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Chapter 3

Matrices

3.1 Practice Problems

(¢) Because n = 3 > m = 2, by Theorem 3.7 T is not onto. To determine if T is one-to-one, we
row-reduce the corresponding augmented matrix:

3 92 0 (1/3)R1+R2— R 3 2 0
l 1 10 ‘| (4/3)R1:R3—>R3 0 % 0
-4 =3 0 |0 —5 0
o [320
L0 0 0

Because T'(x) = Ax = 0 has only the trivial solution, by Theorem 3.5 T' is one-to-one.
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1 0 0 O
(b) False. For example, A = 8 é (1) 8 ] is onto.
(¢) True. By definition, a linear transformation is a function.

(d) False. For example, T ([z]) = [ 2£ } satisfies T (x) = 0 if and only x = 0, but T is not onto.

3.1 Linear Transformations

e 3 2][2] [ rename[ £ ][ 2] 3

2.T(u1)—Au1—é —2“”—[—5 ,T(u2)—Auz—[§ _EHS]_[E;}

0

r 3 45

3 T(w) = Awy = [ 0 _gHﬂ_{—g},w_m_{g -4 _gH_q
ok

4.T<u1>_Au1_[‘8 3 :SH_‘%]_[E%

21
-3
-4

5. We consider T'(x) = Ax =y, and row-reduce the corresponding augmented matrix:

1 -2 0 -3 —3R1+Ra— Ry 1 -2 0 -3
3 2 1 6 0 8 1 15

Since there exists a solution x to Ax =y, y is in the range of T

6. We consider T'(x) = Ax =y, and row-reduce the corresponding augmented matrix:

1 =2 0 1] =8Ri4+RemsRr, [ 1 =2 0 1
3 2 1 —4 ~ 0 8 1 -7

Since there exists a solution x to Ax =y, y is in the range of T'.
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7. We consider T'(x) = Ax =y, and row-reduce the corresponding augmented matrix:

1 =2 0 2 —3Ri+Rs— R 1 -2 0 2
2 1 7 ~ 0 8 1 1

Since there exists a solution x to Ax =y, y is in the range of T'.

8. We consider T'(x) = Ax =y, and row-reduce the corresponding augmented matrix:

1 —2 O 4 73R1+32*>R2 1 —2 O 4
3 215 0 8 1 -7
Since there exists a solution x to Ax =y, y is in the range of T'.

9. T(—2u; + 3uy) = —2T(u;) + 3T (uz) = —2[ % ] +3{ _3 ] = { _li }

3 1 7
10. T(3U1 — 2112) = 3T(U1) - QT(UQ) =3 l -1 -2 1 ] = [ -5 ]
-2 4 —14

11. T(—uy + 4uy — 3u3) = —T(u1) + 4T (u2) — 3T (u3)
AERER R

12. T(u1 + 4112 — 2113) = T(ul) + 4T(u2) — 2T(u3) = [ -1

1
e
14. Not a linear transformation, since T'(2(1,1)) = T7(2,2) = (2 —2,2(2)) = (0,4), but 27°(1,1) = 2(1 —

1,1(1)) = 2(0,1) = (0,2).

15. Not a linear transformation, since 7(0(0,0,0)) = 7(0,0,0) = (2cos0,3sin0,0) = (2,0,0), but
0(T(0,0,0)) = (0,0,0).

3
-2

13. Linear transformation, with A = {

16. Linear transformation, with A = 8 _8 (7) ] .
: : . [ -4 0 1
17. Linear transformation, with A = 6 5 0|

18. Not a linear transformation, since 7°(0(0,0,0)) = 7°(0,0,0) = (0,4, 0), but 0(7°(0,0,0)) = (0,0, 0).

19. Linear transformation, with A =

[0 sin%
I In2 0

20. Not a linear transformation, since 7'(0,0) = (0,0,0) but 7°(0,1) + T(0,—1) = (3,5,0) + (—3,5,0) =
(0,10,0) # T(0,0).

21. We consider T'(x) = Ax = b, and row-reduce the corresponding augmented matrix:

1 -3 b 2R;+Ra—Rs 1 -3 by
-9 5 by ~ 0 —1 2b;+bo

Since there exists a unique solution x to Ax = b, by The Unifying Theorem - Version 2, T' is both
one-to-one and onto.
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22.

23.

24.

25.

26.

27.

We consider T'(x) = Ax = b, and row-reduce the corresponding augmented matrix:

3 2 bl 73R1+32*>R2 3 2 bl
9 6 b 0 0 —3b;+bo

If —3b; + b2 # 0, there does not exist a unique solution x to Ax = b. By The Unifying Theorem -
Version 2, T' is neither one-to-one nor onto.

Since n = 2 < m = 3, by Theorem 3.6 T" is not one-to-one. To determine if 7" is onto, we row-reduce
the corresponding augmented matrix:

5 4 -2 bl (—3/5)R;\-}&-R2—)R2 5 4 -2 b1
3 -1 0 by 0 -4 & _2p 4

Since there exists a solution x to Ax = b for all b, the columns of A span R", and by Theorem 3.7 T
is onto.

Since n = 2 < m = 3, by Theorem 3.6 T is not one-to-one. To determine if T" is onto, we row-reduce
the corresponding augmented matrix:

-1 3 2 b 4R1+Ry— Ry -1 3 2 by

4 —12 -8 by 0 0 0 4b;+0bo
If 4b; 4+ by # 0, there does not exist a unique solution x to Ax = b. By The Unifying Theorem -
Version 2, T is neither one-to-one nor onto.

Since n = 3 > m = 2, by Theorem 3.7 T is not onto. To determine if T" is one-to-one, we row-reduce
the corresponding augmented matrix:

1 —2 07 BR+Ra=Re [ 1 -2 0
-3 5 0| AR g 1 9
2 -7 0 0 -3 0
3Ro+R3—R 1 =20

— 2+N3% 3 0 -1 0

0 0 0

Since T'(x) = Ax = 0 has only the trivial solution, by Theorem 3.5 T is one-to-one.

Since n = 3 > m = 2, by Theorem 3.7 T is not onto. To determine if T is one-to-one, we row-reduce
the corresponding augmented matrix:

2 -4 07 (H/AEmAR-RE o 4
5 —10 0 Hatlisolis 0 0 0
4 80 0 00

Since T'(x) = Ax = 0 has non-trivial solution, by Theorem 3.5 T is not one-to-one.

We consider T'(x) = Ax = b, and row-reduce the corresponding augmented matrix:

2 8 4 by ] (¥HEARoR 9 gy by

[3 2 3 bgl (~1/2) R+ Rs = Rs [0 10 =3 (=3/2)by + by

1 14 5 b 0 10 3 (—1/2)b; +bs
2 8 4

by
Rat+By—Rs [ 0 —10 —3 (=3/2)by +by
0 0 0 —2b; +by+ b3

If —2by + by + b3 # 0, there does not exist a unique solution x to Ax = b. By The Unifying Theorem
- Version 2, T is neither one-to-one nor onto.
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28. We consider T'(x) = Ax = b, and row-reduce the corresponding augmented matrix:

1 2 =5 B JBRARa Ba 1 2 -5 by
3 7 -8 by 1l fis 0 1 7 —3by+bo
-2 —4 6 b3 0 0 —4 2b1 + b3

Since there exists a unique solution x to Ax = b, by The Unifying Theorem - Version 2, T' is both
one-to-one and onto.

T(S)
29.

7(8)

30. :

31.

32.

33. T(x) =

oo
%

T
coo W
U

o O | I | —_

»

34. T(x) =

35. T'(x) = 7/3 } x
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[7/3 0 0
36. T'(x) = 0 —1 0:|X
[1 -2
37. T(x) = 3] }x
_ 10
38. T'(x) = -2 3 }x
39. (a) False. For instance T': R? — R? defined by T'(x) = 0 for all x has range(7) = {0} but codomain
equal to R2.
(b) True, by Theorem 3.8.
40. (a) False. For instance T : R> — R defined by T <[i;]> = x1 + x5 has range(T') = R, which is not
a subset of R?, the domain of T.
(b) True, by definition of an onto transformation.
41. (a) True, by definition of the range of T.
(b) True. Suppose z is in the codomain of W. Then z is in the codomain of S, and because S is onto,
there exists y in the domain of S such that S (y) = z. Because y is in the domain of S, y is in
the codomain of T, so because T is onto, there exists x in the domain of T such that T (x) = y.
We now have z = S (y) = S (T (x)) = W (x), and therefore W is onto.
42. (a) False. Suppose T (x) =1 for all x € R".Then T'(1[1]) = 1 (T([1])), but T is not linear.
3.1.42b
(b) False. For example, let T ([z1]) = A[z1] = (1) [#1]. Then the codomain of T is R?, but
col (A) —span{[ (1) ]} # R2
43. (a) True. If T is linear, then T(0) = 0 and so b= 0. If b = 0, then T is linear by Theorem 3.2.
(b) True, by Theorem 3.9, (d) implies (c).
44. (a) False. If T is not one-to-one, the image is a segment, or just the origin. For instance, if T ( [ij ) =
[8} , then the image of the unit square is the origin.
(b) True, by Theorem 3.9, (e) implies (b).
45. (a) False. W will be linear, but not necessarily one-to-one. Consider To(x) = —T}(x) where T} is
one-to-one.
(b) True. Let A be n xm. Since T is one-to-one, by Theorem 3.6, n > m. Since T is onto, by Theorem
3.7, n < m. Hence n = m, and A is a square matrix.
46. (a) False. W will be linear, but not necessarily onto. Consider T5(x) = —7T1(x), where T} is onto.
(b) False. For example, if A = { (1) 8 ] , then T'(x) = Ax is not one-to-one, and Ax = b = [ (1) ]
does not have a solution.
47. (a) False, by Theorem 3.5.
(b) True, by Theorem 3.7(b).
48. (a) True, by The Unifying Theorem - Version 2.
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(b) False. For example, if A = [ é ] , then T (x) = Ax is not onto R2.

(b) ,
2 T
50. (a)
x Y1 1+ Y1
T Ty | + | Yo =T To + Y2
T3 Y3 T3+ Y3
_| Tty
T2 + Y2
Z1 Y1
I
T Y1
=T T2 +T Y2
T3 Y3
and

Z1
xro s
T3
hence T is a linear transformation.
1 0 0
(b) T(X):|:0 1 O]X

(¢) x = (0,0, z3) where x5 is any real number.
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o1.

92.

93.

Let u = (uq,...,u,).Then

T(x+y)=u-(x+Yy)

= (u1y..oytun) - (1, yxn) + W1,y Yn))
(Ury..yupn) - (T1 + Y1y Tn + Yn)
ur(xy +y1) + - F un(Tn + Yn)
(w11 +uryr) + - + (UnZp + UnYn)
(u1$1 +"'+unxn)+(u1y1 + ot UnYn)
=u-x4+u-y
=T(x)+T(y),

and

T(rx) =u-(rx)
= (U1, up) - (r(1,...,20))
= (Upy.eoytp) - (11, ..., T2y)
=ui(rzy) + - +un(ray,)
=r(uizy + -+ upxy)

= rT(x).
Thus T is a linear transformation.
Let u = (uq,us2,us3). Then

T(x+y)=ux(x+y)

= (u1,u2,u3)x((x1, r2, 23) + (1,2, ¥3))

= (u1,uz,u3) X (w1 + Y1, T2 + Y2, T3 + Y3)

= (uz(r3 +y3) — uz(w2 + yo), uz(r1 + y1) — ur(xs + y3), ur (@2 + y2) — uz(x1 +y1))
(U223 — u3T2, U3T1 — UIT3, UL T2 — U2T1) + (Uzys — U3zy2,u3yr — U1Y3, U1Yy2 — U2y1)
—uXxXx+uxy
=T(x)+T(y),

and

T(rx) =u x (rx)

(w1, ug, uz) X (r(xy, x2,x3))

(u1,ug,us) X (ray, reg, res)

= (ug (res) —us (ras),us (rey) — ug (ras),u; (ree) — ug (rey))
(r (ugxs — uzzs) ,r (ugx; —urxs),r (u1Te — Usxy))

= (UQQS;J, — U3T2,U3T1 — UIT3,U1T2 — ’U,Ql‘l)

=r(ux x)

=rT'(x).

Thus T is a linear transformation.

Let u; = (1,0,0), ug = (0,1,0), and uz = (0,0,1). Since T (u;), T (uz), T (u3) are three vectors in R?,
they must be linearly dependent, and therefore there exist scalars ¢, ¢, and c3 with at least one ¢; # 0
and 1T (u1)+c2T (ug)+c3T (uz) = 0. Since T is a linear transformation, T (c;u; + caouy + czuz) = 0.
Also, since uj, us, and ug are linearly independent and one of the ¢; # 0, it follows that c;u; + cous +
czug # 0. Noting that T(0) = 0, T (c1uy + cous + czuz) = 0, and ¢yuy + coug +czus # 0, we conclude
that T is not one-to-one.
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95.

56.
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99.

60.

61.

62.

63.

64.

Let u; = (1,0) and uy = (0,1). Since T (u;) and T (uz) are two vectors in R*, they do not span R*,
and there exists a vector v €R?* which is not in the span of T (u;) and T (uz). Let u be any vector in
RZ, then since u; and us span R? there are scalars ¢; and ¢ such that u = ¢ju; + caus. Since T is a
linear transformation, T'(u) = T(ciug + cauz) = 1T (u1) + 2T (uz) # v, since v is not in the span of
T (u;) and T (uz). Thus v is not in the range of T, and therefore T" is not onto.

T(0)=T(0+0)=T(0)+7T(0) = T(0) =0, upon subtracting 7'(0) from both sides.
(Another proof, using the scalar property: T(0) = T(2(0)) = 27(0) = T(0) = 0, upon subtracting
T(0) from both sides. )

Let u = (uy,ug,...,u,) and A = [a; a5 ---a,]. Then T(u) = Au = wya; + ugas + - - + uya, = 0,
and since u # 0 at least one of the u; # 0. As a result, we may conclude that the columns of A are
linearly dependent.

T(ru) = A(ru) = r(Au) = rT'(u) for all scalars r and all vectors u.

(a) T(rx+ sy) =T(rx) + T(sy) = rT(x) 4+ sT(y) for all scalars r and s and all vectors x and y.

(b) Wehave T'(x+y) =T(1(x)+1(y)) = 1T(x) +1T(y) = T(x) +T(y), and T'(rx) = T(r(x+0)) =
T(rx+710) =rT(x)+rT(0) =rT(x) + 0 = rT'(x). Thus T is a linear transformation.

Suppose T : R™ — R" is one-to-one, and let T'(u) = T'(v) = w. Since there exists at most one vector
whose image under T' is w, it follows that u = v. Now suppose T'(u) = T'(v) implies u = v. Let
w € R", and suppose T(u) = T(v) = w. Then we must have u = v, and therefore there is at most
one vector whose image under 7' is w. Hence T is one-to-one.

Since u; and us are linearly dependent, there exist scalars ¢; and co such that c;u; + cous = 0 and
with at least one ¢; # 0. Apply the linear transformation 7' to the equation ¢;u; + caus = 0 to obtain
c1T(uy) + c2T(uz) = T(0) = 0. As one of the ¢; # 0, this shows that T'(u;) and T'(ug) are linearly
dependent.

Consider cju; + cous = 0, and apply the linear transformation T' to obtain ¢1T(uy) 4+ c2T'(uz) =
T(0) = 0. Since T'(u;) and T'(ug) are linearly independent, ¢; = ¢ = 0. This shows that u; and uy
are linearly independent.

For example, if T'(x) = 0 for all x in R?, then T is a linear transformation. If u; = {(1)} and uy = [ﬂ ,
then u; and uy are linearly independent, but T'(u;) = 0 and T'(u,) = 0 are linearly dependent.

Since y is in the range of T, there exists a vector w such that T'(w) = y. For each r € R define the
vector x, = w + ru. Then T(x,) =T(w +ru) =T(w) +rT(u) =y +r0 =y for every r. Moreover,
each x, is distinct, for if x, = x4, then w+ru=w+su = (r—sju=0 = r = s, since u # 0.
Therefore there are infinitely many vectors x such that T'(x) = 0.

Suppose u; < v; and ug < ve, and let w = (w1, ws) be a point on the segment joining u and v at a
distance sL from u, where L is the distance between u and v, and 0 < s < 1. Write w = u + (a,b).
By considering similar triangles, we have a : sL = (v1 — u1) : L, hence a = s(v; — uy). Likewise, we
also have that b : sL = (v2 — ug) : L, hence b = s(va — ug). We thus determine the vector

We conclude that the set of points joining u and v is the same as the set of points (1 — s)u + sv,
0 < s < 1. The proof in the cases where u; > v or u; > vy is handled similarly.
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65. Let u=(1,0) and v =(0,1), and A =] a; az |. The unit square consists of all vectors x = su + tv
where 0 < s < 1and 0 < ¢ < 1. The image consists of all vectors T'(x) = T(su+tv) = s (Au)+t (Av) =
say + tag. If the columns of A are linearly independent, then {a;,as} is linearly independent, and
neither vector is a multiple of the other. Thus {sa; +tas:0<s<1,0<t¢ <1} is a parallelogram.
If the columns of A are linearly dependent, then {a;,as} is linearly dependent, so one vector is a
multiple of the other, and {sa; +tas:0<s<1,0<¢<1} is a segment. In the linearly dependent
case, if a; = a3 = 0, then {sa; +tay:0<s<1,0<t<1}={0}, a point.

