Ch. 2 Solutions
2.1 Let
(a b\
S, [
" \ c dJ

and write the S, eigenvalue equations in matrix notation

(ab)1(1) an1(1)
Lea)2l1)7 2720 1)
(ab)l1( 1) a1l 1)
lc a )2l 1) 2B )
which yields
a+b=+% c+d=+3
a-b=-1 c—d=+3

Solve by adding and subtracting the equations to get
a=0 b=%Z c¢=%2 d=0
Hence the matrix representing S, in the S, basis is

o 1)
SXDEL 10)

Let
(a b\
%Dk‘c d)

and write the S, eigenvalue equations in matrix notation

L\c d)_EL| B EJ?Li
(abl1( 1) n1l1
Le a )L - )27 i)
which yields
a+ib=+1 C+id=+i}
a—ib=-1 c—id=+i2

Solve by adding and subtracting the equations to get

a=0 b=-i2 c=i2 d=0
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Ch. 2 Solutions

Hence the matrix representing S, in the S, basis is

nl o —i)
sl 0 -
y 2L| OJ

2.2 Solve the secular equation

det|S, — A1|=0
) g

h =0

- =4

2

Solve to find the eigenvalues

& &
N N

I |
S/~
NS N
N D2
N N

Il

o

~
Il
I+
N | S+

which was to be expected, because we know that the only possible results of a
measurement of any spin component are +7/2. Find the eigenvectors. For the positive
eigenvalue:

alo 1V a)l ala)
2l 0)ln)7 2 b))
yields
b=a
The normalization condition yields
[af" +[af =1
of =4

Choose a to be real and positive, resulting in

S sl

a=
b=

3/20/19 9.9



Ch. 2 Solutions

so the eigenvector corresponding to the positive eigenvalue is

1(1\
1)

Likewise, the eigenvector for the negative eigenvalue is

o 1) a) h( a )
210/l )72l b))

b=-a
The normalization condition yields
[af" +[a =1
af =4

Choose a to be real and positive, resulting in

-1
=%

—_ 1
b=-7

so the eigenvector corresponding to the negative eigenvalue is

1(1\
=5% (L)

3/20/19



Ch. 2 Solutions

These yield

Solve by adding and subtracting the equations to get
a=0 b=% c=% d=0

Hence the matrix representing S, in the S, basis is

Al o 1)
s21J

Now diagonalize:

yielding

Likewise

no 1), (1) n. (1) N
20 1 oJﬁli oEl) = SMEk
Al o 1) 1 1

O (1) .
21 0)F )7 2E L) = Sl

3/20/19
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a

can=(o 1) 2 2 E)=(0 1)
_ ins,

The matrix elements are
2.5 The commutators are

Hence we get

2.4 The general matrix is

Ch. 2 Solutions

N———

2-5

ol

(o 2i )
L 2i o)

)

h
2
= inS,

RN N v

[S,.S,10

o(
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Ch. 2 Solutions

Al 1 o Yal o 1) nlo 1 )\al 1
[SZ’leDEKO—l)Ekl o) 2L10)200
ANl o 1) (o0 -1)
D(Ejh—l o) L1 o)}
N o 2)  (r\ o —i)
D(E]K—z o)D'h[Ej(i 0 )

= inS,

2.6 The spin component operator Sy, is
S,=5h
=S, sindcosg+ S, sindsing+S, cosd

Using the matrix representations for Sx, Sy, and S; gives

5,0 0
2\ 1
: nl cosé sin@cos¢g—isindsin g )

ZL singcosg-+isingsin ¢ —cosd

ﬁ{ cosd singe™ |

DZL sinde' —cosé J

é )sin@cos¢+g{ ? _Oi )sin@sin¢+§[ (1) _01 }cose

2.7 Diagonalize Sx:

S DE( cosd  singe |
" 2( singe'  —cosd

Now diagonalize:
Lcos@-A1  Lsinge™

: =0
Lsinge” —Lcosf- A

A —(tYcos?0-(L)sin?0=0 = 2*-(1Y=0 = A==I

as expected. Find the eigenvectors:

3/20/19
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Ch. 2 Solutions

nl cosd sm&e"”v a) nl a)

