et mpy, =1, my, =3, .m, = [3}
11 1 -1/3
. M = . |M|: 3’ M*l — /
0 3 0 1/3

oy 210 0 e 3



L[ o—y3] [
© B =M B‘[o 1/3H1/J

c, —cM=[=2 1] [(1) ﬂ:[—z 1

2/3

00
.'.w(k+1)=[0 3}w(k)+[1/3

}u(k)

y(b) =[-2 1]w(k)
(d) See Problem 2.10-2(a) for the first transfer function.

V4

0 I-A |= 3)=A
O Z—3’|Z_ w|_Z(Z_ )_

zZI-A, = [

Y(z) I z=3 0][2/3
TR B, =—[-2 1][ . le/J

=%[—2z+6 z][

2/3 _—%z+4+%z_ —z+4
/3| A  2(z-3)

2.10-4.Repeat Problem 2.10-2 for the system described by

x(kJrl)—\é 0

y(k) =12 |x(k)
(a) Find the transfer function Y(z)/U(z) .

(b)Using any similarity transformation, find a different state model for this system.
(c)Find the transfer function of the system from the transformed state equations.

(d)Verify that A given and A derived in part (b) satisfy the first three properties of similarity

transformations. The fourth property was verified in part (c).

Solution:

(a)



U(z) 1 1
z—0.5
2
:[1 2] z-1 |_ 2 N 2 _ 4z -3
1 z—=1 z-0.5 (z-1)(z-0.5)
z—0.5

_1 -1 -1 _ % %
® P‘L J’P ‘{% /}

T A 72 | R R A L A A | R U A/

FALEE AP‘[% /Mo /Ml 1H% %Ml 1H% %}
e [ H[2]_[ %

o=t B‘[% JH M

C,=CP=[1 2][1 ﬂ:p 1]

Wk +1) = [_y% _yﬂw(k) + Ly%}u(k)

y(k)=[3 1]x(k)

-3 ]
(c) zI—AW:[z A :|,|ZI—AW|=22—1.5Z+2—%=22—1.5Z+0.5=A

Siooz=3 16
3 -1 3
YO _c,A-A,1"B, =3 1]1{2 A q[q
U(z) Al =V z=¥%|| -4
3 _
“las s2s o1 “olo__4273
A -1 (z=-D(z-0.5)
d) |A-Al=|" =22 152405 |A-A, | =2 —15240.5
0 z-05
sz =1,2,=05
10 ¥
|A|= =0'5=ZIZZ;|AW|= A A:i-i:
0 05 Y Y| 16 16

trA=15=z+z,; trA =15



2.11-1.Consider a system with the transfer function

(a) Find three different state-variable models of this system.

(b) Verify the transfer function of each state model in part (a), using (2-84).

Solution:

(@) G(z) = G,(2)G, (2) = —— =

2
zi—z 1-z

(1

x,(k) + N ; X, . x, (k)

z
T change Z to 2

01 0
x(k+1):{0 Jx(k)+{2}u(k)

y(k)=[1 0]x(k)

2 _—2+ 2 =G (2)+G,(2)

2 = =
@ 6() z(z-1) =z z-1

xy(k)
T z
x,(k) _C: y(k)
N T x,(k) 5
T change Z to 2
00 1
x(k+1)= 01 x(k)+ : u(k)

k) =[-2 2]x(k)



3)

u(k) X + x; YK
— Zz - 7 —( —— T -
+
change Z to 2

11 0
x(k+1) = {0 O};(k) + Hu(k)

y(k)=[1 0]x(k)

z -1
(b) (1) A—A:L 24}

G(Z)=C[ZI—A]’1B=%[1 o]{z‘l 1“°}i[2_1 l]m 2

zI—A|=22—z:A

0
(2)zI—A=LZ) J; A-A|=A=z-:z
.

G(z):C[zI—A]*lei[_l 1]{2‘1 O}HZi[_l 1]{22_2} 2

“1 -1
(3)zI—A:[ZO } Zl-Al=2—z=A
V4

G(z)=C[zI—A]’1B=%[1 O]{Z ! :||:0:|=1[Z l]m 2

0 z-1

2.11-2.Consider a system described by the coupled difference equation
y(k+2)=v(k)=0
vk + 1)+ y(k+1) = u(k)
where u(k) is the system input.

(a)Find a state-variable formulation for this system. Consider the outputs to be y(k + 1) and v(k) .

Hint: Draw a simulation diagram first.

(b)Repeat part (a) with y(k) and v(k) as the outputs.



(c)Repeat part (a) with the single output v(k) .

(d)Use (2-84) to calculate the system transfer function with v(k) as the system output, as in part

(c): that is, find ¥ (z)/U(z).

(e) Verify the transfer function V(z)/ U (z) in part (d) by taking the z-transform of the given system

difference equations and eliminating Y (z) .

(f) Verify the transfer function V(z)/ U (z) in part (d) by using Mason’s gain formula on the

simulation diagram of part (a).

