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Chapter 3: Discrete Random Variables

3.1 The Notion of a Random Variable

'_:“:.-(I.%j) le.S5S7ace * 7
( :

= e b
cnks Y Pockzbdiftes
e : 72
@ Mibal\_ © t 2. L ( -

— T

T N ‘- { T
}"? @ 9,9y | (g,1) 1,/'5}-2) C | ‘I“ll //‘g‘ \ ljb
=== | ) | Faii
= ‘|
% ¢ | = | ’é
2 i g
; ( t.-_fr_fﬂl"_‘_
4 2 |L7-g \ _27_\_ _{ _éi__,
L4
\‘_\ V] ( { 2_] ’]l:\’ ,k L \__E% Ak . 1
T_- [ - ik if _—
[0t ]= el Flio oned =
(L)l . e s
== | e Y G ) [ 2 A [ &
- 2 el S k < e
- 2 - ) P AR B
2l =2

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission

. in any farm or, by any means, electronic, mechanical, photocopying, recording, qr |likewisg. For jnformation regarding permission(s), write to:
Visit TeSl BaRKEEATS R ol Gt DR B EQbat Al e CIBRBIMGE ver i ordeg.



https://testbankdeal.com/download/probability-statistics-and-random-processes-for-electrical-engineering-3rd-edition-leon-solutions-manual/

A. Leon-Garcia INSTRUCTOR’S SOLUTIONS MANUAL 3-2
Probability, Statistics, and Random Processes for Electrical Engineering

G .
D@ §=451%3,45¢f 7=B=H=f 176
aohen. fg:?ugﬂ

S % © i
N2 | e Plx=el=PF =%

c N ¢ LA
@ ,/‘(y‘ = \,‘Hf}') s A 'fa =r } g = vad g ,__{ albs do

: _

)|

C u’!’u;- M)I.J(ﬂw ,-’l SCCTLAN"

< ,-kf;q-):‘—l‘ = . g e ‘ L_f S, 4 S
d d ; - ~. ‘}3”()‘ y\ gl MIIE‘N\J é‘Tt
; — T =0 Ubi o C[&"[\&
e _Al.» >?< —'j“(‘xﬁ) O
f/r'
~— ),-"/{ . : = 4
"\—'J n( :-.‘j") = - .:»7'\ (x, :‘) 7 \
(C g =
acdlfh  Fdis dsband e g P Ksd 6, En0),0 3
Qv ﬁT(,;-t_ / L oo \ Lf(_ ] e a5
Vv ‘;’ J" e a (
e x 7 ity ad Qued) =7
- = { o 2 \';l“‘( R B! 3k
A o . # plx=(]=FL

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission
in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:
Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.



A. Leon-Garcia INSTRUCTOR’S SOLUTIONS MANUAL 3-3
Probability, Statistics, and Random Processes for Electrical Engineering

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission
in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:
Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.



A. Leon-Garcia INSTRUCTOR’S SOLUTIONS MANUAL 3-4
Probability, Statistics, and Random Processes for Electrical Engineering

@ £4 Al = T ananitha- 5

b~

| - A Ij.r;'\‘él' L f"E A, aX vk -’i' \ o
R. = il 42 i
A
g A "'(_ 3 .\C- oy
= -~ i \ S \- B U 2 :..: B
A st g toafe o AL OB,
i g ‘
Facl. "7¢\J'-‘~"‘f'-"“f"\ hir 4 ¢ uju:\x o
( 5
- ! c, o AN A ; N s J
G" _5‘7.!-1.-\.,\_‘\“‘( A ot S | L S r! (L (AN : \
- . \ | ' ) | } K )
A .5'_:)- ‘,fl\ | 4 | a. EL1€°:‘-c\— )(, ol L{\‘_)
; \ { i \ » Ry . J‘{‘I o \ooo
%C- \ ,fq \ /Cf» =8 X o ’ 3
B e P
I =) Ouare
= { [L_l-'. 9 S v
b ) ) -
& 2 o fv ,
2 /\(S.> ol - bealc --_'-{?-'—'—-n\'—l-
ey e oy iE’“: 2
- n (7] m --r"‘."‘r‘J{ flTih e V) ,‘ - A.b, 5
!

c Y cceoo
© P48 UAE]>= Pla. 8" ]+ P 8,1= L =FLs J

’P[ )(: k] = 'P[ (&‘l) f-.f(WﬂSJ L .cucm—j = (-2'-_—)

/f = 5000) H{) om) ltof, ool, Ho} (00, ou.(
Lol P e
X@Z; z 8 X 4 ¥ ¥ 4
Plx=2] =p[ fooo, 1} | =
Plx=3] = pI['c:lc/ ro(}J -
P[o(--«f] = PI%_OO{) HOJIOOJ(M(

P~ s

bE
=%

e

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission
in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:
Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.