66. (a) The number of 1’s in the j'! row (or column) is the number of edges connected to node j. One
can determine this by evaluating T' (x) = Ax, using x = (1,1,1,1, 1), which gives each row sum:

01 0 11 1 3
1 01 01 1 3
01 010 1| =12
101 00 1 2
110 00 1 2

(b) The total number of graph edges will be the total number of ones in the adjacency matrix divided
by two, since each edge corresponds to two vertices. In this case, we have (3 +3+2+2+2) /2=
6 edges in our graph.

67. (a) Let pi(z) = a1z + bix + ¢1 and pa(x) = a22? + bax + c2 be two polynomials of degree 2 or less,
and r a constant. Then

(p1+p2) (z) = (a1x2 +bix + cl) + (a2x2 + box + 02)
= (a1 + a2)2® + (b1 +ba) = + (e1 + ¢2)

a1 + a a1 a
| bi+b | = b |+ b2
c1+c2 c1 Co

< pr() + pa(z)

and

(rp1)(z) =7 (@m2® + biz + 1)
= (ray) x® + (rby) x + (rc1)

rai aq
<~ rby =T by

rcy C1
& R(pi(2))

Therefore addition of polynomials corresponds to addition of vectors, and scalar multiplication of
polynomials corresponds to scalar multiplication of vectors.
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(b) With p; and ps as above, we have

T(pi(2) + p2(@)) = ((a12% + bz + ¢1) + (a92® + box + )’
((a1 + az)a® + (by + b2) x4 (c1 + 02))/
= (2(a1 + a2))x + (b1 + b2)

0 0 0
| 2(ar+a2) | = 2a1 | + | 2a9
b1 + bsy b1 b

— (2&11‘ + bl) + (2a2$ + bg)
= (a1z2 +bix + cl)/ + (agsc2 + box + 02)/
T(p1(2)) + T'(p2(z))

and

T(rpi(x)) = (rp1(x))’

<~

- (ra1$2 +rbix + rcl)/
=7
’I“bl

= (2rayz + rby)
0 0
2raq 2a4q
by
— R (2(111' + bl)
=7 (a1x2 + b1z + cl)/
=rT(p1(x))

Thus T is a linear transformation.

(c) Since p(z) = az? + bx + ¢ has derivative p/(z) = (2a)x + b, we can represent T’ by

000
Tx)=Ax=|2 0 O]X
010

(d) T is not onto, as there is no polynomial p(x) of degree 2 or less with p’(z) = 2%. T is not

one-to-one, as T'(x?) = T(2% + 1). One can also use the Unifying Theorem - Version 2, and the
observation that the columns of the matrix A are linearly dependent to conclude that 7" is neither
onto nor one-to-one.

68. (a) Let pi(z) = a12® + b2 + c1z + dy and pa(x) = asx® + bex? + cox + do be two polynomials of
degree 3 or less, and r a constant. Then

(p1+p2) (x) = (@12® + b12” + 1z + dy) + (a22® + bez”® + 2w + do)
= (a1 + a)x® 4 (by + bo) 22 + (c1 + o) & + (dy + dy)

a; + ag ay az
b1 + bs _ b1 i b
cit+e | | a C2
di + do dy do

< p1(z) + p2()
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and

(rp1)(z) =7 (a12® + b12® + crz + dy)
= (ray) x5+ (rb1) %+ (rer) z + (rdy)

rax aq
o ’I“bl —r bl

rcy C1

7"d1 dl
< R(pi(z))

Therefore addition of polynomials corresponds to addition of vectors, and scalar multiplication of
polynomials corresponds to scalar multiplication of vectors.

(b) With p; and py as above, we have

T(p1(z) + p2(2)) = ((a12® + b12® + c1z + d1) + (a22® + bea® + coz + dz))/
= ((a1 + ag)a® + (by +bo) 2 + (c1 + ) & + (di + da))’
= (3(a1 + a))z? + (2 (by + b2))x + (c1 + c2)

0 0 0
(a1 +a2) | _ | 3a1 3as

Dl 2i+by) | T 20 | T 202
c1+ c2 C1 Co

— (3a1x2 + 2bi1x + cl) + (3@23@2 + 2bsx + 02)
= (ale + b2 4z + dl)l + (a2x3 + by + cox + dg)l
=T(p1(x)) + T(p2())
and
T(rpi(x)) = (rp1(x))’
= (ra1x3 +rbia? 4+ reyx + rdl)/

= (37“@1372 + 2rbix + 7“61)

0 0
3ra; | _ 3aq
2’/"b1 =T 2b1

rc C1

— R (3a1x2 + 2bix + cl)
=r (alxg + bz + ez + dl)/
= rT(p1(x))
Thus T is a linear transformation.
(c) Since p(x) = ax® + bx? + cx + d has derivative p'(z) = (3a)2z? + (2b)x + ¢, we can represent T by

0
3
T(x)=Ax = 0
0

OO O
—o oo
[evi e len N an]

(d) T is not onto, as there is no polynomial p(x) of degree 3 or less with p’(z) = 23. T is not
one-to-one, as T'(z%) = T(23 4+ 1). One can also use the Unifying Theorem - Version 2, and the
observation that the columns of the matrix A are linearly dependent to conclude that 7' is neither
onto nor one-to-one.
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69.

70.

71.

72.

73.

74.

75.

76.

(:v2 + Sin:v)/ =2x 4+ cosx

)= (f(2) +9(x))" = f'(2) + ¢'(x) =
f@)) =rf'(@)=rT(f(x))

(a) T(z?+sinz) =

(b) L T(f(z)+g(x)
ii. T(rf(x)) =

(r
(a) T (423 — 622 + 1) =
— 0

T (f(x)+T(9(x))

fol (423 — 622 + 1) do = (2* — 223 + 2) |§

(1-2+41)—(0—-0+0)=0
(b) i T(f(x)+g(@) = Jy (f(x) +g(2)) dz = [; f(z)dz+ [; o
=T (f(x)+ T (9(x))
ii. T(rf(z)) = [) (rf(x)) de=r [y f(z)dz =T (f(z))
r57 7377
T(x)=Ax= | 93 101 fcl],so
| 29 34 | L2
5 (57 7377 . 723
=193 101 = | 1071
T([GD | 29 34_-6} l349]
r57 7377
T(x)=Ax= | 93 101 il],so
| 29 34 | L2
57 73 1072
6 6
=193 10 = | 1568 |.
T([ND [29 31“10] [514]
57 73
T(x)=A 93 101“?],%
29 34 2
57 73 1624
8 8
=193 10 = | 2360 |.
T({m]) [29 31“16] [776]
57 73
T(x)=Ax = | 93 101“”31],50
29 34 | L7
12 57 73 19 2144
r([8])-[5 o [38]-[am ]

dx

Using a computer algebra system, the matrix has row-reduced echelon form

4 2 =5 2 6 1 00
7T =2 0 —4 1|~[0 10
0 3 =5 7 -1 0 0 1

—-19

-6 13

45

64 136
5 5

Hence T is onto, since Ax = b has solutions for all b. T is not one-to-one, since Ax = 0 has nontrivial

solutions.

Using a computer algebra system, the matrix has row-reduced echelon form

4 -2 5 21 10
5 14 4 -5 8|~ |0 1
1 6 -2 -3 2 0 o

13
11
_3
22

0

|
o Bl Ele
o ¥l 2o

Hence T is not onto, since Ax = b does not have solutions for all b. T" is not one-to-one, since Ax = 0

has nontrivial solutions.
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77. Using a computer algebra system, the matrix has row-reduced echelon form

37
2 -1 40 100 =53
3—311N010—%
1 -1 8 3 0012783
0 -2 1 4 000 o

Hence T is not onto, since Ax = b does not have solutions for all b. T is not one-to-one, since Ax =0
has nontrivial solutions.

78. Using a computer algebra system, the matrix has row-reduced echelon form

3 20 5 10 0 0
0 1 2 -3 01 0 0
-2 -1 3 1710010
4 -2 3 -1 00 0 1

Hence T is onto, since Ax = b has a solution for all b. T is one-to-one, since Ax = 0 has only the
trivial solution.

79. Using a computer algebra system, the matrix has row-reduced echelon form

2 -3 5 1 1.0 0 0
6 0 3 -2 01 00
—4 2 1 1|1 ~]10 010
8 2 3 -4 0 0 01
-1 2 5 -3 0 0 0 O

Hence T is not onto, since Ax = b does not have solutions for all b. T is one-to-one, since Ax = 0 has
only the trivial solution.

80. Using a computer algebra system, the matrix has row-reduced echelon form

4 3 =2 9 1 0 0 2
-1 0 1 -1 01 01
3 0 -2 4 | ~10 0 1 1
2 -4 3 3 0 0 0O
5 =7 0 3 0 0 00

Hence T is not onto, since Ax = b does not have solutions for all b. T' is not one-to-one, since Ax = 0
has nontrivial solutions.

3.2 Practice Problems

1. (a)A—l—B:[g _Z}—l—{i 1]:{57) _g}.ACisnotdeﬁned.

3 1 10 0 1 .
(b)B3I2{4 5]3{0 1}[4 8}DB1snotdeﬁned.
> 1 10 -3
31 > 57[2 5 19 —10
() CB=| 5 4“ _}:li’)l 15 ;A2:[ _H _}:[_ }
A SR 3 4|3 -4 6 31
2 17" 1y Ly 3 2 5 0 2 —2 -3 07 3
T _ - - _ - - _
(d)C_D—[g _‘11]_0 3 1]—{14—1} [0 3 1]—{11—2}’
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2.

3.

3.2

Set A% = A,

— Q

3] - ]
e

Because row 2, column 2 requires —1 = 1, we conclude that there are no solutions.

We have T} (x) = { _} _g }X, and Ty (x) = { _} _? }X'

wnme=| 4 3|71 A][n])-

True, as the transpose operation distributes over addition and scalar multiplication.

0 1

(c) False. For example, AB = { L1 } [ 1 (1) ] = { % } } is not diagonal.
2 0 0
2

(d) False. For example, Ey Ey = { 01 } { (1) ] = { g g } is not an elementary matrix.

Matrix Algebra

=17 1]

(a)A+B[_‘; H%g

4
5
o anen=[ 3 4[ 2 43 2)-( 4 TJe[d 8][4

(¢) A+ C is not possible, since A and C' are different sizes.

(a) AC is not possible, since A has 2 columns, and C' has 3 rows.

5 0 1 0 -31% 5 0 1 -2 6 —2

by C+DT =] -1 4 |+ =l -1 4|+ 0 5 |=|-1 9
-2 5 -1

3 3 3 3 -3 -1 0 2

(¢c) CB + I is not possible, since CB is a 3 x 2 matrix, and I3 is a 2 X 2 matrix.

wuan=([73 A)[S8]) -[ 3 3] -[2 3]
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(b) CE is not defined, since C' has 2 columns, and F has 3 rows.

aamo-([ 3 2328

[ -3 -3 10 -3] [ 3 -15 12
= 4 —6|| 25 -1]~|16 —30 —6
1
1

T 0475 -1 3] [ o0 16 12
T -2 5 0 4 3| | —-10 22 9
(¢) EC + I3 is not possible, since EC is a 3 X 2 matrix, and I3 is a 3 X 3 matrix.

5. (a) (C+ E) B is not possible, since C' and E are different sizes.

wseren=[ 9 ][] 1 T+[_§ =t

3 3

o[ —5]—':;; ‘9} 20 i

(¢) DE 4+ CB is not possible, since DE is a 2 x 3 matrix and CB is a 3 x 2 matrix.

- [2 a b 3] [2-a 22—-6] [3 -8
13 2 || -1 2T |8+2 -13 |7 |5 | T

—13,304+2=5=>b=1,2a—-6=-8 = a=—1.

-1 _ 4b+2 11 | 6 d _ _ _
N R R N R P TR
204+70=11 = 2a4+7(1)=11 = a=2,21—a=c = 21— (2)=c¢c = c=19.
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o [a 3 —21[¢ ", _[20-2¢ 3b-a-2]_[ 4 d
13 =2 4| [T de+s 1-26 || =6 —5 | =

a —4 a —4
10a =5 = a = 2. We check that all entries of A% and A are equal when a = 2.

N (I EH R R =

—2a a(2a—4)+4 . . _ -2 2| | -4 4
4?42 -2 a(a2_2)_2a+4}Settlngthlsequalto2A2[_1 a][—2 2a}we

obtain —2a = —4 = a = 2. We check that all entries of A3 and 24 are equal when a = 2.

de+6=-6 = ¢c=-3,1-20=-5 = b=3,2a—2c=4 = 2a—2(-3)=4 = a=-1,
3b—a—2=d = 3(3)—(-1)—2=d = d=38
M1 a 3 d 3—2a a+c 2a+d -3 3 7
10. |0 -2 [_2;‘2]— 4 =2 4 |=] e -2 —4| =
5 b 15—2b b+5c 2b+5d fo-2 1
3—2a=-3 = a=3,a+¢c=3 = 34+¢c=3 = ¢c=0,2a+d=7 = 23)+d=7 = d=1,
d=e¢ = e=4,b+2c=-2 = b+2(0)= -2 = b=-2,15-2b=f = 15-2(-2)=f = f=19
11. A2:[5 _10}[5 _10] = [25_103 16—_1(%2} Setting this equal to A, we obtain 25 —

13. We first determine that T (x) = Ajx = [ _g ? } and Tp (x) = Aax = [ 7(2) g }
(a) T1 (Tg (X)) = T1 (:42)() = 41 {AQX) = (_AlAg) X.
3 5 -2 9 —6 52
Sod=ddz=1 5 7| 05]7| 417]
(b) T2 (Tl (X)) = T2 (:41X) = 14_2 §A1X) = (_AQA}) X.
-2 9 3 5 —24 53
Sod=dhi=1 ¢ 5] 2 7|7 -10 35}
(C) T1 (Tl (X)) = Tl (:/41X) = 14_1 §A1X) = (_AlA_l) X
3 5 3 5 -1 50
SOA:AlAl:_—2 T -2 7|7 -2 39}
(d) T2 (TQ (X)) = T2 (AQX) = A_Q EAQX) = (_AgAg) X.
-2 9 -2 9 4 27
SOA:A2A2:_ 05| 0570 25}
. -2 3 4 -5
14. We first determine that T3 (x) = A;x = 1 ¢ | and T2 (x) = Agx = 1 5
(a) T1 (Tg (X)) = T1 (:42)() = 41 {AQX) = (_AlAg) X.
-2 3 4 -5 -5 25
Sod=ddz=1 1 6|1 5|7 10 25]
(b) TQ (Tl (X)) = T2 (:41X) = 14_2 §A1X) = (_AQA}) X.
4 -5 -2 3 —-13 -18
Sod=dhi=11 5| 16| 3 33]
(C) T1 (Tl (X)) = Tl (:/41X) = 14_1 §A1X) = (_AlA_l) X.
-2 3 -2 3 7 12
SOA:AlAl:_ 1 6] 1 6] |4 39}
(d) T2 (TQ (X)) = T2 (AQX) = A_Q QAQX) = (_AgAg) X.
4 -5 4 =5 11 —45
SOA:AQAQZ-l 5-- -:- 9 20:|
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15. (A+D(A-D)=AA-D+TA-D=AA) —A)+(A—I)=A2— A+ A—]=A%—
16. (A+1)(A2+A)=A(A2+A)+T(A2+A)=A(A%)+A(A)+ (A% 4+ 4)
=AP+ A2+ A2+ A=A3+247+ A
17. (A+ B?) (BA—A) = A(BA— A) + B2 (BA— A) = A(BA) — A(A) + B> (BA) — B2A
= ABA — A? + B3A — B2A
18. A(A+ B)+B(B—A)=A(A)+ A(B) + B(B) — B(A) = A2+ AB + B> — BA

19. (A+B)’=(A+B)(A+B)=A(A+B)+ B(A+ B) = A2+ AB 4+ BA + B2. This only is equal to
A% +2AB + B? when AB+ BA=2AB < AB=BA Wthh in general is not true. For example,

letA:[(l) 8]andB={8 (1)] then (A + B)? [ ] [1 1},butA2+2AB+B2:

I R R i .

20. (A—B)’=(A—B)(A—B) = A(A—B) — B(A—B) = A2 — AB — BA + B2. This only is equal
to A2 — 2AB + B? when —AB — BA = —2AB < AB = BA , which in general is not true.

