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Chapter 1

A finite element is a small body or unit interconnected to other units to model a larger
structure or system.

Discretization means dividing the body (system) into an equivalent system of finite
elements with associated hodes and elements.

The modern development of the finite element method began in 1941 with the work of
Hrennikoff in the field of structural engineering.

The direct stiffness method was introduced in 1941 by Hrennikoff. However, it was not
commonly known as the direct gtiffness method until 1956.

A matrix is arectangular array of quantities arranged in rows and columns that is often
used to aid in expressing and solving a system of algebraic equations.

As computer developed it made possible to solve thousands of equations in a matter of
minutes.

The following are the general steps of the finite element method.

Step 1
Divide the body into an equivalent system of finite elements with associated
nodes and choose the most appropriate element type.
Step 2
Choose a displacement function within each element.
Step 3
Relate the stresses to the strains through the stress/strain law—generally
called the congtitutive law.
Step 4
Derive the element gtiffness matrix and equations. Use the direct equilibrium
method, a work or energy method, or a method of weighted residuals to
relate the nodal forcesto nodal displacements.
Step 5
Assemble the element equations to obtain the global or total equations and
introduce boundary conditions.
Step 6
Solve for the unknown degrees of freedom (or generalized displacements).
Step 7
Solve for the element strains and stresses.
Step 8

Interpret and analyze the results for use in the design/analysis process.

The displacement method assumes displacements of the nodes as the unknowns of the
problem. The problem is formulated such that a set of simultaneous equations is solved
for nodal displacements.

Four common types of elements are: smple line elements, smple two-dimensional
elements, smple three-dimensional elements, and simple axisymmetric elements.

Three common methods used to derive the element stiffness matrix and equations are
(1) direct equilibrium method

(2) work or energy methods

(3) methods of weighted residuals

The term ‘degrees of freedom’ refers to rotations and displacements that are associated
with each node.

1
© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1.12. Fivetypica areaswhere the finite element is applied are as follows.
(1) Structural/stress analysis
(2) Heat transfer anaysis
(3) Fluid flow analysis
(4) Electric or magnetic potential distribution analysis
(5) Biomechanical engineering
1.13. Five advantages of the finite element method are the ability to
(1) Model irregularly shaped bodies quite easily
(2) Handle general load conditions without difficulty

(3) Model bodies composed of severa different materials because element equations
are evaluated individually

(4) Handle unlimited numbers and kinds of boundary conditions

(5) Vay the size of the elements to make it possible to use smal elements where
necessary

2
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k,
(kY] =
(K] =

[ks®] =
[K] =
[K] =

(b) Nodes1 and 2
(K] =
{F}=

F3X} —

I:4x
01 B

{
- |

{F} =

Pl L

Chapter 2

ky

o O O o

T
o O O o

o O O O O O O O

0

0

L 0 ks |

[KP]+ [KA] + K]

[k 0 -k
0 kg 0

-k 0 k+k

0
—kq
—k,

Ky, + kg

arefixed so u; =0 and u, = 0 and [K] becomes

[k +ky =k, }

L -k Kotkg
[K] {d}
[k + ks,

e o)
[k + Kk, } {ugl

—ky U4J
(K] {d} =[KT]{F} =[K™] [K] {d}
= [K7]{F} ={d}

—k,
ky + kg

Us

}

Uy

—k,
ky + kg

Using the adjoint method to find [K™]

Cu=
Cp=

Cu= (-1 (-k)
Cu= kit+k

ko + ks
1'% (k) =k

3
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[C]:{k2+k3 s }and o [|<2+|<3 ” }
k kit k  ktko
det [K] = [ [K] | = (k1 + k) (ko + ka) = (— ko) (— ko)

= |IK]|= (ki + ko) (ko + ko) — ko

k-y= 1C7]
det K
{kz +ky  ky } {kz +ks ks }
K = k, k+k | _ K, ki +k,

(k1+k2)(k2+k3)—k22 ) kKo + Ky kg + Ky K

A aeAl

U4J - ky Ky + Ky kg + Ky Ky

= Uz=
ki K + Kk kg + Ky Ky
U= (k+k)P

B ki ko + Ky K+ K5 kg
(c) Inorder to find the reaction forces we go back to the global matrix F = [K] {d}

Fiy kk 0 -k 0 A
Fox _ 0 k; O —ks u,
For | |~k O Ktk —k Us
k, P
Fi= —kiuz=—k 2
- o lk1k2+k1k3+k2k3
o Fy= -k, k, P
K Ko + kg kg ks kg
Em ek 0Tk P
= FZ)(: _k3 (k1+k2)P
K Ko + kg kg +k; K
2.2
Z
1 k 2 ke 3 Fy
X
s |—
k]_: k2: k3: 1000 E
in.
L @ @ @
-k k@’ -k k|3

By the method of superposition the global stiffness matrix is constructed.