EL sinde” —cosé Jk J_ ZL b)

1-cosé
acosf+bsinde¥=a = b=ae’——
sin@
The normalization condition yields
1-cosd\’
of +[af 1250 -
sing
sin?0  4sin” Jcos’ ¢
af' - 0~ cos?4
2-2cos6  4sin g
yielding
|+) =cosg|+)+e"sing|-)
Likewise
ﬁ( cosd sinoe ) a) Al a)
2( sin@e” —cosé JL b J L bJ
o 1
acos@+bsinde”=-a = b=-ae" +_C089
siné@
The normalization condition yields
1+cosd)’
of +[af (LE250) s
sind
sin0 _ 4sin*Jcos’y
ol - L sin's
2+2c0s0  4cos g

yielding

|-}, =sing|+)—e" cosg|-)

2.8 The |+), eigenstate is

|+>n = COS§ +>+ei¢sin§ —>: cosZ +>+ei57z’/3

The probabilities are

3/20/19

inzl—)
sinZ



Ch. 2 Solutions

_| 7/ \
P+y _‘y\+|+/

2 . . 2
_l(as / \ 4 @157 gjin x| )

) —‘(ﬁ\+ —ﬁ\—|Xcos§|+,+e sm§|—,)

- . 2 . . .. 2

= L|cosz —ie"**sinZ| = 1|cos £ +sinZsin 5 —isin £ cos |
1 2 H 25 H 25 - =5

= 1(cos® £ +sin® £sin’ 5 +sin” £ cos> 3 + 2cos £ sin £ sin

=1(1+2cosZsinZsin £ )= 0.194

2, =l -1+)

2 . - 2
S Z) 4\ 4 @573 gin z|—)
) _‘(ﬁ\+|+dl5\ |Xcosg|+,+e sinZ| ,)

. . 2 . . .. 2
= L|cos 5 +ie**sinZ| = 1|cosZ —sinZsinZ +isinZ cos ¥z

1 2 H 25 H 25 - =5
= 1(cos® £ +sin® £sin” 3 +sin” £ cos> % — 2cos £ sin £ sin

=1(1-2cossinZsin £ )= 0.806

2.9 The expectation value of S, is easy to do in Dirac notation:

h h h
(5.)=(H15.14) = (5 =5 (+1) =

2 2
The expectation values of S, and S, are easier in matrix notation:

[ V1) oa )
=G0 B8 5530 0 ) o

Ao -i M 1) & )
DRCED S FIE (KD SR

To find the uncertainties, we need the expectation values of the squares:

hh % 2
<Szz>:<+|5z2|+>:<+|——|+>=(§) (+|+\—(_)

The uncertainties are

3/20/19
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N

>
(@p]
I
N
wn
N
~
|
N
(@p]
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N
I
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N
|
VR
N | S+
N—
I
o
SH

>
w
I
N
w
N
~
I
NN
w
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~
N
I
7\
N | St
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N
I
o
I
N | S
——

>
[9p]

I
S
(%)
~

I
S
[9p]

<
~—
N
Il
7 N\
N | S+
N—
N
I
o
Il
N | =+
N——

<
<N

2.10 These expectation values are easier in matrix notation:

1 vl o1 )Y1( 1) & N i)
G-t A )1 o )7l )7 "{1 -

1 il 0 —i V1l 1) n N 1) 7
G-k o Sl )ma(r - {iJZE

1 il 1 0 )1 1) & N 1)
7 o )l S e

To find the uncertainties, we need the expectation values of the squares:

/e \_
\S, )=

IR S B e C IO FEC)
Jey L vl o i dalo i1l 1) 1Ry N 1) (RY
(=1 )EL i 0 )20 o )72l J_E[E] (1 - )( i J_(Ej
5008 LR SR G G

The uncertainties are

>
wn
=<
Il
N
wn
> N
~
|
NN
wn
>
~
N
Il
T
N | St
~—
N
|
o
Il
AN
N | =
~—

N | S
—
N

|
VR
N | ¢
—
N

I

o

>

B>
w
I
—
wn
<R
~
|
—~
w
<
~—
N
I
VR

N——
N
|
o
Il
7N

>
(@p]
I
SN
wn
N
~
|
N
N(f)
~
I
7 N\
N | St

N | Sk
N——
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Ch. 2 Solutions

In the vector model, shown below, the spin is precessing around the y-axis at a constant
angle such the y-component of the spin is constant and x- and z-components oscillate
about zero.