2
|10 101 2 |1 -1 1 -1
Forexample,letA[O O]andB[O O}Jhen(A—B){O 0} {0 0],but

2 2
, , [1 0 1 0]l0 1 011> [1 -2
A_2A3+B—[o 0}‘2{0 OHO 0]4_{0 o]—[o 0}

21. (A-B)(A+B)=A(A+B)-B(A+ B) = A>+AB-BA—B? = (A? - B®)+AB—BA,so A>~B* =
(A—B)(A+ B) — AB+ BA. This only is equal to (A — B) (A + B) when —AB + BA =05, <

AB = BA, which in general is not true. For example, let A = [ (1) 8 } and B = { 8 (1) }, then

2 2
w-p =g o] =00 =0 0] mu-nuen =g 5|0 -
o o]
0 0|
22. (A4 B) (A% — AB + B?) = A(A? AB+BQ)+B(A2—AB+BQ):AS—A2B+ABQ+BA2—
BAB+ B3 = (A3 + B3) — A(AB— B?) + B(A? — AB) = (A*+ B%) — A(A— B)B+ BA(A- B),
so A% + B3 = (A+ B) (A? AB—i—Bz) [A(A—B)]B — B[A(A— B)]. This only is equal to

(A+ B) (A% — AB + B?) when[A(A — B)]B-B[A(A— B)] =0,xn & [A(A-B)]B=B[A(A-B)],

which in general is not true. For example, let A = [ é 8 ] and B = { 8 (1) ], then A% + B3 =

A8 4] [ §)muasmio e
[ 3](G 7[5 8108 81-1831)- 16 =]

23. AB is 4 x 5, 4 rows and 5 columns.

24. BA is not defined.

010
0 0 1

25. E =

400]
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| — | —— |
oo~ T T T o <t —
oo oOHO OO~ |
omo
| —o0o oo oHO O—HO
—00 OHO HOO HOoON —HOO
L 1 L L L L 1
Il Il Il Il Il
53 53 S S 53
1) = 0 o o
I ™ N N »

Thus B

(e el o]

o — O

— o O

‘| and {5R3*>R3} — Fy = [

SO

0
1
0

1
2
0

31. {72R1+R2*>R2} < El = [ —

Thus B =

— O O

o - O

OO~

‘| and {R1<—)R3} s EQ = l

OO -

S — O

— O O

32. {*6R2+R3*>R3} ~ kB = [

— By =

. Thus B

SO -

o - O

— MmO

] and {3R; + Ry — Ry} + Ey =

SO

— O O

oS- O

33. {RQ 4 Rl} <~ El =

Thus B =

OO~

S~ b~

— O O

‘| and {7R2+R3—>R3} — By = [

SO~

S —= O

-2
0
0

34 {—2R1 —>R1} < El = [

OO~

— O O

o - O

.{R1<—)R2}(—>E2:

OO — = O

o - O

apev ]

35. {~3R; > R} & E; =

= E3FExF,

. Thus B

o O -

o — O

And {4R1 + Ry — R2} — B3 =

OO~
— <t O

o MmO

OO
o — O

”n OO

OO
— O O

oS — O

SO
oS — O

— <t O
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1 0 0 1 0 0
36. {—3R1+R2—>R2}<—>E1: -3 1 0 {2R1+R3—>R5}<—>E2: 0 1 0
0 0 1 2 01
1 0 0
And {—Rg—‘y—Rg—)Rg}HEg: 0 1 0 .ThUSB:E3E2E1
0 -1 1
0 0 1 0 0 1 0 0 1 0 0
= 1 0 0 1 0 -3 1 0= -3 1 0.
-1 1 2 0 1 0 0 1 5 —1 1
1 -2 -1 3 1 -2 -1 3
-2 0 1 4 —2 0 1 4 A | Ao
37. A= - —
-1 2 =20 -1 2 2 0 Agp | Aso
0 1 2 1 0 1 2 1
2 0 —1 1 2 0 -1 1
p_| 3 1 2 1| -3 1 2 1 _ | Bu | B
0 -1 -2 3 -1 -2 3 Bs1 | B2
2 2 -1 =2 2 2| -1 =2
-1 -2 0 2
Ay — Biy | A1y — By I —1 -1 3
A_B: =
(&) Az — By ‘ Az — B -1 3 0 -
-2 -1 3 3
[ 14 5 ‘ —6 —10
(b) AB = A1 B+ A1pByy | AnBio + A1pBas | _ 4 7 -4 -7
| A21B11 + A22Ba1 | A21B12 + A22Baa | -8 4 9 -5
-1 1| -3 5
[ 3 -5 ‘ 2 7
(c) BA = B + BiaAa | BuAiz+ BisAyy | | =7 U 2 -4
| B21A11 + BaaAz1 | Ba1A12 + Bag Az | 4 -1 9 -1
-1 -8 | —2 12
1 -2 -1 3 1 -2 -1 3
2 0 14| | =2 0 1|4 | [Au|Ap
BA=1 1 9 99 |=| -1 2 -2 |0 —[A21 Ty
0 1 21 012 |1
oy [ 20
B— -3 1 2 1] 0 -1 -9 3 _ | Bu | B2
B 0 -1 -2 3| | Bai | Ba2
2 2 -1 -2 s 9 1 ‘_2
3 -2 =2 4
[ Au+Bu|Ap+Be ]| | -5 1 3|5
(a) A+ 5= [ Agi+ Bo1 | Aa+ By | -1 1 -4 3
2 3 1 | -1
14 5 —6 —10
(b) AB = A11Bi1 + A1aBo1 | AuiBia + A1 By _ 4 7 —4 =7
A21B11 + A2 Bay | As1Bia + AszBoo _515 ‘11 g | —5
- - 5
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3 —5 2 7
(c) BA= B11A11 + BiaAg1 | BiiAis + Bia Ay _ =7 11 2 —4
Bo1 A1 + BasAgy | Ba1Ars + Bas Aos 4 -1 9 —1
-1 -8 -2 | 12
T 1 -2 -1 3 1 -2 -1 | 3
-2 0 1 4] -2 0 1 4 | A | Ar
- A= 1 9 9 0|=| 21 2 2|0 _[Am A22]
0 1 21 01 2|1
20 -1 1] 2. 0 -1 | 1
g |3 1 2 1|_| =3 1 2 1 | _ | Bu| B2
=l 0 -1 —2 3|~ 0 -1 -2 3 | = | Bay | Bay
2 2 -1 -2 2 2 1 | -2
120 | -2
| A —Bii | Ais— B | -1 1 1 -3
(a)B_A_[Azl—le Agy — Boy | 1 -3 0 3
2 1 -3 -3
14 5 —6 | —10
(b) AB = A11Bi1 4+ A12Byy | A11Bia 4+ A12Byy _ 4 7 —4 —7
A21Bi1 + A2y Bay | As1Bia + Az Boo -8 4 9 -5
-1 1 -3 5
Bi11A11 + Bi2Agy | Bi1Ai2 + BiaAg A | A
BA+ A= _
(c) * [ By1 A1y + By Agy | Bai A1 + BagAso T Ay | Ags
3 -5 2 ‘ 7 1 -2 -1 3 4 -7 1 10
-7 11 2 —4 i -2 0 1 4 _ -9 11 3 0
4 -1 9 -1 -1 2 =2 0 o 3 1 7 -1
-1 -8 =2 12 0 1 2 1 ] -1 -7 0 13
C 1 -2 -1 3 1| -2 -13 _
-2 0 1 4| |7 =2 0 1 4 [ An | A
0. 4=1_7 9 9 0|=| 21| 2 20 |~| A, AQQ]
0 1 21 0] 1 21 :
M2 0 -1 17 2 0 -1 1
p_| 3 1 2 1| |3 1 2 1 By | Bi2
=l 0 -1 —2 3|~ 0| =1 =2 3 | = | By | Ba
2 2 1 2| 2 | 2 -1 -2
_ 3 | -2 —2 4 7
| Au+ B |Ap+ B | -5 1 3 5
(2) A+B = Aoy + Bay | Aog + Bag | -1 1 -4 3
213 1 -1 |
] Q4[5 -6 —10
(b) AB = A1 Bii + A13By | AnnBis + A1pByy | 4 7T —4 -7
| A21Bi11 + A22Ba1 | A21Bi2 + A22Baa | —8 4 9 =5
1| 1 -3 s
) T3 5 2 7
(c) BA = Bi1 Ay + BioAgy | BuAip + Biodgs | | =7 11 2 —4
| B21A11 + Bag Aoy | Ba1 A1z + Bz Az | 4 -1 9 -1
1| 8 2 12
01 0
4. ) E=|1 0 0
0 0 1
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S oo

S oo

S oo

Then AB

o OO

S — O

oS oo

[evievlan)

o OO

— O O

44. For example, A =

o OO

o OO

(el el en)

],andBA—

(el e jen)

(el el en)

S oo

Then AB =

|
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o1.

52.

53.

54.

95.

56.

o7.

58.

99.

60.

61.

(a) False. Consider A = [1], B = [-1].

(b) True. (A+ BT)" = AT 4+ (BT)" = AT 4+ B.
(a) True. If i # j, then A;; = B;; =0, so (A — B);; =0, and A — B is diagonal.
(

b) False. For example, AB = (1) ? (1) 8 = (1) 8 is not upper triangular.

(a) True. If i < j, then (AT);; = Aj; = 0, since A is upper triangular.
o 1][1 1] _[0 0]
(b) False. For example, AB = 0 1]lo o0 = 00

(a) False. Consider B =1, , then AB = Al,, = A=1,A = BA.

T
0 0 0 0 0 0
(b) False. For example, AAT = [ 0 0 } [ 0 0 } = [ 0 0 } £ Is.

(a) False. C=1[0], [ =[1], but C +I; = [1] #[0] = C.
(b) True. The composition of linear transformations is a linear transformation.
(a) True. Since (A+In)ij = Aij + (In);; = Aji + (In);; = (A+ 1)
( ) True. If 4 7é j, then (BT) = Bji =0= Bij, and (BT) .= B”

ij ii

ji» SO A + I, is symmetric.

(a) True. Using Theorem 3.15(c), we have (ABC)T = ((AB)C)" = ¢T (AB)" = CT (BTAT) =
CTBTAT.

—_

T
(b) False. For example, { é (1) } [ (1) (1) ] = { }

(a) False. For example, A = B
_10 L0 232 _
]andB—[l 0 0},butAB—

. 0 0
(b) False. For example, if A = [ 0 0 } , then ABAB = [
0
0

0 11°To 0] Jo
0 0 10| |0 :
(a) True. Using Theorem 3.15(a,c) and Theorem 3.11(a), we have (AB+C)" = (C+ AB)" =

CT + (AB)" = CT 4+ BT AT,

],butBA:

O =

0 0 0
0 andB:[O ]ThenAB:{O

1
0

O =

(b) False. For example, let A =

0 0
0 0|
(a) False. For example, the 2 x 2 elementary matrix corresponding to interchanging rows 1 and 2 is
0 1
B0 1]
(b) True. If one multiplies row i by ¢, then the corresponding elementary matrix E will be the identity
matrix, except for ¢ in the i*" diagonal.
0
1
0

01 0
(a) False. If E; =
010
00 1|+EE;.
1 0 0

00 01 0 10
0 1|, thenFEa=|1 0 0|0 0
10 00 1 0 1

1 0 O}andEgz

1
0
0 0 1 0
1 00 0 1 0
001][100]
010 0 0 1

0 0 1
= 1 0 0 s but E2E1 =
01 0
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(b) True. If E is the matrix corresponding to the operation R; <+ R;, then E? represents R; R;
executed twice. The result will restore both rows R; and R; to their original row, and thus E?

will represent the identity operation. Hence E? = I,,.
01171 0]\?
2_
Jmencazr = ([ 5 ][5 5))
2 2 2
o0l Jo o om0 1 1 0
—[1 0} —{0 0}"0““13—{1 0} [0 o}

-5 Y][o 0 ]=10 0]

(b) False. (I, 4+ I,,)* = (21,,)* = 2313 = 81,, # 31,,.

01
1 0

o O

62. (a) False. For example, if A = [ }, and B = { (1)

aipr - Gim bin - bim €11 - Cim
63. Let A= : : , B= : : ,C= : : and s and t scalars.
an1 e Anm bnl e bnm Cni tee Cnm
[ ain - aim bir -+ bim
(a) A+B = : : +
L Gn1 N ¢ ) bnl e bnm
[ air+bit - aim +bim bir+air -0 bim +aim
L Gn1 + bnl ot Opm + bnm bnl + an1 e bnm + Anm
b - bim ai; . Gim
= : : + : : =B+ A
L bnl o bnm an1 N ¢ )
aixp Q12 -0 Aim bir bz - bim
a21 Q22 -+ G2m bor bag -+ bam
(b) s(A+B) = s +
an1 an2 N ¢ ) bnl bn2 e bnm
B Sai11 + Sb11 Sai12 —+ 5b12 s SA1m —+ Sblm
Sa21 —+ Sbgl S22 —+ Sb22 e SA2m —+ Sbgm
L SGn1 + 8bp1 San2 + 8bp2 -+ SApm + Sbum
[ sai1  sai2 - Saim sbi1 sbiz -+ Sbim
Sa21 Sa22 e SA2m Sb21 Sb22 e 3b2m
= +
L SGn1  SAn2 -+ SApm sbn1  sbpa -+ Sbum
aixz aiz -+ Qim bin bz -+ bim
a1 G2 - G2m bor  baz -+ bam

= s . ) ) + s . ) ) =sA+ sB

apl  Ap2 - Qpm bnl bn2 o bnm
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a Gim (s+1t)an (s+1t)aim
() (s+t)A = (s+1) = : :
Qn1 Gnm (s+t)an (s+1t) anm
sai1 + taqq SQ1m + taim Sa11 SA1m tai1 taim
= : : = : : + : :
San1 + tap SQpm + tapnm San1 SUnm tan1 tanm
aiq A1m aii A1m
= s +t g =sA+tA
an1 Apm, an1 Apm,
ail A1m b11 bim C11 Cim
(d (A+B)+C = + : +
an1 Anm bn1 bnm Cn1 Cnm
[ a1 + b atm + bim 11 Cim
- s z +
L Gn1 + bnt nm + bpm Cn1 Cnm
T (@11 4 b11) + e (@1m + bim) + cim ]
L (@n1 +bn1) + o1 (anm + bnm) + cnm |
[ an + (b +ci1) aim + (bim + c1m) T
L an1 + (bn1 +cn1) anm + (bnm + Cnm)
[ a1 A1m ] bi1 +ci1 bim + cim
= + : :
L Gn1 fom— b1 + cn1 brm + Cnm
[ an a1m ] b1 b1m c11 Cim
= 1] S
L an1 - Anm bn1 brm Cnl Cnm
= A+ (B+0)
[ a1 -+ Q1m 0 0
() A+04, = : + 1 :
L Gn1 Anin 0 0
[ a1 +0 a1m +0 an A1m
= | e =4
L an1 +0 Gnm + 0 an1 A
(a) Let A = [a;;] be n x m, B = [b;j] be m x p, and C' = [¢;;] be p x q. Let D = [d;;] = BC,
E =le;] =A(BC) = AD F =|fi;] = AB, and G = [g;;] = (AB)C = FC. Then
€ij = aindij + aidaj + - + Qimdmg
= ai (51101]‘ + 51262]‘ + -+ b1pcpj) + a9 (52101]‘ + b2262j + -+ bgpcpj)

+ -+ @im (bmicij + bmaca; + -+

+ binpCpj)

= (a;1b11 + asobar + - -

+ Aimbm1) c1; + (ai1b12 + azoboa + - -

+ Wimbm2) c2;

+ -+ (ainbip + aigbay, +

= fircij + fiocoj + -+ fipCpj

= Yij-

“F Qimbmp) Cpj
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Therefore, E = G, and hence A (BC) = (AB)C.

(b) Let A = [a;;] be n x m, B = [b;;] be m x p, and C = [¢;;] be m x p. Let D = [d;;] =B+ C, E =

Then

eij = ajrdij + aipdaj + - + Qimdmj
= ag (bij + c1y) + aiz (baj + c25) + -+ + @i (binj + Cmj)
= (ai1b1j + aiaboj + - - + Gimbmj) + (ainc1j + aiocaj + -+ + QimCmy)
= fij + 9ij
= hyj.

Therefore, E = H, and hence A(B + C) = AB + AC.

(d) Let A = [ai;] be n xm, B = [b;;] be m x p, and s a scalar. Let D = [d;;] = AB, E = [e;j] = s
Then

€ij = Sdi]’

s (ainbij + aiobaj + -+ - + Aimbmj)

s (aitbij) + s (aibj) + -+ + s (aimbmy)
= (saﬂ) blj + (Saig) bgj + -+ (saim) bmj
= firbij + fizbaj + -+ + fimbm;

= Gij-

Therefore, E = G,and hence s (AB) = (sA) B. Likewise,

€5 = sdy;

= 5(a;i1b1j + b + -+ + @imbmj)
S (aﬂblj) + s (aigbgj) +---+s (aimbmj)
a1 (Sb1j) + a2 (szj) + -t Aim (Sbmj)
= a;1h1; + aiphoj + - - + aimhimg

= l”
Therefore, E = L,and hence s (AB) = A (sB).