Solution:
(a)
y(k+2) yk+1) y(k)
T T
x,(k) x;(k)
u(k) +mu(k+1) r u(ky)

0 1 O [0
x(k+)={0 0 1|x(k)+|0 |uk)

0 -1 0 1

| @] [0 1 0] O () = outout
Yo(k)= w0 |0 0 1_X( ); Yo (k) = outpu

(b) x(k+1)= same as (a)

o -[F®]_ 0 o]
S 7S I

(c) x(k+1)= same as (a)
Vo) =x,(k)=[0 0 1]x(k)
z -1 0

(d) zZI-A=|0 z -1 ;|zI—A|=z3—(—z)=z3+z=A
0 1 =z



z 1
Cof[zZI-A]l=| =z 22z | [zZ-A]" = L 2 2z
1 z Z 0 z 2z

DG _caoare=Lp o 11| 2 2 2|0
U(z) A )
0 z z
0
1 2} 0 z? z
=—|0 z z = =
A[ 1 -z 241

(e) Z’Y(2)-V(z)=0=Y(2)= iZV(z)
z

ZV(2)+zY(2) =2V (2) +1V(z) =U(z)
z

Ve e 1z
UG U@ 1 P+l
(f) From (a):

make u and y capital letters

1 00 1
eet)=| 1 1o s+ o ot
01 0 0

(k) =10 o 1]x(k)



(a) Calculate the transfer function Y(z)/U(z) ,using (2-84).

(b)Draw a simulation diagram for this system, from the state equations given.

(c)Use Mason’s gain formula and the simulation diagram to verify the transfer function found in

part (a).
Solution:
z-=1 0 O
@zZ-A=| -1 z-1 0[;A=2"-22"+z=2z(z-1)*
0 -1 =z
1
0 0
z(z-1) z 1 z-1
Cof (zZI-A)=| 0 2(z-1)  z-1 |, (@A-A)"=| — ! 0
0 0 12 @b =
(z=1) | L
_Z(z—l)2 z(z—=1) z|

1
G(z)=C[ZI-A]"'B=[0 0 1][zZI-AT"|0
0

1

1 1 1 1 1
=l 7= ¢ Z||°" 2 3 2
z(z=1)" z(z-1) z 0 zZ(z=1)" z°-2z"+z

(b)

e(k) x(k)

y +

—O— O

5(k)

x3(k) y(k)

(€ A=l-z"'-z"42z2=1-2z"47"



73 1
G2y =—=
(2) A

2227t +2

2.11-4.Section 2.9 gives some standard forms for state equations (simulation diagrams for the control
canonical and observer canonical forms). The MATLAB statement

[A,B,C,D] = tf2ss<num,den)

generates a standard set of state equations for the transfer function whose numerator
coefficients are given in the vector num and denominator coefficients in the vector den.

(a) Use the MATLAB statement given to generate a set of state equations for the transfer function

3z+4
Glz)= =227+
<Z> 22 +52+6

(b)Draw a simulation diagram for the state equations in part (a).

(c) Determine if the simulation diagram in part (b) is one of the standard forms in Section 2.9.

Solution:
(a)n=1[034];
d=[156];

[A,B,C,D] = tf2ss(n, d)

-5 -6 1
x(k +1) =[ - }x(k){o}u(k)

(k) =[3 4]x(k)

(b)

3
uk) 4+~ x,(b) Xp(b) ++/L y(k)




(c) Yes, it is the control canonical form with the states renumbered.

2.12-1.Consider the system described in Problem 2.10-2.

X(k+1>: 01

(a) Find the transfer function of this system.

(b)Let u(k) =1, k>0 (a unit step function) and x(O) = (. Use the transfer function of part (a) to

find the system response.

(c) Find the state transition matrix <I>(k> for this system.

(d)Use (2-90) to verify the step response calculated in part (b). This calculation results in the

response expressed as a summation. Then check the values y(O) , y(l) ,and y(2) .

(e) Verify the results of part (d) by the iterative solution of the state equations.

Solution:
z -1
(a) ZI_A:|:() Z_3:|,A=|ZI—A|=Z(Z—3)=A
Y@ _qa-are=1[— 1]{2_3 1}H
U(z) A 0 z|[1
MY z—z]H: 2t
A 1| z(z-3)
(—z+4)z
b —_\TETYz
N Y
Y(z)= —z+4 :%+—_%+ A
z z(z=1)(z-3) =z z-1 z-3



. (#=%+ =0, k=0 e
'ymy“{—%+%6f k>1 ﬂD——5+5——1
(2)=->+-=0
(©
23 1 -4, 4
D)= 2(dA-A) = CTD FEI_ 223
0 z 1
z(z=3) z-3