2.11 The commutators in matrix notation are

) 352(1 o ul o 1) Al o 1)3%( 1 o)
[S’S*]DTKO 1)2l10) 7 2l10)3 o 1)

e (00340 DG
e a)-(03)
=0

s 35 00 )30 % )
slesGs)
=0

3/20/19 2-10



Ch. 2 Solutions

In abstract notation, the commutators are

[S°,8,1=[S.+S; +S2,S, |=[S!.S, |+[S.S, |+[ SIS, ]
=525, —S,57 +525, — 5,52 +575, ~S,S?
=5%-8%+5,5,5,-5,5,5,+5,5,5, ~ S,S.S,
=0+5,(S,8, -8, - (5,5, +iS, )5, +S, (5,5, + 1S, }- (5,8, - S, B,
=S5,8,S, ~iS,S, ~S,5,S, —ihS,S, +5.,,S, +1hS,S, — $,S,S, + 1SS,
=0

[S%,8,1=[S. +S; +82,S, |=[S!.S, |+[ 82,8, |+[ 7.8, ]
=525, —S,82 +82S,-S,S2 +S2S, — 8,57
=5,5,5, 5,55, +5. -5 +5,5,5, - $,5.S,
=S, (5,5, +inS, - (5,8, —inS, )5, +0+5,(S,8,— 1S, }- (5.8, +i1s, ),
=S,8,5, +11S,S, ~S,S,S, +1S,S, +S,5,8, — 1SS, —S,5,S, —i1S,S,
=0

[$°,8,]=[S; +S. +57.S, |=[ 8.8, |+[S}.S, |+[S7.S, |
=SS, ~S,S2 +57S, - S,S + 528, - 8,8’
=5,5,5,-5,5,5,+5,5,5, - S,5,3, + S - S?
=S, (8.5, -8, }- (5,8, +i18, )5, +S, (5,8, +i1S, }- (5,5, -, )8, +0
=S,S,S, ~ 5,8, ~S,S,S, —ihS,S, +S,5,S, +ilS,S, —S,S,S, +11S,S,
=0

2.12 For S, the diagonalization yields the eigenvalues

(010
&D3?L1 01/
010
( _, L 0 A
B 4 F =0 > —a(P-L)(aL)=0
0 L -2

1@?—#):0 = A=1h,0,~1h

and the eigenvectors

3/20/19
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Ch. 2 Solutions

OlOVa\ a\ b=av2
L101JLbJ t J:» a+c=hbv2
010/ c b=c2

la" +pf +]c’ =1 = [p['(G+1+3)=1 = b=Z%,a

D, =310+ 510)+3[-1)

h(o1oVa\ (a) b=
$L1 0 1JLbJ:Oh[bJ = a+c=0
010 c c b=0
laf +[bf +|c[* =1 = [a@+1)=1 = a=+,b=0c=-%
0}, = %1~
( (a\ b:—aﬁ
a+c:—b\/§

" 010 a)
—| 1 0 1 b |=-1a b | =
\EL010Jth LcJ b=—c\2

|a|2+|b| |c| =1 = |b| (2+1+ ) 1 = b=-3%,a=3,c=3
1), = 48) - $10)+ -1
For S, the diagonalization yields
- (0 -i 0)
Yl
(-2 2 o)
B2 P =0 = 2@ -5 )2(ak)0
0o % -1
A(A°-1*)=0 = A=n0-n
and the eigenvectors
h(o_i oV a) [ a) —ib=a2
ﬁt [ O —i M bJ=lh{ bJ =  ja—ic=by2
0O 1 0 c c ib=c2
|a|2+|b| |c| =1 = |b| (2+1+ ) 1 = b=4,a=3,c=-3

1), = 1)+ #£10)-31-1)