A. Leon-Garcia INSTRUCTOR’S SOLUTIONS MANUAL 3-5
Probability, Statistics, and Random Processes for Electrical Engineering

@:\ _'ny“uu--" 3— [Clh\.{."‘./@rl(tt,v.r M('(?'-B'M =
2Zud bl

\ Se Mo N 49 B
3,1 X T W st o\ lowsd
Y. =2 ol Gt esfoomsrs 1
\ST ] [ . sl " ?fvcbnb¢f§$ 3qo) 90
b " . ol Ay f}:
PE%:‘;AF i P B
% | E il ' 1
| = L. s e
S0 [/___75_[_ _ﬁﬁ.___ﬂ P[?{ZS{ = —Clj—'o = 1O -

= 4 50O -
: ai’caaﬁm k- |
8 R Er—
’F&Lb“‘é'(z’@ Z“f)—) Lo 0
% 31
Plx=2) = o

g
J. P(x=81) = oo

‘[CD_O.L (

— —

PLX':'H)UI =100

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission
in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:
Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.



A. Leon-Garcia INSTRUCTOR’S SOLUTIONS MANUAL 3-6
Probability, Statistics, and Random Processes for Electrical Engineering

>@ a 7, SPOTG] PG MLN~6'FaJ\h OZwmWmEn )
S womi o Wiede s o sk P et v

L P
N= m-m-wm = h=2Zamm T

- {-—M) -"n+2) 'y J'n""l) 7‘}

T STiEs s e B e sepen o

A it ?mdw&vw ““"""“‘L\"“aw"’ hodes.
T Aongik o qideas o passsomd o vobu (oS
X(E) 1 Fo fkj)“ﬁ'ﬂ;“ M&J:‘-LJ’JWM
MY whae T valee of Xo2)
orlocdidk o pmadu -3¢

prijs 25 ~Se% .

5;(': E‘)z) B

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission
in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:
Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.



A. Leon-Garcia INSTRUCTOR’S SOLUTIONS MANUAL 3-7
Probability, Statistics, and Random Processes for Electrical Engineering

3.2 Discrete Random Variables And Probability Mass Function
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3.3 Expected Value and Moments of Discrete Random Variable
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3.4 Conditional Probability Mass Function
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3.5 Important Discrete Random Variables
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' 33% a) Let I, denote the outcome of the kth Benoulli trials. The probability that the
single event occurred in the kth trial is:

P[I, =1and I; =0 for all j # k]|

Pli=1X=1] = B =]
kth outcome
P[0 0...1 0...0]
P[X =1]
p(l1 —p)*!

_ 2
ﬁn

( ?_ ) pll—pp=

Thus the single event is equally likely to have occurred in any of the n trials.

b) The probability that the two successes occurred in trials 7 and k is:

Pll:=1.1 :]-sImZOf all l,k
P[IjZIgI}::IlX:Q] = [J k [ngor m# ] ]

]
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Pe-1 n e g kq
1 (k—l)ﬂquﬂ (k— 1)
_ (atlp—k1l-q) _, (n+lp—Fk
B kq - kq

b) First suppose (n + 1)p is not an integer, then
for 0<k<[(n+1)p] <(n+1)p

(n+1p—Fk>0
50 7 1 L
e (mtlp—k
Pk-1 kq

= Pk increases as k increases from 0 to [(n 4+ 1)p]
for k> (n+1)p > [(n+1)p]

1

(n+1p—k<0

SO
_pi_zl_'_(nfl)p—k
Pi—1 R‘.q
= pi decreases as k increases beyond [(n + 1)p]
.". pr attains its maximum at kyax = [(n + 1)p]

If (n+ 1)p = karax then above implies that

<1

Plepgax

=1= Phprax = Phkpeax — 1
Phprax—1
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The probability of k additional trials until the first success is independent, of how
many failures have already transpired.
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3.36 The memoryless property states that for 7,k > 1.