Lsio+ Loy
nay=| OB 300

0 (3)*

@) y(k)= 3 CO%—1- )Bu(j) = 2[ 2 1 |®(k-1- 1){ }

Jj=0 j=0

>~

-1 Zsh—1- iy aLogyeit =
S ] P00 {_45(k_j_1)+1(3)k_,«1}
0 (3)k-j—1 j=0 3 3

J

k-1

2{ S(k—1-j)+= (3)’“/}
=0

J
—0; v(=—2s0y+ L =2
y(0)=0; y(1)= 3&®+3G) 313~ 71

= s+ iay s+ Lol
Y= =281+ 2(3) - 38(0)+ 33 =1-3+2=0

o o Rt ]
eofs o o

2.12-2.The system described by the equations

x(k)+ u(k)

x(kJrl)—\é 0




is excited by the initial conditions x(O) = [ -1 2 ]T with u(k) = 0 for all k.
(a) Use (2-89) to solve for x(k), k>0.
(b)Find the output y(z) .
(c¢) Show that <I>(k> in (a) satisfies the property <I>(O) =1L

(d)Show that the solution in part (a) satisfies the given initial conditions.

(e) Use an iterative solution of the state equations to show that the values y(k) ,for k=0,1 2, and

3, in part (b) are correct.

(f) Verify the results in part (e) using MATLAB.

Solution:

(a) zZI-A= =10 ; |AA-Al=A=(z-1)(z-0.5)
0 z-05

0
(zI—A’l):l z=05 0 _|z-1
0 z—1 1
0
z—0.5
z
0
O (b
z 0 05"
z—0.5

101 1
= X(k) = @(k)x(0) = {0 0 5"} M B L(o 5)"}

1
(b) y(k)=Cx(k)=[1 2] L(O 5)4 =1+4(0.5)"

1 07 10
© (D(O):[o 050}{0 1}[



1 1
@) xh)|,_, = {2(0.5)"} ) [2}

y0)=5 y2)=2

F b),
() From (b) y)=3 y@)=15

1
»(0)=Cx(0)=[1 2] {2} =5

x(1) = {o

1o
xQ){o 0.5} L B

*G) {(1) 0?5} {0%5}2[0.125}’ YO =1 2][0.125}21'5

() A=[100.5B=[2;1;C=[12];

J—,
=)
W
| I
1
[N
Il
—_ =
. I
<
~
—
~
Il
—
—

\S}
—
1
| I
Il
w

x=[1; 2];

u=0;

for k =0:3
x1 = A*x + B*u;
y=C*x;
[k.y]

X =x1;

2.12-3.The system described by the equations

1.1 1
-03 0

k) =[1 -1 [x(k)

X(k+l) =

is excited by the initial conditions X(O) = [ -1 2 ]T with u(k) = 0 for all k.



(a) Use (2-89) to solve for x(k), k>0.
(b)Find the output y(k) .
(c) Show that <I>(k> in part (a) satisfies the property <I>(O) =1I.

(d)Show that the solution in part (a) satisfies the given initial conditions.

(e) Use an iterative solution of the state equations to show that the values y(k) ,for k=0,1 2, and

3, in part (b) are correct.

Solution:

(a) zI—A:{Z_l'l _1}|21—A|=A=z2—1.1z+o.3=(z—0.5)(z—0.6)
0.3 z
R _l z 1
(A=4) _A[—OB z—1.1}
z 1
O =/ [2(A - A ] = /| 2 (z=0.5)(z=0.6) (z—0.5)(z-0.6)
0.3 z—1.1

(z=0.5)(z-0.6) (z—0.5)(z-0.6)

-5(0.5)" +6(0.6)° —10(0.5)* +10(0.6)"
3(0.5)F =3(0.6)°  6(0.5)" —5(0.6)"

=5(0.5)" +6(0.6)° —10(0.5)° +10(0.6)* |[-17 |—-15(0.5)F +14(0.6)

- x(k) = DUO)X(0) = ( )k+ ( 2 ( 1+ ( k) [ }: ( z+ ( k)
3(0.5)" —3(0.6) 6(0.5)" —5(0.6) 2 9(0.5)F —=7(0.6)

—15(0.5)" +14(0.6)*

(b) y(k)=Cx(k)=|1 —1]{ . .
9(0.5)" —7(0.6)

} = —24(0.5)" +21(0.6)*

546 —10+10] [1 0
© (D(O):{s—s 6-5 }:[0 1}21



—-15+14 -1
oS

(e) From (b), y(0)=-3 y(2)=156
y(1)=0.6 »(3)=1.536

-1
y(0)=Cx(0)=[1 —1] { 5 } =-3

L e

0.6

2 : L2 o =n ) _1.56
2= 03 o o7 [ Y@= A

. e ][] o0 9]
XO=| 05 0] 027|037 [ YO U 397

MATLAB:
A=[111;-030];B=[1;1];C=[1-1];
x=[-1; 2];
u=0;
for k =0:3

x1 = A*x + B*u;
y = C*x;

(k.y]

2.12-4.Let <I>(k> be the state transition matrix for the equations

x(k +1) = Ax(k)
Show that <I>(k> satisfies the difference equation

®(k+1) = A®(k)
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Solution:
x(k +1) = Ax(k); x(k) = ®(k)x(0)
- ®(k +1)x(0) = AD(k)x(0)

Since this is true for any x(0), .. ®(k +1) = AD(k)
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