4
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“m @ O

k —k 0@ k —k 0
[Kl= |-k k+k —-k|@=[K]=|-k 2k -k
0 -k k13 0 -k k
Nodelisfixed=u; =0anduz=4
{F} = [K]{d}
(F=7] k—&k—0 jrulzu‘
Fox =0p = —E 2k —k| qu,=?
0 {Zk —kHuz} 0 = 2ku,—ké
= = =
Fay -k kJl6 Fo= —ku, +ké
U2:k—5:§:m$U2:0.5”
2k 2 2

Fa= —k (05”) + k (1)
Fa = (= 1000 %) (0.5") + (1000 %) 1)

Fax = 500 Ibs

Internal forces
Element (1)

B, @] T k —k][wu=0
£, @ " [k k]ly,=05"
= f,¥ = (-1000 %) (05 = f,Y =-5001b

f, ) = (1000 %) (051 = £, =5001b
Element (2)

f, 2 [ k —k} {uz = o.5”} f, ) =-5001b
= =
far? -k k]l =1" f3,? =500 Ib

23

@ K== == | ]

k k
By the method of superposition we congruct the global [K] and knowing {F} = [K] {d}
we have
(=2 - —k—0—0—P+{u=0
F,,=0 -k 2k -k 0 0] |u
Fox=Pr =] 0 -k 2k -k 0|qus
=2 —b—6—6—%k T tts—="0
5
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0] [2k -k 07(w,) O

2ku, — kug

(b) P =|-k 2k —k|[iusp=P = —ku,+2kuz—ku,
0 0 -k 2k]|lu,J 0O = —kus+2ku,
= = By
T2

Substituting in the equation in the middle
P= —kU2+2kU3—kU4

- P= —k(ﬁ) +2ku3—k($)
2 2

= P:kl.lg

= =P
7 X
oo P ows
2T kT K

(c) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation{F} =[K] {d}

P
Fie= —KUp= -k — = Fp = ——
1x 2 2k 1x

P P
Foe= —KUs= -k — = Fge= ——
5x 4 2k 5x 2

Check
SFy= 0= Fy+Fs5+P=0

:>—E +(—E) +P=0
2 2

24

@ K] =[K? =k =[K"] = [_E _: }

By the method of superposition the global [K] is constructed.
Also {F} = [K]{d} andu;=0andus =&

o] r 1 Il

F—"= —k—6—0—0{ur="0
Fp=0| |-K 2k -k 0 0] |u,="
Foe=0b=| 0 —k 2k —k 0[{uz=2
Fi =0 0 0 -k 2k —k||u=2?
Fe=2—16—6—6—k——kgttc=>
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(b) 0=2kuz—kus (1)

0= —kup +2Kus—kus @)
0=—Kkuz+2kus—kd (3)
From (2)

U= 2 U
From (3)

Substituting in Equation (2)

=>—k(u2)+2k(2u2)—k(6+—§62x)

S 9]
:>—U2+4U2—U2—E:0=>U2:Z
=u :2é =u :é

3 4 3 2
5+2(2
= Us= - (4) =>U4:ﬁ
2 4
(c) Going back to the global equation
{F} = [K] {d}

o ko
Fi = -k U = —kz = Fix= —T

Fsx = —kU4+k5:—k(%J +ko

ké
= F5X: T

25

d d d  ds
M1 -1 2 -2
k(l): : k(Z):
[]__11}[]_22
d dy d, ds
-3 3_’ -4 4
ds ds
C 5 5]
k(5):
[k™] 5 s
7
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Assembling global [K] using direct stiffness method