PIM > k]

[
u
S
Vv IV

k+3|M > j]
>k+j  PM2>k+]]
PM>j]  PM=>=j+1]

P[M > k+j] = P[M > k]P[M > j + 1]

Let
ap — P[M > k],

then we have

(%) ai=aain j2LE21
where gy =land az =1—-PM=1]=1—p.
Equation (*) with 7 = 1 becomes

apy1 = @agay  k2>1
—as > E>

= PIM>kK=>01-p* k>1

PIM=k = P[M>k—PM>k+1]
= (1-p) ' —-(1-p)
= (1-p**1-(1-p)
= (1-p)*"'p
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7 = - 7
o =0
Gez e _ e _a
7? b

okl -
k=1 =€

If <1 then pk_ :E<'1fork21
pe-1 k-
.. pr decreases as k increases from 0
.". p attains its maximum at k =0
If @ > 1 then
for 0 <k <[] <a,

B 2.4
Pr—1 k
= pi increase from k=0 to k = [o]

Pk o
for [a] < a <k, =—<1
o] ey

= p; decreases as k increases beyond [a]
.". pr attains its maximum at kmax = []
If a = [a] then for k& = [a]

Pk
Pk—1

= 1 = Phmax = Phmax — 1

..‘:_.,:, n=10 p=01 np=1

k=0 k=1 k=2 k=3
Binomial 0.3487 0.387 0.1937 0.0574
Poisson  0.3679 0.3679 0.1839 0.0613

n =20 p = 0.05 ny =1
=0 k=1 k=2 k=
Binomial 0.3585 0.3774 0.1887 0.06
Poisson  0.3679 0.3679 0.1839 0.0613

n = 100 p=0.01 np=1
k=0 k=1 k=2 k=
Binomial 0.366 0.3697 0.1849 0.061
Poisson  0.3679 0.3679 0.1839 0.0613
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3.6 Generation of Discrete Random Variables

The following Octave commands will give the requested plots:

(a)

X = [0:1:10];

lambda = 0.5;

figure;

plot(x, poisson_pdf(x, lambda));
figure;

plot(x, poisson_cdf(x, lambda));
figure;

plot(x, 1-poisson_cdf(x, lambda));

X = [0:1:20];

lambda = 5;

figure;

plot(x, poisson pdf(x, lambda));
figure;

plot(x, poisson_cdf(x, lambda));
figure;

plot(x, 1-poisson_cdf(x, lambda));

x = [0:1:100];

lambda = 50;

figure;

plot(x, poisson pdf(x, lambda));

figure;

plot(x, poisson_cdf(x, lambda));

figure;

plot(x, 1-poisson_cdf(x, lambda));
(b)

X = [0:1:15];

figure;

plot(x, binomial _pdf(x, 48, 0.1));

figure;

plot(x, binomial_cdf(x, 48, 0.1));

figure;

plot(x, 1-binomial_cdf(x, 48, 0.1));

x = [0:1:30];

figure;

plot(x, binomial _pdf(x, 48, 0.3));
figure;

plot(x, binomial_cdf(x, 48, 0.3));
figure;

plot(x, 1-binomial_cdf(x, 48, 0.3));

X = [0:1:50];
figure;
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plot(x, binomial_pdf(x, 48, 0.5));
figure;

plot(x, binomial_cdf(x, 48, 0.5));
figure;

plot(x, 1-binomial_cdf(x, 48, 0.5));

X = [20:1:50];

figure;

plot(x, binomial_pdf(x, 48, 0.75));
figure;

plot(x, binomial _cdf(x, 48, 0.75));
figure;

plot(x, 1-binomial_cdf(x, 48, 0.75));

(c)

X [0:1:10];

n 100; p = 0.01;

figure;

plot(x, binomial _pdf(x, n, p), "1');
hold on;

plot(x, poisson_pdf(x, n*p), "3");
hold off;
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The following Octave commands produce the request plots:

(a)
L = 10;
k = [1:1:L];
cL = sum(1./K);

pk = (1/cL)./k;

figure;

plot(k, discrete_pdf(k, k, pk));
figure;

plot(k, discrete_cdf(k, k, pk));
figure;

plot(k, 1-discrete_cdf(k, k, pk));

L = 100;

k [1:1:L];

cL = sum(1./K);

pk = (1/cL)./k;

figure;

plot(k, discrete_pdf(k, k, pk));
figure;

plot(k, discrete_cdf(k, k, pk));
figure;

plot(k, 1-discrete_cdf(k, k, pk));

L = 1000;

k [1:1:L];

cL = sum(1./kK);
pk = (1/cL)./k;

figure;

plot(k, discrete_pdf(k, k, pk));
figure;

plot(k, discrete_cdf(k, k, pk));
figure;

plot(k, l-discrete_cdf(k, k, pk));
(b)

m = 20;

k = [1:1:m];

pk = (1/2) .7k;

figure;

semilogy(k, pk);
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The following Octave commands will plot the Lorenze curves:

L = 10;

k = [1:1:L];

cL = sum(1./k);

pk = (1/cL)./k;

Wk = k./L;

Fk = discrete_cdf(k, k, pk);
figure;

plot(Fk, WKk);

L = 100;

k = [1:1:L];

cL = sum(1./K);

pk = (1/cL)./k;