(f) Let A=[a; ay -+ an |,and I,=[i; i» --- i, ]. Then if
B=[b;y by --- by |=1I,A, we have

bj = Inaj = aljil =+ agjig 4+ 4 anjin

1 0 0
0 1 0
:alj : +a2j : +"'+anj
0 0 1
aij
ag;
= . = aj’
An 5

hence B = A, so A=1A.

65. (a) Let A = [ay], B = [by], C = [eij] = A+ B, D = [di;] = A", E = [ej] = BT, F = [fij] = D+ E =
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AT+ BT and G = [g;5] =CT = (A+ B)". Then
Gij = Cji
=aj; +bji
= dij + ey
= fij;
hence G = F, and so (A + B)T = AT + BT,
(b) Let A = [aij], B = [blj] = SA, C = [Cij] = AT, D = [dlj] =sC = SAT, and F = [eij] = BT =

(sA)". Then
€ij = bji
= SGj;
= S8Cij
= dij7
hence E = D, and so (s4)” = sAT.
66. Let A=[a as - am ],and l=[iy iz -~ in . fB=[bi by --- by |=I,A, then
bj = Inaj = a1ji1 + agjig + -4 anjin
1 0 0
0 1 0
:alj : +a2j . +"’+anj
0 0 1
aij
a2;
= = aj,
QAnpj

hence B=A,s0 A=1A

67. (AB)" = BTAT (by Theorem 3.15¢c) = BA (since A and B are symmetric) = AB. Hence AB is

symmetric.
. . 11 2 0 11 2 0
68. Not necessarily.. Consider for example, A = [ 01 } and D = 01 ] Then AD = [ 0 1 } [0 1 ] =
2 1 2 0 11 2 2
{0 1]>b“tDA:{0 1“0 1]:{0 1]'

69. (a) If Aisn x m, then AT is m x n, and so AT A is m x m.
(b) (ATA)T = (A7) (AT)T = AT A, hence AT A is symmetric.
70. Let A = [a;;], B = [b;;], and C = [¢;;] = AB. If i # j, then

Cij = @i1b1j + aiobaj + -+ + Qinby;
= a;bi; (since a; =01if ¢ # k)
=0 (since b;; = 0 when ¢ # j)

Thus AB is a diagonal matrix.
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71. Let A = [a;5], B = [bi;], and C' = [¢;;]. Then if i > j,

cij = @by + apbyj + - + ainby;
= aiibij + -4 ainbnj (since a;r =01if 7 > k‘)
=0 (since by; =0 when k > i > j).
Therefore C = AB is upper triangular.
72. Let A = [a;], B = [bi;], and C = [¢;;]. Then if i < 7,
Cij = @i1b1j + aioba;j + -+ + Qinby;
= aﬂblj —+ o+ aiibij (since a;r=0if i < k)
=0 (since by; =0 when k < i < j).
Therefore C' = AB is lower triangular.

73. Proof by induction. Assume A™ is upper(lower) triangular, and note that when n = 1, A is upper(lower)
triangular. Since A"*! = A" A, by exercise 57(58), since both A™ and A are upper(lower) triangular,
A"+ s upper(lower) triangular.

T4 (A4+ A7) = AT 4 (AT) = AT 4 A= A+ AT,

0 1 2
75. (a) For example, A=| -1 0 3 |[.
-2 -3 0
(b) Since AT = -4 = A+ AT =0, and since the diagonal entry a;; of A and AT are the same, we
have a;; + a;; = 0, and hence a; = 0.

76. (a) For example, A = { (1) 8 },AQZ [ é 8 } { (1) 8 } = [ é 8 } = A, so A is idempotent.

b) I -A?=T-A)I-A)=TIT-A)-AI-A)=1-A—-—A+A2=1—-A— A+ A (since
A% = A) =1 — A. Thus I — A is idempotent.

77. Let A = [aij],B = [blj] = AT, and C = [Cij] = BT = (AT)T. Then Cij = bji = G5, hence C' = A.
Therefore A = (AT)T.

2 1 1

78. (a) For example, A=| 1 -1 1

1 1 -1

(b) Let A = [a;;], B = [b;;], and C = [¢;;) = A+ B. Then

tr(A+ B) = tr(C)
=ci1+cet -+ ey
= (@11 + b11) + (ag2 + b22) + -+ + (@nn + bnn)
= (@11 +ag2 + -+ + app) + (b11 + 2o + -+ + by
=tr(A) + tr(B)

(C) Let A= [aij} and B = [b”] = AT. Then

tI‘(A) =a11 +agss + -+ apn
=0bi1 +bay+ -+ bun
= tr(B)
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1 0

(d) For example, A = { (1) 0 _1 } .Then tr(AB) =

0
1
tr<[ _(1) (1) } { (1) 7(1) ]) tr{ _01 Pl } = —2. Also, tr(4) =0,
tr(B) =0, and tr(A) tr(B) =0(0) =0, so tr(AB) # tr(A) tr(B).

.80 .05 .05 8000
79. Let A= | .10 .90 .10 ] and x = l 1500 |. Using a computer algebra system, the distribution
.10 .05 .85 500
.80 .05 .05 8000 6500
after one year is Ax = | .10 .90 .10 ] [ 1500 | = [ 2200 ];
10 .05 .85 500 1300
.80 .05 .05 6500 5375
after two years A (Ax) = [ 10 .90 .10 ] [ 2200 1 = [ 2760 ];
10 .05 .85 1300 1865
.80 .05 .05 5375 4531
after three years A (A%x) = [ 100 .90 .10 ] [ 2760 ] ~ [ 3208 ];
.10 .05 .85 1865 2261
.80 .05 .05 4531 3898
and after four years A (4%x) ~ [ 10 .90 .10 1 [ 3208 ] ~ [ 3566 1
10 .05 .85 2261 2535
.80 .05 .05 5000
80. Let A = | .10 .90 .10 ] and x = [ 3000 |. Using a computer algebra system, the distribution
10 .05 .85 2000
.80 .05 .05 5000 4250
after one year is Ax = | .10 .90 .10 ] l 3000 | = [ 3400 ];
.10 .05 .85 2000 2350
.80 .05 .05 4250 3688
after two years A (Ax) = [ 10 .90 .10 ] l 3400 ] R~ [ 3720 ];
10 .05 .85 2350 2592
.80 .05 .05 3688 3266
after three years A (4?x) ~ l 10 .90 .10 1 l 3720 1 ~ [ 3976 ];
.10 .05 .85 2592 2758
.80 .05 .05 3266 2949
and after four years A (A3x) = l 10 .90 .10 ] l 3976 ] ~ [ 4181 ]
10 .05 .85 2758 2870
81. The transition matrix is A = [ ?g 38 } and the initial distribution is x = ;28 .

Using a computer algebra system, the distribution tomorrow is Ax = [ ?g ég } [ ;28 } = [ ;5% ],

.85 .40 742 734
the next day A (Ax) = [ 15 60 } [ 258 } ~ [ 266 ]»

and the day after that A (4%x) ~ { ?g gg } { ;gg ] ~ { 528 ]

9 15

82. The transition matrix is A = { 1 85

} and the initial distribution is x — [ (1) } The distribution
0.727
1 8| |o 0.273

fourth person in the chain hears the correct news is 0.727 = 72.7%.

4
for the fourth person in the chain is A*x = [ 915 [ 1 } = { ] The probability that the
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2 10 4 6 2 -3 1 41 -3 5
0 33 -1 52 0 3 5 5 3 2
8. @A+B=1¢ g7 1|T| 03 -1 4|| 611 0 5
5 -3 1 —2 8§ 5 -2 0 13 2 -1 -2
6 2 -3 17[2 -1 0 4 100 0
52 o03||o 33 -1 0100
() BA-Li=| 53 1 4|6 81 1| |00 10
85 -2 0[5 -3 1 -2 00 0 1
26 -15 4 -3l
| 5 1 9 98
= 14 o111 12
4 9 13 24

(¢) D+ C is not possible, since they are not the same size.

9 10 47720 1 1 1 97 11 12 10 T
0 33 —1||5 1 24 3 % 6 15 9 31
8. (@) AC=14¢ ¢ 1 11|66 240 8|=| 65 13 20 41 40
5 -3 1 —2||7 33 3 2 13 -7 3 —13 0

(b) CT — DT is not possible, since C* is 5 x 4 and DT is 4 x 5.

(¢) CB + I is not possible, since C has 5 columns, and B has 4 rows.

2 -1 0 47[-6 2 -3 1 25 22 —14 -1
1o 33 -1 52 03| | -2 10 -1 21
8. (a) AB=|4 g 1 ] 03 -1 4|~|-68 36 —21 34
5 31 -2 85 -2 0 31 -3 —-12 0
r2 011175200 14 21 17 7
5 1 2 4 3 42 65 60 22
(b)) CD=14 9 4 ¢ g 2253242826230
7333 27 4 5] 52 76 A7 29

(¢) (A— B)CT is not possible, as A — B has 4 columns and CT has 5 rows.

6 2 -3 171° 1827 —319 669 —505

s Ll =5 2 03| | 1972 —220 832 —459

86. (a) B =1 4 3 _1 4 1106  —58 469 —141
8 5 —2 0 3071 850 —1383 1011

(b) BCOT is not possible, since B has 4 columns, and CT has 5 rows.

(¢) D + 1, is not possible, since D is 5 x 4 and I is 4 x 4.

87. (a) (C+ A)B is not possible since C' and A are different sizes.

2 0 1 1 1 20111Tg§(1)g

. 1512 4 3 51 2 4 3
(b) C(CT+D)=14 9 1 ¢ 3 62408+gg$3
7 33 3 2 733 3 2 pe0 s

21 40 41 29
61 120 124 &4
T | 66 146 182 106
74 138 123 109
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29 -1 0 4 2 0 1 1 1 gg?g
0 3 3 -1 51 2 4 3

©A+CD=14¢ g1 1|*|6 240 8 ggé;‘

5 -3 1 -2 7333 2]|3 822
16 20 17 11
|42 68 63 21
=148 90 63 31
57 73 48 27

88. (a) AB — DT is not possible, since AB is 4 x 4 and D7 is 4 x 5.
(b) AB — DC is not possible, since AB is 4 x 4 and DC is 5 x 5.

(¢c) D+ CB is not possible, since C' has 5 columns and B has 4 rows.

3.3 Practice Problems
IR e B TR R T ]

2 11 5

2. The linear system is equivalent to Ax = b, with A = { 1 5 }, and b = [ 9 } . Thus, x = A" 'b =

—1
[% 1;] {g}:[_? _1%} [g}:[_il))}.Therefore,x1:—3andx2:1.

3. T({ z ]) =T (x) = Ax, where A = [ g’ § ] We determine A~1:

[3 2 1 0} (=5/3)Ri+Ra—R, [ 3 2 1 0]
~ 1 5
5 3 0 1 :0 - -% 1
6Ro+R1— Ry 3 0 -9 6]
~ 1 5
10 -5 =3 1
(1/3) Ry — R,
8RR 1 0 -3 2
01 5 —3/|°

-1
1| 3 2 | -3 2
so A —[5 3] —[ 5 _3].

B T B _ —3x1 + 22
Consequently, T' 1({ x; ]) =T'(x)=A"'x= ([ 5x1—3x; })
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') |3 copm

WIN WIN Wl

1 -2 1 1.0 0 —2R1tRa— Ry 1 -2 1
4. 2 1 0010 At 0 5 -2
2 0 -1 0 0 1 0 -4 1
1 -2 1
(4/5)R2iR3—>R3 0 5 —9
L0 0 -3
R R 1 -2 1
Pzl 0 5 -2
L0 0 -3
(=2/3)R3+R2—R> 1 -2 0
(1/3)Rs+Ri—Ra 0 5 0
0 0 -3
10 o0
(2/5)R2;‘1\:Rlﬁ>R1 0 5 O
00 -3
(1/5)Ra— R 1 0 0
(71/3)[1?34)1%3 0 1 0 _
0 01 —
1 1 2 1 )
1 -2 1 3 3 3
SO[ 2 1 01 =|-2 -4 -2
-2 0 -1 _2 _4 _>5
3 3 3
5. (a) True. For if Ax =0, then x = A~10=0.
(b) True, because (AB)™ ' = B~1A-L,
(¢) True, because A can be row-reduced to the identity matrix.
(d) False. For example, if A = [ 8 0
3.3 Inverses
Ll7e] 1 1 3] 1 1 =3] [ 1
121 7(1) — 3(2) -2 T 1| —2 T | -2
o [ 5 2] _ 1 3 2] 1[3 2]
S BT ey e ) N A A N
2 —5 " L
30 24 10 does not exist, since 2(10) — (=5)(—4) =0
L[ 6 217" 1 -1 2] 1 [-1
L = -@6) [ 5 6] -4 5
5 14 10 —2R1+ Ry R, 1 4 1 0
’ 2 9 01 01 -2 1
—4R2+R1— Ry 1 0 9 —4
~ 01 -1 1|
147 [ 9 -4
12 9] T| -2 1

N DN =

DN =

NN oo
"’;HOU‘\%HO o =O

) “‘5 wlot

B colat Wi

Wl Wl Wl

= Wtk ot O O

— o O
—_

_ OO

WUt Wl ol

O s =

o w‘g Wl

| IS

w‘g wlot

|
[ B

0 } is singular, but Ax = [ (1) } has no solutions.

NI N[
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4 1

o [
. 4
SO 1
1 0

. [01
11

3
3

1 0 (—1/4)R1+Ra—Ro 4
0 1 ~ | 0
52R5+R1— Ry [ 4
_0
(1/4)Ri—R, i
—4Ry— R, 1
0
—1 -
137 [ -3 13
3 - 1 —4 |
1 1 0 O 1
00 1 0] ~Rit s R lo
1 0 0 1 0
1

0

—Ra+R3—R3
~Y
0

13 10}
-+ i
0—1252]
-+ 4o
0 -3 13

1 1 -4 |
01 1 00
10 0 1 0
1 0 -1 0 1
01 1 00
10 o0 1 0],
00 -1 -1 1

and we conclude that the inverse does not exist, since the left part of the augmented matrix cannot be
reduced to the identity matrix.

1 100 o 1
0010 BV 0
1 0 0 1 L0
Ro+R R. [ 1
— 2+N3—> 3 0
L0
Rs+R R [ 1
- 3+N1% 1 0
L0
1 177! -1 1 1
10 - 0 1 0.
0 1 1 -1 0
_]_ ]_ 0 0 —3R3+Rs—Ro
3010 RatBa—=FRa
1 00 1
72R2+r\1/31%131 [
2 —17°! 1 -2 7
1 3 =0 1 =-3].
0 1 0o 0 1
2 -1 1 0 0 4R1+ Ry~ Ry
-7 7.0 10 Fatls—=Rs
-1 5 0 0 1
—Ry+R3—R3
—3R3+Ra—R>
R3+1/3\1J$R1
—2Ro+R1— R,

010 0 1
10010
11100
010 01
100 10
011 -1 0

00 -1 11
10 0 10|/,
01 1 -1 0
12010 1
0100 1 -3
00100 1
1001 -2 7
0100 1 -3/,
0010 0 1
12 =110 0
01 3410
01 410 1
12 -1 1 0 0
01 3 4 10
00 1 -3 -1 1
12 0 -2 -1 1
010 13 4 -3
00 1 -3 -1 1
710 0 —28 —9 7
010 13 4 -3/,
001 -3 -1 1
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-9
4
-1

—28
13
-3

-

2
-7
-1

1
—4
-1

SO

oSO -

o - O

—2R1+Ro—Ro>
2R1+R3—R3
~

and we conclude that the inverse does not exist, since the left part of the augmented matrix cannot be

0

0

1
reduced to the identity matrix.

S = O

— O O

— <t o0

-3
)
3

1
2
-2

11.

)

|

oo -

S =™

— AN <#

— O

N — O

— O O

|

3Ro+R3s—R3
~

| — |
| —

0

ol HN — =

— oo —~ | | |
oo

74 —ey

S A & AN AN © AN AN
o - o [ [ ,

— HN N ™ —Hn D A= © ;i —H e O

[ I I ,
O+ ¥ OoO—-H N O O N O O™

A N O N © O am O

MNO O NHoO O MmO O O N O O
L 1L 1L Il 1

| —
WO M |

N N -

—N =l O
o o -
o —H O

— O O
L 1

< - & &
T < T T
a o \_, A~ —
K IS S <
++N RN |T|TN +N
- i C) o
g |8 g~ &
) ~ R x
~ ™ ~ ~
T _ T i
—
oo A
O — O
— O O
o <H O

i
— —
1
™M — AN
[ I

2.

i

(1/3)R1*}R1

L —

W M~

(—3/2)R2—)R2

(1/2)R3—Rs

NN O

g

9
4
-2 10

-1
-1

3
so | 1
2

r
SO —=O

SO O

— o OO

o~ OO

SO O

OoO—H OO

oo O

— o OO
L

1T
O—=H OO

SO O

— o OO

OO —HO

SO -

oo HO

O —= OO

— o OO
1L

Rl <—>R2
R3<:>R4
~

SO O~

oo H O

o~ OO

— o OO

[evenit - Nen)

— O OO

oo

oSO —H OO

13.