1 -1 0 0

-1 1+2+3+4 0 -2-3-4
(K] =

0 0 5 -5

0 -2-3-4 -5 2+3+4+5
Simplifying
1 -1 0 O
-1 10 0 -9 [kip
0 0 5 -5]in
0 -9 -5 14

[K] =

2.6 Now apply + 2 kip at node 2 in spring assemblage of P 2.5.
Fox= 2Kkip
[K{d} = {F}
[K] from P25
1 -1 0 0]wu=0 F

-1 10 0 -9 |u 2
N (A)
0 0 5 -5||u=0 Fs
0 -9 -5 14] |y, 0
whereu; =0, u3=0asnodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)
10 -9|(u] _ (2
-9 14]ly) " 1o
Solving
u,= 0.475in., us;=0.305in.
2.7
1 K 2
e OANANNANAO -
c c

+fiy — = O ANNANANAO —— +f,

+ nodal force conv.

flx: C, f2X:—C
f= —k(S:—k(Uz—Ul)
le: —k(Uz—Ul)

fox= = (= K) (Uz— )

fix] [k k] [w
] 1% kJ lu

Kl = k —k)] sameasfor
[K1= & k| tensileelement

8
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2.8

Ib Ib

+q k=500 4 k=500 1 5001b
I 2 3

1 -1 1 -1
ki = 500 ; ko =500
-1 1 - 1

1
So
1 -1 0
[K]=500|-1 2 -1
0 -1 1
{F} = [K]{d}
F=2
= |K=0 =
F, =1000
- 0 = 1000 u, — 500 us 1)
500 = —500 up + 500 us @)
From (1)
U, = @ Uz = U, =05u; (3)

1000
Substituting (3) into (2)
=  500=-500 (0.5 uz) + 500 uz
=  500=250u;

= us= 2in.
= u= (05) (2in)=w=1in.
Element 1-2
f, @ 1 -17(0 in. f,,® =—500Ib
1xl :500|: :H . }:> lx1
sz() -1 1|1 in f2x(): 5001b
Element 2-3
f, 2 1 -17(1in f,(? =—5001b
2ol -
f,,2 -1 1](2in f, 2 = 5001b
0
Fix=500[1 -1 0] |1 in.|= F,=-5001lb
2in.
2.9
] kzlooo% k=1000% k=1000:%
1000 1b ' 4000 Ib
1 2 3 4
9
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o @

] = [ 1000 —1000}
|-1000 1000
2 (©)
@] = 1000 —1000}
|-1000 1000
(©) (4)
O] = 1000 —1000}
|-1000 1000
D @ & @
1000 -1000 O 0
(K] = -1000 2000 -1000 O
0 -1000 2000 -—1000
) 0 -1000 1000 |
(rr=2 +—+4660——1606—56 0—I{u=0
F,,=-1000| |-1000 2000 -1000 O U,
Fa =0 - —1000 2000 —1000 | |u,
F,, = 4000 L 0 -1000 1000 | |u,
= u;=0in.
u= 3in.
us= 7in.
us=11in.
Reactions
w= 0
u= 3
Fix= [1000 —1000 O 0] e 7 = F1x=—3000 Ib
u= 11

Element forces
Element (1)

{flx‘l)l [ 1000 1000 o} £, ® = -3000Ib

_ { S
£, [-1000 1000 [[3] " f, @~ 3000Ib
Element (2)
fp®] [ 12000 -10007(3)  f,, @ =—-4000Ib
= =
f, @] [-1000 1000 |(7] ~ f, @ = 4000Ib
Element (3)
f5®] _ [ 2000 -1000] {7}:> fa® =—40001b
£, @]~ [-1000 1000 |{21] " f, ® = 4000Ib
2.10
Z
S k=500 12
4, A=1000-p > [a000m
l .
AVAYAY -~
i T
Rigid bar — o .
k=500 12
7 "
10
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) = [ 1000 —1000
~ [-1000 1000
[ 500 -500
[K?] =
|-500 500
~ |-500 500
{F} = [KI{d}
Fpy =2 1000 —1000
F,,=—4000| |-1000 2000
Fay =" | 0 -500
Fp =2 0 500
—4000 .
2000
Reactions
Fu 1000 —1000
Foe| _ |-1000 2000
| | O -500
Fa 0  -500
Fix 2000
Foy —4000
= = b
Fax 1000
Fay 1000
Element (1)
f,®] [ 1000 -1000
£, @[ [-1000 1000
Element (2)
f @] [ 500 —500} {
£, @[ [-500 500
Element (3)
f, @] [ 500 -500
f, @] [-500 500