Wk = k./L;

Fk = discrete_cdf(k, k, pk);
figure;

plot(Fk, WKk);

L = 1000;

k = [1:1:L];

cL = sum(1./K);

pk = (1/cL)./k;

Wk = k./L;

Fk = discrete_cdf(k, k, pk);
figure;

plot(Fk, Wk);
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The following Octave commands will plot the requested curves:

n=1
k = [0:1:n];
Wk = zeros(1l, n+l);
for i = O:n,
v = [0:1];
Wk(i+1) = sum(v.*binomial_pdf(v, n, p))./(n*p);
end;
Fk = binomial_cdf(k, n, p);
plot(Fk, Wk);

n 100; p = 0.5;
k [0:1:n];
Wk = zeros(1l, n+l);
for 1 = O:n,
v = [0:1];
Wk(i+1) = sum(v.*binomial_pdf(v, n, p)).-/(n*p);

end;
Fk = binomial_cdf(k, n, p);
plot(Fk, WKk);

5 =’sum(v.*binomial_pdf(v, n, p))-Z(n*p);

Fk = binomial_cdf(k, n, p);
plot(Fk, WKk);

(a)
(b)
(c)
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The following Octave commands will generate the requested samples of the
Zipf random variable and the requested plots.

L = 10;

k = [1:1:L];

cL = sum(1./k);

pk = (1/cL)./k;

Sk = discrete_rnd(200, k, pk);
figure;

plot(Sk);

figure;

hist(Sk, K);

L = 100;

k = [1:1:L];

cL = sum(1./k);

pk = (1/cL)./k;

Sk = discrete_rnd(200, k, pk);
figure;

plot(Sk);

figure;

hist(Sk, K);

L = 1000;

k = [1:1:L];

cL = sum(1./K);

pk = (1/cL)./k;

Sk = discrete_rnd(200, k, pk);
figure;

plot(Sk);

figure;

hist(Sk, k);

The following Octave commands generate the samples of the St. Peter’s
Paradox random variable and the requested plots.

m 20;

k [1:1:m];

pk = (1/2).7k;

Sk = discrete_rnd(200, k, pk);
figure;

plot(Sk);

figure;

hist(Sk, k);
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The following Octave commands generate the requested pairs and plots:
(a)

k = [1:10];

pk = ones(1,10)./10;

Sx = discrete_rnd(200, k, pk);
Sy = discrete_rnd(200, k, pk);
figure;

hist(Sx, k);

figure;

hist(Sy, k);

(b)

Sz = Sx + Sy;
figure;
hist(Sz, [2:20]);

(c)

Sw = Sx .* Sy;
figure;
hist(Sw, 10);

(d)

Sv = Sx ./ Sy;
figure;
hist(Sv, 10);
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The following Octave commands generate the requested pairs and plots:
(a)

Sx = binomial_rnd(8, 0.5, 1, 200);
Sy = binomial _rnd(4, 0.5, 1, 200);
figure;

hist(Sx, [0:8]);

figure;

hist(Sy, [0:4]);

(b)

Sz = Sx + Sy;
figure;
hist(Sz, [0:12]);
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The following Octave commands generate the requested pairs and plots:
(a)

Sx = poisson_rnd(5, 1, 200);
Sy = poisson_rnd(10, 1, 200);
figure;

hist(Sx, [0:15]);

figure;

hist(Sy, [0:20]);

(b)

Sz = Sx + Sy;
figure;
hist(Sz, [0:35]):
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Problems Requiring Cumulative Knowledge

5198 a) Plpass the test] = (1—p)+p(l —«a)
P[fail the test] = pa
Plkitems] = [(1—p)+p(1—a)]*"(pa)’

b)

p(l —a) pa

)
Z35541he number of transmissions is a geometric RV. The average number of transmissions
is:

oo - co dpk
Skl = (-p)) ——
k=1 k=1 P
= (-p= >
dp k=1
d 1
= fl e
(1—p) Bi—7
_ 1
s
The message transmission takes 'IETTID' seconds on the average. The maximum possible rate

= (1= P)/oT.
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58 ¢

a) Pl[signal present|X = k]
B P[signal present, X = k]
~ P[X = klsignal present]P[present] + P[X = k|signal absent] P[absent]
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_ pe- r
= 13 &
e+ Be (1 _7)
_ )\’fe_)‘lp
© Afehpt e (1-p)
Similarly,

Age(1—p)

P[signal absent|X = k] =
[signal absent| ] Nehip+ Me—o(1 — p)

b) Decide signal present if P[signal present|X=k] > P[signal absent|X=k], i.e.,

MeMp > Me (1 —p)

i
()5 1200 359

Ag P
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