R2<—)R3
~
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SO O -
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N O
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o NOo

==
| —ocoa
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| NO O~
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~Y

SO O H

oo HO
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— O OO

NO O™

S —=H MO

O—= AN O

— O O A

14.
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17.

18.

19.

20.

21.

1 -3 1 -27°! 18 3 -7 —11

“© 2 -5 4 -2 _ 8 1 -2 —4
-3 9 -2 5 -1 0 1 1

4 —12 4 -7 40 0 1

1 3 92
—1
4 13 -3 3 137[ -3 35
|:1 3:| |: 2:|:|: 1 —4:||: 2:|:|:_11}.H6ncex1:35and$2:_ll.

1 2 -1 —2
4 -7 7| ,andb =] 1

The linear system is equivalent to Ax = b, with A = [ 413 ], and b = [ -3 ] Thus x = A"'b =

The linear system is equivalent to Ax = b, with A = .Thus

-1 -1 5 -1

1 2 —17°'r -2 -28 -9 7 -2 40
x=A"b=| -4 -7 7 - 13 4 -3 1= -19
-1 -1 5 ~1 -3 -1 1 ~1 4

1 . Hence x; = 40,
To = —19 and T3 = 4.
3 -1 9 4
The linear system is equivalent to Ax = b, with A= | 1 —-1 4 |, and b= | —1 |.Thus x =
2 -2 10 3
1 5 7 15
3 -1 9717'1 4 3 2 -1 4 -1
Alb=|1 -1 4 -1 | = % -3 % -1 | = % Hence z1 = — 3¢, w3 =
2 -2 10 3 _ 1 3 5
0 -1 5 | 5
% and z3 = %
1 0 0 —27 —1
. . . . 0 1 -1 0 -2
The linear system is equivalent to Ax = b, with A = 0 -9 3 E and b = 9 .Thus
2 0 0 -3 ~1
1 0 o0 —277'1-1 -3 0 0 27[ 1]
T A 1 -1 0 -2 | 0 3 10 -2
x=A"b=19, 9 3 o 2= 021 0 2
2 0 0 -3 ~1 2 0 0 1| -1]
1
= :;l .Hence x1 =1, z0 = —4, x3 = =2, and x4 = 1.
1
Iy 4 3 . -1
T =T (x) = Ax, where A = . We determine A™":
) 3 2
[ 4 3 1 0 ] (-3/49)Ri+R:»R, [ 4 3 1 0 ]
~ 1 3
320 1 [0 -F -f 1
12Ro+ Ry — R, 4 0 -8 12}
~ 1 3
10 -3 -3 1
(1/4)R1—Ry
—4Ry— R, 1 0 =2 3
~ 01 3 —4 |
317" -2 3
hence A~! = 9 ] = [ 3 4 } Consequently, 7! ({ i; ]) =T1'x) = A 1x =

4
3
—2x1 + 3x9
3.2?1 — 43?2 ’
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- - 2 =5
22. T ( i; > =T (x) = Ax, where A= | -1 4 1 . Since A is not square, A~! does not exist, and
L J 1 1

hence T~! does not exist.

23. T ( i; > =T (x) = Ax, where A = [ _% _18 } We seek to determine A~
1 =5 1 0 2R1+Ro—Rs 1 =5 1 0
-2 10 0 1 ~ 0 0 2 1/

Thus A~' does not exist, and so T~ does not exist.

T 1 0 1
24. T To =T (x) = Ax, where A= | 0 1 —1 |. We determine A~ %:
3 1 -1 1

1 0 1 1 0 0 R R 1 0 1 1 0 0
0 1 -1 0 1 0f M7 19 1 -1 010
1 -1 1 0 0 1 L0 -1 0 -1 0 1
r1 0 1 1 0 O
fatfig =l 01 -1 010
00 -1 -1 1 1
~Re+Re—Re [1 0 0 0 1 1
Ratfly=Ha 01 0 10 -1
L0 0 -1 -1 1 1
R rt 0o 0 O 1 1
T 0101 0 -1
00 1 1 -1 -1
1 0 171! 0 1 1 T
hence A=! = O 1 -1 =11 0 -11]. Consequently, 7! To =T 1(x) =
1 1 -1 -1 T3
x2+x3
1 — T3 .
r1 — T2 — T3
[ 2] 12 -1]
25. T T2 = Ax, where A = {1 1 -1 . Since A is not square, A~ does not exist,
xr3 | -
and hence T~ does not exist.
2y ] 1 1 —17
26. T Z2 =T (x)=Ax, where A= 0 1 —1 |. We determine (if possible) A~*:
L T3 | 1 -1 1_
1 1 -1 1 0 0 P 1 1 -1 1 0 0
0 1 -1 0 1 0f M2 19 1 -1 010
1 -1 1 0 0 1 0 -2 2 -1 0 1
R 11 -1 100
2B g1 -1 001 0
0 0 0 1 2 1

Since the left half of R3 consists of zeroes, the left half of the matrix cannot be transformed to I3 and
hence A does not have an inverse.
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Ty (x) = A;x, where A4; = Ty (x) = Asx, where

:[f

(a) Ty (Ty (x)) = Ax = AT Aox, s0 A= AT Ay, Now At = { % 1 ]_1 { 7} _é }7
wa=[ 4 3)[22]-[2 0]

(b) Ty (T ' (%)) = Ax = A1 45", 50 A = A; A7 Now Ay ! = [ ‘I’ % ]_1 = [ _} _§ }
wa=| 110 3]0 )

() T3 (T (x)) = Ax = A3 Arx, s0 A = A5 A;. Now A" — [ 32 ]_1 - [ R ]
was[ 2] 4]0 ]

(d) Ty (T (%)) = Ax = ApA7'x, 50 A = ApAT. NowAllz[? }]_1:{_% _H
wa=[3 2] ][5 1]

28. T1<{2 ]) = T1 (x) = A;x, where 4; = [i ?}7 and T2(|:§; ]) = Ty (x) = Asx, where
Azz[% g]

(a) T7 M (Ty (x)) = Ax = A7 Asx, s0 A = A1 Ay, Now A' =
A T 5[z 9]_[ 9 38
T -4 3|1 5|7 | -5 —21|
(b) T1 (T3 ' (x)) = Ax = A14;'x, s0 A = AjAy'. Now Ay! =
q_]3 5 5 91 _[10 —17
4 7] -1 2|7 |13 =22
(c) Ty ' (Ty (x)) = Ax = A;'A1x, 50 A = A;'A;. Now A;' =
A 5 -9][3 5]_[-21 -38
I e S N I A e R O
(d) T» (T7 ' (x)) = Ax = A3A7'x, s0 A = A,A7". Now A7 =
A_'29 7 5] [ -22 17
15| -4 37| -1310]
1 | A2 1 0 0
29. A= =| 0| 2 7 [:s0
Ay | A
21 22 0 1 4

= SO
-t 5 -9

-1 2%
71 - 5 79 -

= _1 2 s SO
71 7 75 -

=1 _4 3]0
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- -1
7 2 0 00
4 1 0 0O
= 10 07 '[ L 3)r. og7-1|[L 0 07"
-0 1 =2 -2 3 { 41 ] 01 -2
L 0 3 =5 5 =2 0 3 =5
I ) 0 00
4 -7 0 00
=|7=IT 19 [ 1 00
96 —173 0 -5 2
55  —99 0 -3 1
1 0 0
35. A=|0 1 0
L0 0 1
r1T 1 1
36. A=|1 1 1
|11 1
10 3 0
woas[d 0] =3 0]
1 0 0 -2 0 0
383. A=|0 1 0(,B=] 0 =2 0
L0 0 1 0 0 =2
10 10
30 A= | L 00 p_to 1| ThenaB=|1 2 %010 1|=|L9]_p butBa=
010 010 0 1
0 0 0 0
10 1 0 0
0 1 {(1) (1) 8]: 0 1 0| #Is.
0 0 0 00
Looog 100 Lo
40. A=|10 1 0 0 |,B= . Then AB = I3, but BA = % 1.
00 1 0 0 0 1 0 01 0
0 00 0 00O
[0 0 0 O
1100
41. For example, A = 111 0|
111 1
42. For example, B = _ é (1) 8 8 ] , then BBT = [ (1) (1) ] is nonsingular.
43. (a) False. If A is invertible, then Ax = b will have one solution for all vectors b.
(b) True, by Definition 3.20 of invertible matrices.
44. (a) True. A matrix is equivalent to I,, if and only if it is invertible, and since A~! is invertible, A1
is equivalent to I,,.
(b) False. By The Unifying Theorem (Version 3), if A is singular, and therefore not invertible, then
the columns of A are not linearly independent.
45. (a) True. As shown in the example, the Caesar cipher corresponds to an invertible matrix.

(b) True. BT (B=1)" = (B='B) =17 =1, 50 (BT) ' = (B~)".
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46.

47.

48.

49.

50.

ol.

52.

93.

o4.

95.

96.

o7.

(a) False. By The Unifying Theorem (Version 3), if the columns of A span R™ then A is invertible,
so A is not singular.

(b) False. The expression % is not defined for matrices.

(a) True, since (B_IA_l) (AB) = B! (A_lA) B=B"'1,B=B"'B=1,.

True. A is invertible if and only if Ax = b has a solution for all b. This is only the case if every
echelon form of A has a pivot in each row.

—
=

(a) False. For example, let A =1,, and B = —1I,, then A+ B = 0,, which is not invertible.
(b) True. The columns of BT will span R". By Theorem 3.27, BY is invertible, so B is invertible.

(a) True, since A(A~1!) = I,, we conclude that the inverse of A~1 is A, so (A_l)_l = A.

(b) True. If S and T are invertible linear transformations represented by invertible matrices A and
B respectively, then S (T (x)) = S (Bx) = A(Bx) = (AB) x. So the composition of S and T is
represented by the invertible matrix AB. Thus, the composition of S and T is an invertible linear
transformation.

1000
(a) False. Let A= 0 1 0 0 |,B= . Then AB = 2I3, but BA # 213.
0 010

OO NO

0
0
2
0

SO o

(b) False The columns of AT will be linearly dependent, and therefore the matrix A is not invertible,
by Theorem 3.27. Consequently A is not invertible.

AX=B = A'(AX)=A"'B = (A'"A)X=A4""B > [LX=A"'B=> X=A"'B.
BX=A+CX = BX-CX=A4A = B-C)X=A= X=(B-C)"A
B(X+A4)'=C = (X4+A4)'=BC = X+A4=(B'C)"'=C"'B > X=C"'B-A

AX(D+BX)""' =C = AX =CD+BX)=CD+CBX = AX-CBX =CD =
(A—-CB)X=CD = X =(A—-CB)"'CD.

_ _ a b a b a b
IfA]':A,thenA(Al):A2:I2. IfA:{ ],thenA2:[Cd][ d}:

c d c
a®+bc ab+bd | [ 1 0
ac+cd d>+bc | |0 1
From ac + ¢d = 0, we have that ¢ = 0 or d = —a. Case 1: d # —a. Then b = 0 and ¢ = 0, and so
a?+bc=1 = a = +1. Since d # —a, we have from d?> + bc = 1 that d = £1, and hence either

a=d=1lora=d=—1. Wenowhavetwomatrices{(l) ?]and{_(l) _(1)] Case 2: d = —a.

From ab + bd = 0 we determine that either b = 0 or d = —a.

Then we need to satisfy a? +bc = 1. If b = 0, then this implies a = +1, so d = F1, and we get the

matrices { (1) 7(1) ] and { _(1) (1) } . If b # 0, then we may freely choose a and b, and obtain ¢ = %,

a b
and the family of matrices [ 1—q2 a ] .
oo™ _
A is not invertible. Consider the augmented matrix corresponding to Ax = 0. Apply the row operation
—Ry; + Ry — Ra, which produces a new row 2 consisting entirely of zeroes. The row-reduced form
will then have a zero row, and hence a free variable. Thus Ax = 0 will have non-trivial solutions, and
hence A is not invertible.

With two equal columns, the columns of A are not linearly independent. By The Unifying Theorem
A is not invertible.
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58. A= { 8 2 } is invertible provided the columns of A are linearly independent, which will be the case
as long as a # 0 and d # 0.

59. A= i 012 } is invertible provided the columns of A are linearly independent, which will be the case

if ¢ # ¢?. Thus we require that ¢ # 0 and ¢ # 1.

60. Since (cA)™' = ¢ LA™, we have (24)7" =3 [ ;1 If ] = [ % _3 ]

61. Suppose that Ax = b has solution x;. If A is n x n and not invertible, then it follows that the system
Ax = 0 has a nontrivial solution xg. Then A(x; + x¢) = Ax, + Axg = b + 0 = b. Therefore Ax = b
does not have a unique solution, a contradiction.

62. A2 = (PDP-Y) (PDP~Y) = PD (P~'P) DP~' = P (D?) P~'. A% = A%A
= (P(D*) P ') (PDP™') = PD?(P~'P)DP~' = PD®P~'. By induction, we can establish the
general result A" = PD"P~1

63. AC=CB = C~'(AC)=C"'(CB) = C~'AC = (C~'C)B = C~'AC =B.

6. AX=B = A" (AX)=A"'B = (A'A)X=A"'B = LX=A"'B = X=A"'B.

65. (B—C)A=0pn = (B—C)A)A = 0,,A"" = (B—C)(AA) = 0ppy = (B—C) 1L, =
0pm = B—-C=0,,, = B=C.

66. Since B is invertible, so is B~!. Since AB is invertible, by Theorem 3.23 the product (AB)B~! is
invertible. But (AB)B~! = A(BB~!) = A, so A is invertible.

67. Since B is singular, there exists x # 0 such that Bx = 0. Thus, (AB)x = A(Bx) = A(0) = 0, and
hence AB is singular.

68. Consider (AB)x = b. If this equation has a solution x for all b, then A(Bx) = b shows that Ay = b
has a solution y for all b, specifically y = Bx. But A is singular, so by the Unifying Theorem, there
exists a b such that Ay = b has no solution y, and hence the equation (AB)x = b has no solution.
Therefore AB is singular.

69. Let x =T (y), then 77! (rx) = T (rT(y)) =T T (ry)) =ry = rT~ ! (x).

70. (a) If AC = AD, then A~! (AC) = A" (AD) = (A7'A)C=(A"'4A)D = A=D
(b) If AC = Opm, then A7 (AC) = A0, = (AT1A)C =0pm = C =0nn

57 73 81 1
71. T(x)=Ax=| 93 101 113 3 |,s0T 1 (x)=A"1x=
29 34 38 T3

57 73 81717 [ 4 20 687 a1
93 101 113 Ty | =g | 267 183 —1092 | | x |.
29 34 38 -233 —179 1032 | | a3

2150 4 20 —68 2150 9
Evaluate A~! | 3114 | = %16 257 183 —1092 3114 | = 8 |, so the desired produc-
1027 —233 -—179 1032 1027 13

tion level is 9 j8’s, 8 j8+’s, and 13 j9’s.

57 73 817 [ m
72. T(x) = Ax = | 93 101 113 ||

29 34 38 T3

57 73 8171 ' m 4 20  —68 T
93 101 113 @y | == | 257 183 1002 Ty | .

29 34 38 T3 —-233 —179 1032 T3

,s0 T 1 (x)=A"1x =
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2152 4 20
Evaluate A=1 | 3228 1 = 1—}6 [ 257 183
1047 —233 —179

tion level is 17 j8’s, 4 j8+’s, and 11 j9’s.

—68
—1092
1032

I

2152
3228
1047

17

Il

] , so the desired produc-
11

57 73 81 1
73. T(x)=Ax=| 93 101 113 ] l o | ,50 T 1(x)=A"1x=

29 34 38 x3

57 73 81717 '[ 4 20 687 a

93 101 113 ] [ 2 ] = 135 l 257 183 —1092 ] l g ] :

29 34 38 x3 —233 —-179 1032 x3
2946 4 20 —68 2946 12

Evaluate A=! | 4254 1 = 1—}6 [ 257 183 —1092 1 [ 4254 1 = [ 21 ] , so the desired produc-

1404 —233 —179 1032 1404 9

tion level is 12 j8’s, 21 j8+’s, and 9 j9’s.