211

H—z}:' {

0 0 u=0
—-500 -500(|u, =
500 0 |[|uz=
0 500] |u, =
0 0 |(O
-500 -500||-2
500 0 ||O
0 5000

0 f, @] [ 2000 b
£, @] |-2000
f,, 2 —1000)
£, @ 1000

f,, {—1000} "
£, | 1000

-1
-

N N
” 2000 = 2000 =5
2 1 m 2 m. .3 Fy

6=20mm

11
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K] = { 2000 —2000}; [k(z)]:[ 2000 —2000}

—2000 2000 —2000 2000
{F} = [K]{d}
P =2 2000 -2000 O =0
F,, =0 = | 2000 4000 —2000||u,="?
Fay =2 0 —2000 2000 | u;=0.02m
= u, = 0.01m
Reactions
Fi= (~2000) (0.01) = F1,=—20 N
Element (1)
{flx} _ [2000 —2000} { 0 }:} {ﬁx} _ {—201 N
fo —2000 2000 | |0.01 fo 20
Element (2)
{EX} _ [2000 —2000} {0.01} . {fZX} _ {—20} \
o —2000 2000 | |0.02 o 20
2.12
L, 10,000 N 20000 N 10,000 N
450 N
%1*’““2 “““3'““4%
@ @) ® ’
1 -1
k™1 = [K®] = 10000
(K™= [K”] 11
2 -2
k@] = 10000
2 2
{F} = [KI{d}
le =7 =% © ia = ©
F,, = 4500 N -1 3 -2 0| |u="
= 10000
Fa =0 ) 2 3 -1 |y="?
Fay =2 60—+t —6
3
0=—2Ww+3uz= U= E U= U =15u3
450 N = 30000 (1.5 ug) — 20000 Us
= 450N = (25000 %)u3=>u3:1.8>< 10%m
= U= 1.5(1.8x 10%) = u, = 2.7 x 102m
Element (1)
f 1 -1 0 f,®=—270N
{}X} = 10000 { } { _2} =
foy -1 1] [27x10 f, Y= 270N
12
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Element (2)

f —
{ fx} = 20000
fa L

Element (3)

{f:”xl: 10000 I

f4xJ -_1 1—

0
Reactions

Fu = 20000 Ny1-q 10
{Fad = ( peof it {2_”

1 -1] {1.8><10‘2

1 -1 [2.7x107?
1.8x1072

1072

@ - 180N
|-

f, @ =—180N

. = 180N
}:> 3

f,, & =—180 N

} = F1ix=—270N

m 0

= Fx=-180N
213

kN

§ 20— ’{}

K9 = (K] = (K9] = (K9] = 20 [

{F} = [K] {d}
Fi="? —+—06—6—%
Fo =0 -1 -1 0 0
% =10kN: =200 -1 2 -1 0
Fax =0 b 0 -1 2 -1
Fey =7 — 60— 06—+
0=2u, —u; = u,=05u,
O=-u;+2u, = u4:0.5u3} — =t

= B5KkN=-20u;+40(2u;)—20u,

= 5=40u;=>u;=0125m

= us= 0.125m

= Uz = 2(0.125) = u3=0.25m
Element (1)

f2x

Element (2)
3x

|

- [—i _ﬂ {0.225}

1 1| (0.125
20 =
-1 1] (025

13

—y
1

>

—h

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

7[} m

1

kN
20

7.3

1 -1
- 1

u=0
UZZ?

u, =7

LI5=
=-25kN
)—25kN
=-25kN
)—25kN



Element (3)

{f3x}: 0 (1 -1 {0.25} N fo @ =2.5kN

fax -1 1| (0125 f,, 0 =—25kN
Element (4)
for L o[ 1T {0.125 £, @ = 25kN
= =
fsy -1 1 (0 fe, (¥ = —2.5kN
0
Fix=20[1 -1 Fix=—25kN
w= 20[1 - {0.125} B
0.125
Fo= 20[-1 1] {7 7 = Fo=—25KkN
214
Z 400 1000 N 4000 7y 2000N
| 2 3
1 -1]
kY] = [K?] = 400
(K™= [K7] a1
{F} = [K] {d}
le =7
F, =100 +=400|-1 2 -1
Fy, = — 200 -1 1
100 = 800 uy — 400 us
—200 = —400 uy + 400 u;
—100=400u; = u,=—-0.25m
100 = 800 (—0.25) —400 uz = u3 =—0.75m
Element (1)
fi| _ wol 171 { 0 } . f,® =100 N
f, -1 1] (-0.25 f,, @ =—100 N
Element (2)
for| _ w0l TN 0.25} f,, @ =200N
i) -1 1] =075 T f, @ - 200N
Reaction
{Fp} = 4001 -1] {_0.25} = F1,,= 100N
215
g0t RN