3/20/19
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h(O—i oV a) (a) _ib=0
— i 0 i 0Ohl b ia—ic=0
R e B

la +[pf +]c’ =1 = Jaf @+1)=1 = a=3%b=0c=%
10), = %10+ 5|1

. (0 i o a) (g ) —ib=-av2
ﬁt i 0 i M b Jz—lht bJ R
0 i 0 C c ib=—C\/§

jaf +[bl" +lcf =1 = [p’G+1+%)=1 = b=-L,a=ic=-1
-1), =311 - 510)—3[-1)
2.13 The commutators are
h(o1o\h(o|o\ h(0—|o\h(01o\
S,.S,]0 101 |—=|i 0 i |-—i 0 -i|—= 101
‘EL010J2L0|0J 2L0|0J‘/§t010J
h2(|0 S) (S0 S )
D?LOOOJ LoooJ
i 0 i 0 i
2 (2i 0 (10 0 )
1% 0o oJDmhLoooJ
0 0 -2i 00 -1
= ins,
h(O—uo\(loo\ floo\h(O—io\
[5,,5,10 —=| i o0 _iJhLOO oJ—hLoo oJ—Li 0 —iJ
V2l o 0 o 00 -1 00 1) 0 i o
hz_fooo\ (0 - 0)
0=/l i oil-lo0o 0 o
‘/E_LoooJ LO—qu
hz(Oio\ hf010\
O—2=] i 0 i |[Dihi—=| 1 0 1
‘/EOioJ ‘EL010J
= inS

3/20/19 2-13



Ch. 2 Solutions

(10 0).(010) (o10)(10 0)
5.5104 00 o |22 1 01| - 10 1]n 0o o
LOO—lJ\Et01OJ ‘EL010JL00—1J
201 0) (o0 0)
0=/l o 0o o|-| 10 -1
\/E_LO—lo LoooJ
(0 1 0) (0 - 0 )
S T 1 PR I
V2| g 5 g \/ELOiOJ
= inS,
2.14 Using the component matrices we find
S =S +S;+S;
h(01o\hf01o\ h(O—io\h(O—io\
O—| 1 0 1 |—| 1 0 1 |+—| i 0 i |—| i 0o =i
*/5{010J2L010J \/ELO i OJ\ELOi OJ
(10 0)(10 0)
+hLoothoooJ
00 -1 00 -1
hzfloo\hzfloo\ (10 0)
D?Lozo +—[020J+htoooj
00 1 00 1 00 1

The eigenvalue equation is
S?|smy=s(s+1)n*|sm)
For spin-1 this is
S%|1m) = 27*|1m)
Hence the S® operator must be 2/° times the identity matrix:

(10 0)
szuzrzzto 1 OJ
00 1

3/20/19 2-14
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2.15 a) The possible results of a measurement of the spin component S, are always
+1#, Oh, —1h for a spin-1 particle. The probabilities are

P =[(0lw)” =[0I Z11)+ 210)~ —1>]\2
=|-&(0[1) + (0] 0) - 40| - 1\ =4[ =
~ -2y, = \(—1I[ﬁll>+ 2(0)- i|—1>]\2

2
=[G )+ 5 (0~ a0 = =
The three probabilities add to unity, as they must.
b) The possible results of a measurement of the spin component S, are always
+1#, 0%, —1% for a spin-1 particle. The probabilities are

. 2
=]t = |G+ F 01+ -1 ) F )+ 2510) - 41-1))
=l &+ Fm - & ‘ ‘/—+3" =%
2 i 2
P =[Ol =|(E - 1) E D+ 5100 - 41-1)

= ‘—2 —+ _4__ ‘2 =
V2429 T V2429 58

2 ) 2
x<—1|wm>| =\(%<1I—%<0|+%(—1IX%I1>+%IO>—%I—1>)

P—lx =

The three probabilities add to unity, as they must.
c) For the first measurement, the expectation value is

Z/_thP =1h55+0h 5 +(—1)h§8 -h%

For the second measurement, the expectation value is

X,_thp =1h & +0nE +(-1)ni =0n

The histograms are shown below.