57 73 81 1
74. T (x)=Ax=| 93 101 113 ] [ o |,s0T7 1 (x)=A"x=
29 34 38 T3
57 73 8171 '[m 4 20 —68 T
93 101 113 ] [ T2 ] = [ 257 183 —1092 ] [ T ] .
29 34 38 T3 —233 —179 1032 T3
5062 4 20  —68 5062 19
Evaluate A=! | 7302 ] = i6 l 257 183 —1092 ] [ 7302 ] = [ 19 ] , so the desired produc-
2413 —233 —179 1032 2413 32
tion level is 19 j8’s, 19 j8+’s, and 32 j9’s.
29 18 50 29 18 50 7°*
75.T(x)=Ax=| 3 25 19 |x, T l(y)=A"ly= [ 3 25 19 ] y
4 6 9 4 6 9
111 138 —908 409 111 138 —908 409 3
:[ 49 61 401]y,thusT_1<[204]>:[ 49 61 401“204]:[4]
—82 —102 671 81 —82 —102 671 81 5
29 18 50 29 18 50 7"
76. T(x)=Ax=| 3 25 19 |x, T '(y)=A"ly= l 3 25 19 ] y
4 6 9 4 6 9
111 138 —908 439 111 138 —908 439 7
[ 49 61 —401]y,thusT1<[147]>[ 49 61 —401“147][2].
—82 —102 671 76 —82 —102 671 76 4
29 18 50 29 18 50 7°*
7. T(x)=Ax=| 3 25 19 |x, T '(y)=A"ly= [ 3 25 19 1 y
4 6 9 4 6 9
111 138 —908 1092 111 138 —908 1092 10
:[ 49 61 401]y,thusT_1<[ 589 D:[ 49 61 401“ 589 ]:[14].
—82 —102 671 223 —82 —102 671 223 11
29 18 50 29 18 50 7"
8. T(x)=Ax=| 3 25 19 |x, T '(y)=A"ly= l 3 25 19 ] y
4 6 9 4 6 9
111 138 —908 744 111 138 —908 744 0
[ 49 61 —401]y,thusT1<[428]>[ 49 61 —401“428][ 8 ]
—82 —102 671 156 —82 —102 671 156 12
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41 7 1 -3 277! 41 7 12 20
79. A1 161 79 | = 2 -7 9 161 79 | = 1 15 |. Hence the decoded
—306 —142 -4 14 -17 —-306 —142 16 16
12 20 l t
message is 1], 15 — al|,| o , i.e. “laptop”.
16 16 P P
-30 1 1 -3 277'r-=3 1 3 6
80. A7 1| —45 22 | = 2 -7 9 —45 22 | = | 15 5 |. Hence the decoded mes-
96 —39 -4 14 -17 96 -39 6 5
3 6 c f
sage is 15 |, 5 — o|,| e , i.e. “coffee”
6 5 f e
7 —25 47 1 -3 271! 7 —25 47 6 1 24
81. A1 75 =37 158 | = 2 -7 9 75 =37 158 | = 9 12 1 |. Hence
—136 79 —-303 -4 14 -17 —136 79 —-303 14 5 13
6 17 24 f a x
the decoded message is 9 |, 12 |, 1 — i |, L |,| a , i.e. “final exam”.
14 5 | 13 n | e m
44 —46 23 40 Tl -3 2177 44 —46 23 40
82. A1 157 —105 88 152 ] = 2 -7 9 ] 157 —105 88 152 ]
—300 211 —-167 —289 -4 14 -17 | —300 211 —167 —289
19 6 14 19 19 6 14 19
= 1 18 3 3 |. Hence the decoded message is 1], 18 |, 3|, 3 —
4 1 9 15 14 1 9 15
S f n S
a |, |, c|,| ¢ , i.e. “San Francisco”.
n a ) 0
8 14 23 4
r 3 1 -2 01! 145 145 145 29
67 64 43 10
2 2 5 1 145 145 145 99
-1 _ _ 145 145 145 29
8. A7 =130 2 2 TR T S
145 145 145 29
L 41 23 3 _2 5
29 29 29 29
5 2 -1 07"
84. A7l = ; _? _;) ;l does not exist.
| 3 5 —2 —4
5 1 02 1 277!
-3 2 2 1 0
85. A7l = 2 3 1 0 1 does not exist.
5 -1 -1 -1 3
| 0 0 3 2 1 |
. r 91 1647 201 248 1006
- - 12811 12811 12811 12811 12811
2290 4 2394 1017 1346 1597 1829
9 5 5 2 1 12811 12811 12811 12811 12811
86. A7! = 23005 = 1123§131 _122511 _112087101 _1288211 1212?1
9 5 0 7 0 1593 2844 703 2652 13
2 2 2
(19951 LET CmEl B fm mm
L 12811 12811 12811 12811 12811




421

. Now solve

}, using back substitution, to obtain y

SECTION 3.4: LU FACTORIZATION
3.4 Practice Problems

. Now

1

1567,61,2%
| (N

T 1T 1T 1
SO OoO—H OO —H OO O

|
|

— — —
o o e OO e OO com oo —

— e @ — —
el el NOo O N O o e oA

— — — — —
co—H oo e~ e~ - < AN A
L ] L ] L 1 _ _

So— 6 O — I I I
~ ~ = I
! ! f ) T

T 1T 1T 1
~ ~ HANIOMN AN NN

1 , using back substitution, to obtain y
1 , using back substitution, to obtain x

— Il oM~ Om—
— oo S T
| | 1120110011001100 —_—_AN - O
_HaN Ao TR NOOCO NOCOO NS 1 coo NOoOO NOo o
—_ AN — 0 © L 1L 1L 1
_ _ , Noco oo Nee —
T S T | Dmo4 RS Dm.. Il & o Rs
I I ! 1T 1 B S ik R
> I3 € o = o G & < ko) ﬁﬁ o
18 = - g T ol =t €2 <)
— — Lt T S e k + B 5 +
bel AN —
OO~ HANN _..memam 2 < RS & «© — e 5
Il -+ 5 — b , ! coo—~ I [
o~ g = &
[ N OO A
— e —NOo | I T 1T 1T 10 O — | |
I moo o= o I Bl R i R CC I AN 00 A1 <
- | I f | |
— o © 12512_1_,
a 5 _ _ Mmoo 301_‘1_* 301_*1_*1011 CMm~ O m I~
| S —
F H_A —_ < A I — o I HANO — ™
——ANO — OO
=~ =) NYN oo N NOoO X ~ NNt NO O
o o . 3 L NOOO NOOO 2 T
.|OA d [ | e L 1L 1 = |
[9p] »n = -
— — — =
2 = 2 L
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SO O—H O OO —H OO O

SO — e OO — 06 OO — N

OSO— 06 06 OO OO

A AN~ A AN —~H AN~

= L=

=L =

| B |
AN— O

NHMM~ ANHMNO N—ANO oo

SO A 4O - OO

NO OO NODOO NO OO

mmm < ]
T LT 1 T
QRMN DMN Ko
T B i
<5 T 5
T 1T 1T 1

NO OO
S|

] and U

oo O -

SO —= A

SO O -

AN =~ NN ANAMNO 4 g~

O A OO

— AN AN O

NO OO NO OO

AN AN <A

—~

-

~

S

Thus, L

] by the diagonal entries to obtain

17.23
— AN O
OO
Il
> .
(3
O L
2 I
z
o
i o — O
]
<~
+ — OO
(&)
=l
i~
M Il
> -
= ge
g
. (o}
_|__|_

} by the diagonal entries to

— AN — A

30_|_AO

—
O O AN

| |
NO OO
L i O O

N — O O

— O OO

SO O N

SO —HO

. We divide the rows of U
and U

coo—H @O0

coH—~ OO Oo

O—= N O

— O~

I
=

—~

e}

—

obtain D

] by the diagonal entries to

AN — AN
|
SN~
— — O
No o )
—
— —
I _
> S N
Yy
o
" N — O
2
e — OO
) [ |
s
- Il
3 )
1
T
o &
= oo
OO~

SO~

O — AN

— — Il

] by the diagonal entries to

. We divide the rows of U

SO O H

SO = A

OO -

— — AN —

SO O H

SO MmO

o= OO

NO OO

|

3.4 LU Factorization

obtain D

—14.

},soazQandb

B 2 2 -3
= | -14 -13 17

-3
—4
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10.

11.

1 00 -2 0 3 -2 0 3

—4 1 0 01 1]|= 8 1 —11 |,soa=0,b=—11, and c =4.
| -2 -1 1 0 0 2 4 -1 =5
1 0 O 5 2 5 2 5 ¢

3 10 0 b| =11 b+6 Equating this to | 15 9 we obtain that ¢ = 2,
La 2 1 0 0 5a 2a+2b 20 14
9=b0+6 = b=3, and 20 = 5a = a = 4. We check that 2a + 2b = 2(4) 4 2(3) = 14.
10 4 2 3 b [ 4 2 3 b Eouatine this to | £ ¢ 3 1
e 1[0 2 3 1]~ |40 2a+2 3a+3 ab+1 | TAESTEI0 g6 g 3 | W
obtainc=2,b=1,4a =8 = a=2,andd = 3a+3 = 3(2)+3 = 9. We check that 6 = 2a+2 = 2(2)+2
and 3=ab+1=(2)(1) + 1.

1 0 2 . o . 2

Solve Ly = b, [ 9 1 }y = [ 9 ],usmg back substitution, to obtain y = [ 6 | Now solve Ux =y,

[ (2) _§ } X = [ (23 ], using back substitution, to obtain x = [ g’ ]

Solve Ly = b, [ :1)) (1) } y = [ __17 , using back substitution, to obtain y = [ _Z . Now solve
1 4 -7 . e . 1
Ux =y, X = , using back substitution, to obtain x = .
0 -2 4 -2
1 0 0 4 4
Solve Ly = b, | —1 1 0 |y= 0 |, using back substitution, to obtain y = 4 |. Now
2 -2 1 —4 —4
r2 -1 3 4 -1
solve Ux =y, | O 1 2 |x= 4 |, using back substitution, to obtain x = 0 1.
L O 0 -2 —4 2
r 1 0 O —4 —4
Solve Ly =b, | =2 1 0 ] y = l 11 1 , using back substitution, to obtain y = l 3 |. Now solve
L 1 3 1 5 0
1 -2 0 —4 -2
Ux=y, | 0 3 -1 |x= 3 |, using back substitution, to obtain x = 1.
0 0 -2 0 0
1 00 0 0
Solve Ly = b, 2 1 0 |y=/| 1], using back substitution, to obtain y = | 1 |. Now solve
-3 4 1 4 0
1 -2 0 9
Ux=y, | 0 1 [x=| 1 |, using back substitution, to obtain x = [ 1 ] .
0 0 0
1 0 2 . e . 2
Solve Ly = b, 3 1 |Y=| 13 | using back substitution, to obtain y = 7| Now solve Ux =y,
3_ 5
1 -1 2 2 Tz
[ 0 -2 _1 } X = { 7 }, using Gaussian elimination, to obtain x = _% _ %81
51
1 0 0 O 0 0
-2 1 0 0 0 . e .
Solve Ly = b, 0 31 0|Y= | -1 |5 using back substitution, to obtain y = 1
2 -1 0 1 0 0
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-1
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0
0

-1
-3
-2

3

] , using back substitution, to obtain y

1
Now solve Ux =y, { 8
0

b,

12. Solve Ly

] , using back substitution, to obtain x
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SECTION 3.4: LU FACTORIZATION
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1 3 2] Ri+Ra—Ry M1 3 2 1 e o o o
-1 -5 -1 —Ri+R4—Rq 0 -2 1 -1 1 o o o
24. 0 -6 -3 St 0 6 3| =L=| 0 3 e o e
1 5 7 0 2 5 1 —1 e e @
-3 9 3 | 0 18 9 | | 3 —9 e e o
1 3 27 —3Ret+Rs—RrRs [ 1 3 27 [ 1 e e e o]
0 -2 1 Ro+R4— R 0 -2 1 -1 1 o o o
0 -6 -3 It s 0 0 6| =L=| 0 3 1 e e
0 2 5 0 0 6 1 =1 —1 e e
| 0 18 9 | O 0 18 | | -3 -9 -3 e e |
M1 3 27 M1 3 2 1 ° o o o |
0 -2 1 R3+Ra—Ra 0 -2 1 -1 1 e o o
0 0 —6 Bst = s 0 0 —6| =L=| 0 3 1 e e
0 0 6 0 0 0 1 -1 -1 1 0
| O 0 18 | | O 0 0 | | -3 -9 =3 0 1 |
1 0 0 0 O 1 3 2
-1 1 0 0 O 0 -2 1
Thus L = 0 3 1 0 0 landU=1|0 0 -6
1 -1 -1 1 0 0 0 0
-3 -9 -3 0 1 0 0 0
1 0 .. 2 — . . . 2 0
25. L = 9 1 . We divide the rows of U = 0 3 by the diagonal entries to obtain D = 0 3
1 -1
and U = [ 0 1 }
1 0 0 1 -2 0
26. L=| =2 1 0 ] We divide the rows of U = | 0 3 -1 1 by the diagonal entries to obtain
1 3 1 0 0 -
1 0 0 1 -2 0
D = l 0 3 0 1 andU =10 1 _%
0 0 -2 0 0 1
1 0 .. 1 -1 2 . . .
27. L= 3 1 We divide the rows of U = 0 -2 -1 by the diagonal entries to obtain D =
1 0 1 -1 2 }
and U = .
5 5] o 1

28.

29.

30.

L= [ _% (1) ] We divide the rows of U = [ (1) le } by the diagonal entries to obtain D = { (1) (1) ]
1 —4
and U = [ 0 1 }
1 0 0 -2 -1 1
L= 3 1 0 1 We divide the rows of U = 0 3 1 ] by the diagonal entries to obtain
-1 -1 1 0 01
1 1
-2 0 0 I 3 —3
D= l 0 3 0 ] andU=1| 0 1 1
00 1 00 1
1 00 -1 2 1 3
L= [ -4 1 0 ] . We divide the rows of U = 01 -3 =5 ] by the diagonal entries to obtain
2 21 0 0 1 2
-1 0 0 1 -2 -1 =3
D[ 01 O]andU 0 1 -3 —5].
0 0 1 0 0 1 2
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41.

42.

43.

44.

45.

46.

47.

48.

49.

(a)

1.0 0 0 100 0 100 0
001 00| _,p_[0100[]0100
0o01o0|="*=loo1o0|]0o0 10
00 0 1 000 1 000 1
1.0 0 0 10077100771 000
0100 :LDU:010H010H01001
L0010 00 1]Jloo1][loo0 10

False. If A is m x n, then L is m x m and U is m x n. (See answer to 19.)

True. If A is n x m, and A = LU is an LU factorization, then L is n X n.

True. If row exchanges are required then the matrix L will require row exchanges, and L will not
be a lower triangular matrix. If row exchanges are not required, this follows by construction as
shown.

. . 2 0 10 2 0
False. For example, consider the LU factorization [ 0 2 ] = [ 0 1 ] [ 0 2 ] .

False. We would also need that the diagonal entries of A all be non-zero, so that row exchanges
are not necessary.

False. If A is 4 x 3, then L is 4 x 4.

False. For example, A = [ (1) (1) } does not have an LU factorization, but A~! = A exists, so A

is nonsingular.

True. If the matrix E results from the interchange of 2 rows, then EE = I, and F is invertible.
If F results from multiplying row ¢ by ¢ # 0, then the matrix E’ obtained from multiplying row i
by ¢! will satisfy E'E = I, and thus E is invertible. Finally, if E results from the row operation
cR; + R; — Rj, then E’ obtained from the row operation —cR; + R; — R; will satisfy E'E = I,
and F is invertible.

1 0

False. For example A = { 8 8 8 8 } is one LU factorization,

[88}:[%0][8 }1sanother

(b) False. For example, consider the LU factorization i (1) = } (1) é (1)
(a) False. For example, consider the LU factorization Loy_1 1o Lo
11 11 0 1
. " 0 0 1 0][0 0]
(b) False. For example, consider the LU factorization 00| [0 1|[00
Let D = [a;;] be an n x n diagonal matrix and U = [u;;] an m x n upper triangular matrix. Let

B= [bij] = DU. Then

bij = dﬂulj + di2u2j + - 4 dinunj
= dijuij

since dy; = 0 if & # j. Thus the 4t column of row ¢ of the product DU is given by the product of the
diagonal d;; in row ¢ with the entry u;; in row ¢ and column j of U. Thus the entire it" row of DU is
given by multiplication with the diagonal entry d;; in the i*" row of D.
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50. Write U as a block matrix where Uy; is a (n — k) x m matrix and Us; is a k X m zero
21
matrix. Let Ly = [ Li1 | Li2 | and Ly = [ L1y | Mys ], where Lyy is n x (n — k). Then LU =
Ui Ui
[ L11 ‘ L12 ] = L11U11 + L12U21 = L11U11 and LQU = [ Lll ‘ M12 ] = L11U11 +
21 21
L12M21 = L11U11. Thus L1U = LQU
. . 11 10 11
51. True. For example, consider the LU factorization 0 11=10 1 RE More generally,
if A is an n X n upper triangular matrix with ones on the diagonal, then A = LU = IA is an LU
factorization of A with L = 1.
52. (a) Proof by induction on the size n of the n x n matrices Ly and Ly. If n = 1, then Ly = L; = [1], so

Lo Ly = [1], a unit lower triangular matrix. Now suppose Ly and L; are both nxn unit lower trian-
gular matrices, and that the product of (n—1)x (n—1) unit lower triangular matrices is a unit lower

110 110
triangular matrix. Partition Lo = and L1 = where both M and N are
v | M w | N

1(1)+0w | 1(0)+0N
(n—1) x (n — 1) unit lower triangular matrices. Then LoL; = =

v(1) + Mw ‘ vO+ MN

1 | O
v+ Mw ‘ MN
the product M N is a unit lower triangular matrix.