3 1 kN

kN y
K 1000 KN %
o_
4
3 /.
I kN

14
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1) = 500 —500}; [k@]:[ 500 —500]
|-500 500 ~-500 500
Fp =2 (500 0 -500 O U
F=? | _| O 500 -500 0 U,
Fs =2kN[ ~ |-500 -500 2000 —1000| |u,
Fy =7 . 0 0 -1000 1000 |u,
= uz;= 0.001 m
Reactions
Fi = (~500) (0.001) = F3, =— 05 kN
Fa= (~500) (0.001) = Fp =—05 kN
Fa= (—1000) (0.001) = F4=—1.0 kN
Element (1)
{ﬂx} _ [ 500 -500] { 0 }:{flx}:{
f,] L[-500 500] |0.001 for
Element (2)
{ffxl _ [ 500 -500] { 0 }ﬁ{ffx}:
f, ] L-500 500 |0.001 £y
Element (3)
{f“gx} _ [ 1000 —1000} J0.001} . {fgx}
f,.] L-1000 1000]| O f,

2.16

Fue 100  -100 0 0
100 _ [-100 100+100  —100 0
-100( | O -100 100+100 —100
Fa 0 0 ~100 100
100] _ {200 -100] (u,
-100/ ~ |-100 200 |u;

U= —1In

u 1 in

oz =
3

217
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—1000
1000

|



566 =506 0 D
le =? ul =0
400+ 300
0 - —300-300 —-400 u,
= 500+ 300
1000 N U
D —300—-300 (300+ 300+ 400) —-400
Fax="? u, =0
D —400 —400 400+ 400

0 = 1500 U2—600 Uz
1000 = —-600 u, + 1000 us
150 0
Us =
6008
1000 = —600 u, + 1000 (2.5 uy)
1000 = 1900 u,

Uy = 25 V)]

up = @ = i mm = 0.526 mm
1900 19

us =25 (i) mm = 1.316 mm
1.9

Fix = —500 (i) =-263.16 N
19

o [(L) o (25{ )

=—-400 (i + 2—5j =—-736.84 N
1.9 1.9

2Fx=-263.16 + 1000 - 736.84 =0
2.18

@)

1000 Ib

. — Ib
k = ZOOOW X

-

Asin Example2.4

= U+Q
U= % kX%, Q=—Fx
Set up table
7= % (2000) x?— 1000 x = 1000 x* — 1000 X
Deformation x, in. 7, 1b-in.
-30 6000

-20 3000

16
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-10 1000
0.0 0
0.5 -125
1.0 0
2.0 1000
on, _ _ P . .
vl 2000 x — 1000 = 0 = x = 0.5 in. yields minimum 7z, as table verifies.

Ty, 1bvin.

-3 -2 -1 &l 2 3

Minimum
(b)
1000 Ib
= L o Fy= 250 X2— 1000 x
2
X, in. 7, Ib-in.
-3.0 11250
-20 3000
-1.0 1250
0 0
1.0 — 750
2.0 —1000
3.0 —750
Bnp
—— =500x—-1000=0
ox
= x= 2.0in. yields 7, minimum
(©
N
k = 2000 N
XT 400 kg x 9.81 % =3924N
17
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p.A % (2000) x*— 3924 x = 1000 X*— 3924 X

Bﬂp
— = 2000x—-3924=0
ox

= x = 1.962 mm yields 7z, minimum

Thymin = % (2000) (1.962)°— 3924 (1.962)
= 7 min = —3849.45 N-mm
1
(d) = (400) ° — 981 x

Bnp
— =400x—-981=0
ox

= X = 2.4525 mm yields z, minimum
Tl min = % (400) (2.4525)%— 981 (2.4525)

2.19
i F =10001b

- Ib
k= 500ml

Now let positive x be upward

Ty = % ko — Fx

= 1 (500) x*— 1000 x
2

71, = 250 X — 1000 x

anp
—— =500x —1000=0
ox

= x=20in. T
2.20

F =5001b

18
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