3/20/19 2-15
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2.16 a) The possible results of a measurement of the spin component S, are always
+1#, Oh, —1% for a spin-1 particle. The probabilities are

_ N TR sy T
P1—|\1|‘//in/ —‘\1|[E|1/y |0/y m|—1/y]‘
S, + 3500, - 01 [

58‘ \/_+3I‘ =&

2 ‘ )
P =[lv) =\<°l[%ll>y+%|o>y—%Hﬂ\
(Ol), + 54010}, - 75 (01-1),

P-1:|<_1|‘//in>2_ -
\r\ 1), + 2{-10), - & (-1,
s i e L REIE RS

The three probabilities add to unity, as they must.
b) The possible results of a measurement of the spin component S, are always

+1h, OA, —1h for a spin-1 particle. The probabilities are
= 1l =211\ 4 11\

2
=12 /111 3 { 4 /11=1)
@y\luly ' 1|0 /y @y\l| 1/y

2 2

|:)ly :‘y<l| l//in>

2
= 2 = 4
‘ V29 ‘ 29

) 2
A0 I, + 210), 510, ]

2
\ 8/ \ __4 /o0|l=1\
+@y\0|0/y @y\0| D,

2
POy = ‘y<0|l/j|n>

.12
- ‘_3' -9
75| T

3/20/19 2-16
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2

) 2
=| (-1l 5wy, + 510y, - &1-1), ]
sl

V29

P—ly = ‘y<_1| l//in>

— 16
— 29

2 /-1 43 /110N — A /_11—1)
5\ 1|1/y+@y\ 1|O/y 5y 1 1/y

The three probabilities add to unity, as they must.
c¢) For the first measurement, the expectation value is

{S,}y=>D mhP, =1nL +0n L +(-1)n L = On

For the second measurement, the expectation value is

(S,)=D"mhP, =1n4+0ng+(-1)hs=-nL

The histograms are shown below.

2.17 a) The possible results of a measurement of the spin component S, are always

+1h, 07, 1% for a spin-1 particle. The probabilities are

2 ( 1 \2 "
P =[lw) =|(1 0 o J;_Ot ZJ HEE
5i
2 ( 1 \2 , 4
P, =KO0lw)| =(0 10 J%OL 2J =%2\ -
5i
(1
. 25
Pr,:|<'1|‘//>|2=(0 01 Jé_o[ zJ —‘ﬁar:%
5i

The expectation value of S, is

1
(s ):F;,h+P00+P,h(—h):%h+—0+— -

z

b) The expectation value of S, is

3/20/19
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( Yoo
S)=wislv)==(1 2 i )ﬂg : SJ%L iJ
%0 Lo 1 0V s
L (2 )
_%ﬁ(l 2 -5i { 1+2qu \/_(2+2(1+5|) 5|x2)——h

2.18 a) The possible results of a measurement of the spin component S, are always

+1#, Oh, —1% for a spin-1 particle. The probabilities are

R = [t =Kol 21~ l0y+ -0

[ i) - o)+ a0 =[] = 4

2

=Kol =[0I FIn) - Z10y+ 211
2

= | {010) - 4010y + B (01 =—&" =

P =|/—1 _\2=/_1 N A 0\+2_i_1\ ?
1 |\ |‘//.n/ \ ||:Jﬂ| J—| / | /]

4

\ \ 2i [?
_‘J_\ 11— & {(-1]0)+ 5 {-1]- 1/‘ ‘T‘ =1
b) After the S, measurement, the system is in the state |-1). The possible results of a
measurement of the spin component S, are always +1#, 0%, =12 for a spin-1 particle

The probabilities are

Uyl =[Gl g0+ -1 = =3
(%m— ) <[ =

(ol +(-1))-0f =4 =4

2
x/0|l//in> =

POX =

vl =[Gl

¢) Schematic of experiment.
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2.19 The probability is

5
R, =il =[Gt + & Col+ &, (-1 kI - Eloy+ B}
Lil MV Liv2 10\ LB 11\ 2 L /gl — 242 /gl0)
;ng\1|1 N \1|0/+¢—4—y\1| 1/+ﬁJ€y\O|1/ ﬁJEy\0|O/+
e /N N2 /110N B [
+ﬁ¢gy\ 12 Jﬂgy\ 1|O/+J7 5y 1-1)
i 11, 1-i42 Liiv831, 2 1 1 22 L@AZ
R A R A A A A
Clpiii_ V20 i1
e 2 V7682 7 6 2
- - 2
—1§8‘1—|+2+2i—x/§—ix/§+2\/§—0+|2x/€+|+2+x/§‘