, which is a unit lower triangular matrix, since by the induction hypothesis

(b) Proof by induction on k, the number of factors. If k = 1, then the product is simply L; which is a
unit lower triangular matrix. Suppose we have k factors, and that the product of £ — 1 unit lower
triangular matrices is a unit lower triangular matrix. Then LypLg_1---L1 = Lg (Lk—1---L1)
is a unit lower triangular matrix since by the induction hypothesis Ly_1---L; is a unit lower
triangular matrix, and by part (a) the product of two unit lower triangular matrices is a unit
lower triangular matrix.

(c) Since L; is lower triangular, there is a sequence of row operations of the form cR;+ Ry, — Ry, with
j < k, that transforms L; into the identity matrix I,,. Each of these row operations corresponds to
multiplication by an elementary matrix which is unit lower triangular. Hence there is a sequence of
elementary matrices such that EyEy_q--- E1L; = I,,, and thus Li_1 = EyE)_1--- Eq. Since each
E; is a unit lower triangular matrix, by part (b) we conclude that L; ' is a unit lower triangular
matrix.

(d) Since (Ly---LoLy) ' = Li'Ly' - L', the result follows from parts (b) and (c), since we have
the product of unit lower triangular matrices.

53. Using a computer algebra system, it is determined that A does not have a LU factorization. Also note

that A can not be reduced to the a lower triangular matrix without interchanging rows.

M1 0 0 0 0 0 07
3 1 0 0 0 0 O
0o -2 1 0 0 00

5
54. Using a computer algebra system, we determine L = 0 0 15 1 0 00 ,and U =

0o 0 0 % 1 00
o 0 0 0 -2 10

L0 0 0 0 0 £ 1|
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M1 2 0 0 0 O 0 7
0O -5 1 0 0 0 0
o o2 1 0 0 0
o o0 o0 B 1 0 0
o 0 0 0 -% 3 0
o 0 0 0 0% 1
139
L0 0 0 O 0 0 = |
1 0 0 0
i1 00
55. Using a computer algebra system, we determine that L = 1 0 1ol
3 2 1
2 7 75 1
10 2 0 —4 2
U — 00 —-14 7 21
- 0 0 0 -5 0
0 0 0 0 -16
1 0 0 0
. . 3 0 5 15
56. Using a computer algebra system we determine that L = 1 2 10 and U = 0 0 16
3 75
13 L1y o 0 0
3 5 1

3.5 Practice Problems

1. (a)
(b)

2. (a)

(b)

3. X1 =

4. (a)

Stochastic, because each entry is nonnegative and all column sums are one.

Not stochastic, because the third column does not sum to one.

From column 1, we would need a = 0.7, but then row 1 has sum 1.4. Therefore, A cannot be a
doubly stochastic matrix.

Setting column and row sums equal to one, we first obtain a = 0.4 (from row 1), b = 0.3 (from
column 1), d = 0.4 (from column 2), and we obtain ¢ = 0.3 from row 3. We check that the
04 02 04
resulting matrix l 0.3 04 03 ] is doubly stochastic.
0.3 04 03

Axco — 04 0.7 05 | _ | 055 | 4 _ 04 0.7 0.55 | | 0.535
X0=106 03 []05 || 045 2TAXIT 006 03 || 045 | T | 0465 |
Solve (A — I) x = 0 by row-reducing the augmented matrix.

{—0.75 0.5 0] Ri+R3—Ro {—0.75 0.5 0}

0.75 —-0.5 0 0 0 0
. 2/3 . 3
and we obtain x = s s Setting the column sum of x equal to one, we need s = £, and so

X =

()-[3]

[S21 (Y]
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(b) Solve (A — I)x = 0 by row-reducing the augmented matrix.
—0.8 05 05 07 WDRARoR o g g5 05 0
[ 04 —05 0 0 ] (/20 F s = s [ 0 —025 025 0 ]
0.4 0 —-05 0 0 0.25 —=0.25 0
—0.8 05 05 0
FatHg+fs 0 —025 025 0
0 0 0 0
5/4
and we obtain x = s 1 |. Setting the column sum of x equal to one, we need s = %, and so
1
5
5/4 13
x == [ /1 ] - | &
—13 - 13
1 4
13
5. (a) False. Entries may be 0.

(b) True, by Theorem 3.29(c).
(¢) True, by Theorem 3.31(a).

(d) False. For example, if A = {

stochastic.

3.5 Markov Chains

© 0 N o o~ w

10.
11.

12.

13.

Stochastic, since each entry is nonnegative and all column sums are one.
Not stochastic, since there is a negative entry.

Stochastic, since each entry is nonnegative and all column sums are one.
Not stochastic, since the first and third columns sums are not one.

Setting column sums equal to one, we obtain a = 0.35 and b = 0.55.

Setting column sums equal to one, we obtain a = 0.45, b = 0.05, and ¢ = 0.4.

8 1 1
15, b= %, and c = 5.

Setting column sums equal to one, we obtain a = 16

T
1 1 » |11 1 1 _
00]’thenAA_{OO][OO} =

—
N
o O

] is not doubly

Setting column sums equal to one, we obtain a = 0.45, b = 0.15, ¢ = 0.1, and d = 0.55.

Setting column and row sums equal to one, we obtain ¢ = 0.7 and b = 0.7.

Setting column and row sums equal to one, we obtain ¢ = 0.6 and b = 0.4.

Setting column and row sums equal to one, we first obtain ¢ = 0.5 (from row 1 or column 2), ¢ = 0.5
(from column 3), and d = 0.4 (from row 3). Then we obtain b = 0.4 from either row 2 or column 1.

From column 2, we would need ¢ = 0.4, but then row 2 has sum 0.8. Hence A cannot be a doubly

stochastic matrix.

_ Ay — |02 06 02] [o052 _ Ay, — |02 06

X1 = 4% = 1 08 04 08 | = | 048 |»*2 = X1 = | 08 04 0.48
w02 06 0.392 | [ 0.4432

X3=4%X2=1 098 04 0.608 | — | 0.5568 |

0.52 | | 0.392
— | 0.608 |’
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4w — Axe — |05 037037 _[036 ~ aw — [05 03] 0367 _ [ 0372
FELEART 05 07 |07 | T o6 P T T 05 07| 064 | T | 0628 |
o — Axo — 0.5 0.3 0.372 | | 0.3744
3= 4% =1 05 0.7 0.628 | — | 0.6256 |
12 1 [ 1 12 1 169
15.X1=AXO=[§ g][?‘|= £]7X2:AX1:[321[£ :[;ﬁ],Xg:AXQ:
3 5 2 L 30 3 5 30 450
l . ] l i ] l i ]
3 5 450 | _ | 6750
2 3 281 4219 |°
3 5 50 6750
13 1 31 1 3 31 853
M IHE TS IR 1
4 7 3 84 4 7 84 2352
1 3 853 23959
17 2352 65856
X3:AX2:[3 4‘|[1499‘|:[41897‘|'
i 7 2352 65856
17. Solve (A — I) x = 0 by row-reducing the augmented matrix.
—-0.2 05 0 Ri+Ry— R, -0.2 05 0
02 —-0.5 0 0 0 0
and we obtain x = s { 2i5 . Setting the column sum of x equal to one, we need s = %, and so
o [25] [ 071429
X735 1 | T | 028571 |

18. Solve (A — I) x = 0 by row-reducing the augmented matrix.

and we obtain x = s

s = and

1
1.85714°

equal to one, we need

—-0.7 06 0 Ri+Ra—Ro —-0.7 06 O
0.7 —-0.6 0 0 0 0
0.6
OT7 =5 0'851714 . Setting the column sum of x
" [osstia] [ 046154
S0 X =185 1 ~ | 0.53846 |-

19. Solve (A — I) x = 0 by row-reducing the augmented matrix.

—0.6 05 03 07 /AR R g 05 03 0
02 —07 04 0 | /LR Rs 0 —053333 05 0
04 02 —07 0 0 0.53333 —0.5 0
I —0.6 05 0.3 0
2= s 0 —0.53333 0.5 0
0 0 0 0
1.2813
and we obtain x = s l 0.93751 ] . Setting the column sum of x equal to one, we need s = Tiss’ and
1
1.2813 0.39806
S0 X =zot— | 0.93751 | = | 0.29126 |.
' 1 0.31068
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20. Solve (A — I)x = 0 by row-reducing the augmented matrix.
07 0 0 07 WDRmAR=Re g7 9 o 0
0.2 0 0 o | G/ 0000
05 0 0 O 0 0 0O
0 0
and we obtainx =s7 | 0 | +s2 | 1 |. Setting the column sum of x equal to one, we need s1+s2 = 1,
1 0
0
and so we can write x =| 1 —5s | forany 0 < s < 1.
S
21. A is not regular since every power A* of an upper triangular matrix will be upper triangular, and
hence will have a zero entry.
22. A is not regular since every power A* of a lower triangular matrix will be lower triangular, and hence
will have a zero entry.
23. A is not regular since every power A* of a block lower triangular matrix will be block lower triangular,
and hence will have a zero entry.
0 02 05177 023 04 0.1
24. A2 = | 0.9 0 0.5 = | 0.05 0.58 0.45 |; thus A is regular since A is stochastic with A2
0.1 0.8 O 0.72 0.02 0.45
containing all positive entries.
0.1 01 01 0.1
0.2 0.2 02 0.2
25-A4=103 03 03 03
| 04 04 04 04
[ 0.25 0.25 0.25 0.25
1 025 0.25 0.25 0.25
26 A=1 025 025 025 0.25
| 0.25 0.25 0.25 0.25
S
27. A= | 7 ]
(2 0
rLo1 1
2 2 2
11 1
1 1 1
L 2 1 1
1 0 07 0 1 00 0 0
29. A=10 0 1 |,xg=|1|.Thenx;=|0 0 1 1 (=101,
L0 1 0 ] 0 0 10 0 1
10 07T60 0
xo=| 0 0 1 0 | =] 1| =xp, and we obtain a Markov chain which cycles between x; and
01 0][1 0
Xg, and therefore does not converge to a steady-state vector.
0 1 07 1/3
30, A=| 0 0 1 | hasonlyxg= | 1/3 | that generates a Markov chain with steady-state vector. For
1 0 0 ] 1/3

ay a2 as ay
all other vectors xqg = | a2 | we obtain the cyclexy = | a3 |,xo=| a1 |,x3=| a2 | = Xop.
as a a2 as
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

(a) False. For example, A = [ (1) é } is stochastic, but AT = [ i 8 } is not.

(b) False. For example, let A = [ %?g %g ] , then A is stochastic but A7 = { }?g’ gg } is not.
1 1 11 1/2 1 1

(a)False.IfA:[O O]thenAx:{O 0}{1§2]:{0}7§[1].

(b) True. If Ax = x, then x = A~1x, and so x is a steady-state vector of A1
10 11 . r [1 07,

(a) False. If A = 0 1 |adB=1|, ([ then A and B are stochastic, but AB™ = | 0|18
not.

0 1/2 o 121 |5 i

(b) False. For example, A = [ 1 1/2 } is regular, because A% = [ 1 1/2 } = ; % ] .

(a) True. Since row i of A is column i of AT = A, each row sum of A must equal one, and hence A
is doubly stochastic.

(b) False. For example, let A = [ (1) é ] . Then A? = (1) (1) } , SO [ é ] is a steady-state vector
forB:AQ.However,A[ (1) ] = [ (1) (1) } [ (1) } = [ (1) } #* { (1) },so [ (1) ] is not a steady-state
vector for A.

(a) False. If A = { (1) (1) ] and xg = { (1) },thentheMarkovchaincycles: [ (1) ], { (1) }, { (1) }, cey
and hence does not converge.

(b) True. If A— I3 has nonnegative entries, then the diagonal of A must consist of ones. That implies
that A = I3, and so A — I3 is the zero matrix, which is not stochastic.

(a) True. The general 2 x 2 stochastic matrix has the form A = [ 1 g a 1 ; b ], where 0 <a <1

1-b
and 0 < b < 1. Then if x = [ 2;ﬁ;b 1 , we can check that Ax = x and that x is a probability
2—a—b
vector. Hence every 2 x 2 stochastic matrix has a steady-state vector.

(b) True. 3 (A+ B) will consist of nonnegative entries, and the columns of 3 (A + B) will add to
1141 =1

Let A be a stochastic matrix and x an initial state vector. Let y = [ 1 1 --- 1]. Since each

column of A has sum one, we have yA = y. Thus y(Ax) = (yA)x = yx = 1, since the sum of the
entries of x is one. This shows that the sum of the entries of Ax is one, and we may conclude that
each state vector is a probability vector.

Let A and B be stochastic matrices. Since the entries of A and B are non-negative, the entries of
AB must be non-negative. Let y =[ 1 1 --- 1 ]. Since the column sums in A and B are all one,
we have y (AB) = (yA) B = yB =y, and therefore each column sum in AB is one. Hence AB is a
stochastic matrix.

We show AF is stochastic using induction on the power k. If k = 1, then A" = A is stochastic. Assume
AR s stochastic. Then A¥ = A (A*~1) is the product of stochastic matrices, and hence stochastic.

Thus A* is stochastic for every integer k > 1.

By Theorem 3.29, A% is a stochastic matrix. Since A is regular, A¥ has strictly positive entries for
some k > 1. Hence (A¥)(A¥) also has strictly positive entries. Therefore A%* = (A2)* has strictly
positive entries, so A2 is regular.
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41

42.

43.

44.

45.

. Since all column and row sums are one, we have a + b = a+c¢ = 1, and thus b = ¢ = 1 — a. Also,
b+d=1,s0d=1-b=1—(1—a)=a.

Ax = 0 1 S I e , and thus for any initial state vector we obtain the cycle 1 ,
1 0 T2 T1 T2
[ gi }, [ 2; } { ii ],. .. This can only converge if x1 = z2 and requiring x; + x2 = 1 we obtain
0.5

Consider A1 = (Ak) A, with A* = [b;;]. The entry in the i*" row and ;"' column of A*¥*! will have
the form
birar; + bizagj + -+ + binan;

None of these terms is negative, and at least one of these must be positive, since every column of A
has at least one positive entry, and every entry in AF is positive. Thus we conclude that every entry
of AFt1 is positive. By induction we establish that A**! is regular for all [ > 1, i.e. A1 AF+2
all have strictly positive entries.

The product of lower triangular matrices is lower triangular, and the product of upper triangular
matrices is upper triangular. Hence for all k, A* will be lower (upper) triangular if A is lower (upper)
triangular. If A is n x n with n > 2, this will mean that every A* will contain at least one entry which
is zero, and thus A will not be regular.

(a) Every entry of A is non-negative, and each column sum is one.
2
. o 0 9 o 0| a? 0 3
(b) We have A = [ I—a 1 },A = [ 1—a 1] = [ 1—a? 1 },A
. o 0 a? 0| al 0 . E ak 0 .
= { 1—a 1 } { 1—a? 1 } = { - 1 ],andmgeneralA = [ I—ak 1 Since we
have a zero entry for every A*, A is not regular.
k
. [ RT « 0 o 0 0 . . k
(c) kILH;OA klgl;o[ I—of 1 ] = { 11 },smcefor()<a<1, klirgoa =0.
0| _ o 0 0| _ |0 T | o 0 1
@alv]=[t n][a] [V a2 ][ 8]
ary x1 . 0 1. .
= [ 2o — 21 (@ —1) #+ o unless z1 = 0, since « # 0. Thus 1] the unique steady-state
vector of A.
0.85 0.40
(a) A= { 0.15 0.60 ]
5
(b) A° [ ;618 } = [ 8?2 828 ] [ ;Zg } = [ ;3;?3 } so 728 employees will be at work five days
from now.
8000
| i | | 72727
(¢) x = [ 3000 1 N[272.73}
11
09 0.15
(a) A= [ 0.1 0.85 ]

6
(b) AS [ (1) ] = [ 8? 8;; } [ (1) ] = [ 82;;;? ], so the probability that the sixth person in the

chain hears the wrong news is 0.32881.
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|
48. (a) A:[

1

0

06 0
04 0
2
] = [ 82 8;? ] [ (1) } = [ 8?; ], so the probability of rain Thursday is 0.42.

3
(c) A = [ 82 8;2 } [ (1) ] = [ 83;;?? ], so the probability of no rain on Monday is
0.75213.

(d) A [ 8575 } = [ 82 8;? } { 8? } = { 8??2 ], so the probability of rain tomorrow is 0.285.
() x = | 027273

— | 0.72727

0.35 0.8
9. (a) 4= [ 065 0.2 ]

2
(b) i A? [ é } = [ 822 83 ] [ (1) } = [ 8%?; } so the probability that she will go to Mc-
Donald’s two Sundays from now is 0.3575.

3
ii. A3 (1) = 82? 82 (1) } = [ 82%8?3 }, so the probability that she will go to Mc-

Donald’s two Sundays from now is 0.48913.

2
(c) A? [ 83 ] = [ 82; 83 } [ 83 } = [ 82% ], so the probability that his third fast food
experience will be at Krusty’s will be 0.521.

0.55172
(d) x= { 0.44828 ]

0.75 04
0.25 0.6 |-

The probability that a Wahoo is determined two pastries following a Zot is determined by

2
0 0.75 04 0 0.54 e
A? [ 1 ] = { 095 0.6 ] [ 1 } = [ 0.46 ]; thus the probability is 0.54.

50. (a) The transition matrix is A =

3
(b) A3 [ (1) } = [ 8;? 8%1 } [ (1) ] = [ 82%1) ], so the probability a Zot emerges three pastries
later is 0.411.

82%222 , hence the long-term probability that a randomly

(¢) The steady-state vector is x

emerging pastry will be a Wahoo is 0.61538.

51. (a) The transition matrix is A= | 0.3 0.7 0.7

0.3 0.2 0.1

The probability that a book is at C after two more circulations is determined by
1 04 01 027°71 0.25

0 ] = l 0.3 0.7 0.7 ] [ 0 ] = [ 0.54 ]; thus the probability is 0.21.

0 03 0.2 0.1 0 0.21

04 0.1 0.2]

A2
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0 04 01 027°10 0.164
(b) A3| 1 |=1]03 07 07 1 | =| 0.64 |, so the probability that the book is at B after
0 0.3 0.2 0.1 0 0.196
three more circulations is 0.64.
0.17105
(¢c) x=| 0.63158
0.19737
52. (a) We compute AFx for a sufficiently large value of k;
r1 0 1/37°1 05 0.62500 0.625
A%, =10 1 1/3 0.25 | = 0.37500 ~ | 0.375
L0 0 1/3] |02 4.2338 x 106 0
(b) We compute A*x for a sufficiently large value of k;
10 1/371702 0.30000 0.3
A%%y=10 1 1/3 0.6 ] = [ 0.70000 ] ~ [ 0.7 ]
L0 0 1/3] |02 3.387 x 10~ 0
02 03 01 047°T025 0.266666636
53. A% — 0.3 05 0.6 0.2 0.25 | | 0.399999867
) 0= 101 01 02 02 0.25 | — | 0.133333363
0.4 01 0.1 0.2 0.25 0.200000134
02 03 0.1 047025 0.266666677
0.3 05 0.6 0.2 0.25 0.399999968 . .
and A%, = 01 01 02 02 095 | = | 0133333349 | aeree tosix decimal places, and
0.4 01 0.1 0.2 0.25 0.200000004
i
2
k =9 is the smallest integer for which this is true. The steady-state vector is x = g
1f
5
0 1 02 057*7101 0.317002777471
54 A2y, — 0.2 0 03 O 0.2 | | 0.175792530929
: X0=105 0 04 05 0.3 | — | 0.374639796701
03 0 0.1 O 0.4 0.132564894900
0 1 02 057*T101 0.317002937719
d A2, — 02 0 03 O 0.2 | | 0.175792494504 to six decimal ol d
an X0=105 0 04 05 0.3 | = | 0.374639754866 | 28FCC 1O SIX decimal places, an
03 0 01 O 0.4 0.132564812911
110
307
61
k = 24 is the smallest integer for which this is true. The steady state vector is x = ‘z’ég
347
%
347
M0 7 [0 7 [0 7 0 07 0
1 1 1 . . 0 0 0
55. A ol =1lol%|o has itself as its steady-state vector. Also A 1 1 1% 4 has
L 0 ] L 0 ] L 0 ] | 0 0 | 0
itself as its steady-state vector.
1 [ 17 17 [0 0 0
56. A 8 = 8 SO 8 has itself as its steady-state vector. Also A (1) (1) SO (1) has
0 0 0 0 0 0
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itself as its steady-state vector.

Chapter 3 Supplementary Exercises

10.

== ][ ][5 ]
e =ae=| 5 ][] 5]
e[ ][ 2] 3]
s 4)[2]-[ ]
ro-am=[ 5 4 2] 2]-[ ]
riw = [ 33 8] 0] [ 5]
-1 0 4 0 —4
o= 38 8)[ 2]
SR ISR
R i HEE

T(a +uz —u3) =T(u1) + T'(uz) — T (uz) =
ER N
T(— u1+2u2—u

ANMEIEOER]

We consider T'(x) = Ax = b, and row-reduce the corresponding augmented matrix:

—1 1 bl 3R1+£2*>R2 —1 1 bl
3 -3 be 0 0 3b;+0be

If 3b; 4 ba # 0, there does not exist a unique solution x to Ax = b. By The Unifying Theorem, T is
neither one-to-one nor onto.

Since n = 2 < m = 3, by Theorem 3.6 T" is not one-to-one. To determine if 7" is onto, we row-reduce
the corresponding augmented matrix:

1 3 -1 b ~2R1+Ra— Ry 1 3 -1 by
2 6 2 by 0 0
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Since there exists a solution x to Ax = b for all b, the columns of A span R"™, and, by Theorem 3.7,
T is onto.

11. Since n = 3 > m = 2, by Theorem 3.7, T is not onto. To determine if T" is one-to-one, we row-reduce
the corresponding augmented matrix:

9 10 (—3/2)R1+R2— Ry 2 1 0
[3 9 0] (71/2)RHR34R3 0 _% 0
1 40 0 Z 0
2 1 0]

Ra+By—Hs 0 -1 0

0 0 0|

Since T'(x) = Ax = 0 has only the trivial solution, by Theorem 3.5, T is one-to-one.

12. We consider T'(x) = Ax = b, and row-reduce the corresponding augmented matrix:

3 0 -2 b
[ L ] Cummgror |y 1 g, 1y
O 2 5 b3 L 0 2 5 bg

(3 0 -2 by

Ra+Ry—Rg 0o —2 4 by — by

0 0 2 by—1b+bs

Since there exists a unique solution x to Ax = b, by The Unifying Theorem, T is both one-to-one and
onto.

13.B—A:[g _é]—[4 _g}:[:% _3};BCisnotdeﬁned;

4 2 1
3 —2 5 2 25 —11
DE:[I 3 4”0 2_312[12 —9 8}

-2 3
wosnea=s[h ][4 2] 13];@_[ . QHz; 2 2]
6 —4
-3 13 22 4 2 —2 3 0 12
= 5 4 3 |;EC=|0 3][1 2]:[15 18]
14 —-24 —46 2 -5 6 —4 15 —-20

15. DA is not defined; E? =

1
3
4 16 —31 33

s[4 —2 4 21774 -2

A[1 sll1 5|1 57
2
1
6

1
3

4

4 2 1 18 9 2
0 3—31:[—6 24 —21];
2

3

5

3 —2 -5

T —
16. 3D +C—3[1 3 4 +

3 2 5[ 72 3]_[-2 -
1 3 4 = 28 1

6 —4
23 —-54
9 59
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

We first determine that T3 (x) = Aijx = { _g ]x and Ty (x) = Ayx = [ ? _g }x. We

have Tt (Th (x)) = T} (Asx) = A1 (Aox) = (A1Ads)x. So A = Ay Ay — { b } { 6 2 } _

21 23
-1 =27 |-

We first determine that T} (x) = A1x = [ _411 _g ] x. We have T (T} (x)) =T (A1x) = Ay (A1x) =
(AlAl) x. So A= A1A1 =
4 -3 4 -3 | | 19 =271
-1 5 -1 5|7 -9 28|
1 -1 1 -1 2 -1
We first determine that T3 (x) = A1x = [ 2 3 =2 ] x and T (x) = Aox = [ 4 -1 0 ] X.
3 0 1 3 1 -1
We have T2 (Tl (X)) = T2 (Alx) = AQ (Alx) = (AQAl) X. So A= A2A1 =
1 2 “1771 -1 1 0 7 -6
l41 0][2 3 -2 |=|2 -7 6]
3 1 -1 3 0 1 2 0 0
-1 2 -1
We first determine that T5 (x) = Asx = l 4 -1 0 ] x. We have Th (T (x)) = T (Azx) =
3 1 -1

AQ (AQX) = (AQAQ) X. S0 A= A2A2 =
—1 2 -1 -1 2 -1 6 —5 2
4 -1 0 l 4 -1 0 1 = [ -8 9 4 ] .
3 1 3 1 -1 -2 4 -2

|
—

E =

T 1

I
o ot
oo
—o o
_

oo OO
—Ooo oo+

oOrRroOoo FPFOOoO o

&=
I
T 1
o~oo
VOO
coor
—ooo
owo cqooo

=
I
corR ~NOoOR —~OO

oo G— o

| S|

SO wWwH

—_—o oo
SO~ O
O OO
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1 00 0
5 10 0
BE=1_1 010
—5 -1 0 1
w [2 3] ___1 5 31 [ 5 3] [ % -7
L1 5] Ty -3 | -t 2] T -1 2] |- 2

—
|
Sl min
o= O
| I

[ 2] ot [ 28] £ 2]

1 -1 -3 100 hamm [ -l =3 100
3. |2 1 -4 0 1 0 —2fa ol 0 3 2 -2 10
0 2 00 0 1 L0 2 0 00 1
4 4 2
00 =3 3 -3 1
(3/2)R3+R2—>R2 r 1 -1 0 ) 3 _9
(=9/4)Ry+Ri— R, 0 3 00 6 %
4 4 2
L0 0 =3 3 -3 1
10 o0 -2 3 I
. 2
(1/3)32;&1{1‘)31 0 3 0 0 0 %]
4 4 2
00 -3 3 -5 1
(1/3)R2—Ra2 1 0 0 -2 3 _T
(=3/4)Rs—Rs 010 00 1
13
001 -1 L -3
1 -1 —371°! -2 3 —%
50[2 1 —4‘| = 0 O g
1
0 2 0 -1 1 3
3 2 -2 10 0 o on T 1 -2 4.0 0 1
32[—1—2 3010] 152508 -1 =2 3010]
1 -2 4 00 1 | 3 2 -2 10 0
Ri+Ro—R: [ ] —9 400 1
TR m R gy 70 1 1
0 8 —-14 1 0 -3
1 -2 4.0 0 1
2Rat s Ris 0 -4 70 1 1
L0 00 1 2 —1

and we conclude that the inverse does not exist, since the left part of the augmented matrix cannot be
reduced to the identity matrix.

33. A is not a square matrix, so the inverse of A does not exist.

34. A is not a square matrix, so the inverse of A does not exist.
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1

OO — I~ O I~ D~ 10 Ha i D= 00 A e - s N = N
T 1T 1 | I (. | I | coo -
SO +H OO HO oo HO

OO O+ O N AN T H A A A oo —HO
cCOoOHO OO O~ | , | oo

oOHON OMm—H ™ o—~oco |

oO—HNO O—HO®™ NO - NN —
—Oo00 HOo O O | —HO AN O~
—000 o000 —o o O (. I
SN OO O AN —
ONID —H ON — 10 | _OOOA./_H 119_~1,A 119,:.4.
o
NN~ NN~ AN O NM— O
| | f | co —~ oo NOOoOO NO OO

Sr—HOO O©O—HOO ©O—HOO OO OO - O OO —ANON - NOOoO

01 0 0O
0 01 0O
0 0010

HOO0OO 000 HOO0O OO0 O—HO O O — o000 o000
L 1L 1 L 1L 1L 1l 1 _ _

|
]

0
0
1
-1

0
1
0
1

1
0
-1
-1

1
1
—2
0

11 2
0 20
0 00
0 00

3 .
L —— |
< nM R2 an nm. e <
o T & 1O I 10| Il [ <
1 < b 27 LT ! P T ;
4 ¥
<2 2 =2 + 80 Ly =2 £, &)
+ o e  + -t Q) — N =N e 4+ + i
a w =~ 5 = 3 | | L 8
= o L& P _ D_um <
> <
~ |
N —~
I
1
SO O~ — O O O oo o H
e —
co—o co—HOo
I
o—oo " cm oo
— o oo — —_—o oo
SO —H
oM — — —
N~ |
a e - |
_ N A
oo
Olnﬂo , — <
—o oo — O~ A
—ooo - I [
| — [ |
2
3 =
o »

—R3+R4— Ry
~

|

Zl)) ?}andU:[

~
—4R1+Ro—R>

3R1+R>—R>

|

—4
7

3
12

|

and we conclude that the inverse does not exist, since the left part of the augmented matrix cannot be

reduced to the identity matrix.

38.
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10 3 —4

ThusL:[4 1]andU=[0 23}
2 31 Ri+R—Ro 2 3 1 1 o o
39 2 —1 3 2t =R 0 2 4 ~L=| -1 1 e
4 -2 1 0 4 3 —2 e 1
-2 3 1 1 e o
_2R2+53_>R3 O 2 4 - L _ _1 1 .
00 -5 2 2 1

1 0 0
Thus L=| =1 1 0 | and U =
-2 2 1

—
— e @

— o @

0 -5 6

3 -1 1 3 -1
40. [9 2 01 —3E1{ s Rs [o 5 —
0
3
0
0

R2+R3—R3 l
~J

—— e

1 0 0
Thus L= | 3 1 0 |andU =

3 10
19] :>L:{—4 1]

2
0
} by the diagonal entries to obtain D = [

AL { 2 3] AR+ Ry Ra [
3
9

-8 7
We divide the rows of [ 2

0 1
19, [—1 3} TR1+Rz— Ra [—1 3} :L:[ 1 o]
0 2
1
0

(el \V]
—_
o O

}andU:[l 3/2].

7T 2 3 -7 1

-1 0

We divide the rows of | 22 } by the diagonal entries to obtain D = { 0 923 ] and U =

i

-1 2 0 2R1+Ry— Ry -1 2 0 1 o o
43, 2 1 1 Sl =l 05 1| =L=|-21 e
3 2 =2 0 8 -2 -3 e 1
-1 2 0
00 —%# ~-3 8/5 1
-1 92 0 -1 0 0
We divide the rows of 0 5 L | by the diagonal entries to obtain D = 0 5 0 | and
00 -8 0 0 _18
5 5
1 -2 0
U=|0 1 %
0 0 1
2 0 1 4R1+R>— R 2 0 1 1 o o
4. | -8 5 1 uAlsmfs g 5 5| S L=| -4 1 e
6 —1 4 0 -1 1 3 1
2 0 1 1 0 0
Woleffsmls g 5 5| =L=|-4 1 0
00 2 3 -1/5 1
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2 01 2 0 0
We divide the rows of | 0 5 5 | by the diagonal entries to obtain D = | 0 &5 0 [ and U =
0 0 2 0 0 2
10 3
0 1 1
0 0 1
45. Solve (A — I)x = 0 by row-reducing the augmented matrix.
-0.4 0.5 0 Ri+Ry— Ry 04 —-05 0
04 —-05 0 0 0 0
0 4/5
and we obtain x = s [ O*i ] =35 [ 1 } Setting the column sum of x equal to 1, we need s = ﬁ7

©O|UT O

9/5

andsox_lyvg)u ]

46. Solve (A — I')x = 0 by row-reducing the augmented matrix.

0.8 —06 0

[—0.8 0.6 o} Ri+Ry— Ry [0.8 —06 0

0.6

0.8
1

andsox_7/4[3/‘1‘] [ ]

47. Solve (A — I')x = 0 by row-reducing the augmented matrix.

and we obtain x = s [

ks

—07 05 03 07 G/MNEitH—=R 0.7 0.5
[ 03 —08 04 0] (4/T) Rt s Rs l 0 —0.586
04 03 —0.7 0 0 0.586

—0.7 0.5

Rotlta = Rs l 0 —0586 0529 0

0

1.073
and we obtain x = s l 0.902 ] . Setting the column sum of x equal to 1, we need s =
1.0
1.073 0.361
X =52 | 0.902 | =| 0.303 |.
S I 0.336

48. Solve (A — I')x = 0 by row-reducing the augmented matrix.

07 1.0 0 07 1 0
l 0 -1 0 01 FatBis = R [ 0 -1 0
07 0 0 0 0 10
. 07 1 0

2+'\§—>3 0 -1 0

0 00

0 0 0

|

] =3 [ 3/11 } Setting the column sum of x equal to 1, we need s = 77

0.3
0.529

—0.529

OO OO O

03 0

1

1
1

1
3.976" and so
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coo

and we obtain x = s [
1

SRRt

49. A is lower triangular, so AF will be lower triangular for all k. Therefore, A is not regular.

50. AF = A= [ (1) (1) } for every k, so A is not regular.

1. Setting the column sum of x equal to 1, we need s = 1, and so

51. A is block upper triangular, so A* will be block upper triangular for all k. Therefore, A is not regular.

0o 3 5171 0.1156  0.203 0.14
52. A= 8 0 0| = 0.224 0.0816 0.136 | ,so A is regular.
2 7 0 0.2464 0.2164 0.034
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