168‘5+2\/§+2|_| 3+|2f‘ _168{5+2fj (2 \/§+2\/,)Z}

= 3(64+8v2-4V3+8V6 )= 0.524

or in matrix notation

\\wf\w./\ - {r( Z 7

g

168

) (e

)
i(1+2\/— 232 -iV2 —1+2\/_{ «/_J
iv/3

-

)

2

1

%%y(0|—1)+
(1
-2

o[t 2v2 + 4+2i-iV3+i2V6] = & (64+82 - 443 +8V6 )= 0.524

2.20 Spin 1 unknowns.

unknown number 1, the measured probabilities are

R=1 Ro=1 B-1
R=3 P.=3 POy:O
P—1:% P :% P—ly =0

Write the unknown state as

3/20/19

Follow the solution method given in the lab handout.
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Ch. 2 Solutions

|y1) =al1)+bl0)+c[-1)
Equating the predicted S, probabilities and the experimental results gives
P=llw )l =[alfal +blo)+e|-DY =jaf =1 = a=}
R = |<0| ‘/’1>|2

P,= |<_1| ‘/’1>|2

= (0l fal1)-+bl0)+cl-1)}f = bf" = &

= (-1 {alz)+b|0)+ |-y} =Icf

allowing for possible relative phases. So now the unknown state is
)= 311) + He[0)+ 2e”|-)

Equating the predicted S, probabilities and the experimental results gives

X\O| ‘/’1/| ‘J‘ {<1|

=ifi-e” Hi-e )=t fi+1-e”-e " }=1{l-cosp}=1

Giving the state

Ox

= Cosf=

|v1) =310+ Fe“[0)-31-1)

Equating the predicted S, probabilities and the experimental results gives

1y y\1|‘//l ‘ ‘{

=1 {1— ie" }{1+ ie™ }: i {1+1— ie" +ie ™ }:
Hence the unknown state is

1) =0+ 35%10) - 31-D= 1)+ 410) - 31-D=[),

(i1) For unknown number 2, the measured probabilities are

PR=% R,=2% PR,=0870
PR=1 R,=% P, =0125
P,=% P,=4% P, =0.005

Write the unknown state as
lw,)=2a|1)+b|0)+c|-1)

Equating the predicted S, probabilities and the experimental results gives

3/20/19

A3+ eloy+ e | =] e )

. 2 o
FOI-3 (A0 + e (0) - 310 | =[i- g+

_ 1 Aia
:b_fe

=1 = c=1¢”

-1= f=n

2

H{l+sina}=1=sina=1= a=%
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P =) =[1l{alty+bjoj+ o1y} =[aff =3 =
R, =[(0lw,) =[ol{alty +bloy+c|-B Y =p =% = b=te“
P =[-1w,) =|(-1{al)y+blo)+c|-L)} =lcf =1 = c=1e”
allowing for possible relative phases. So now the unknown state is
lw,) =31+ 5€[0)+3€”|-1)
Equating the predicted S, probabilities and the experimental results gives
Poc =] 0w )| =| {1} 1)+ L |0+ e |-1) }2 = |35 f-e” }{2

=ifi-e” Hi-eV )=t fi+1-e"-e " }=1{l-cos B} =3

= cosp=-} = f=34

P =t =01+ 5001+ 3 (- Hol + e [0y + 3o |0y § = [1+ e+ 2o
=3 fl+2e+e” Hi+2e +e Y=L {6+ 4cosa+2cos B+ 4cos(a - B)}
=1 {6+4cosa+2cos+4cosacos B+ 4sinasin B}
=% {5+2cosa+4sinasinf}=3%
which yields
cosa +2sinasin =2
2sinasin f=2-cosa
4sin® asin® f=4 —4cosa +Cos” o
4(1-cos’ & )¢ =4 - 4cosa+cos’ @
4cos’a—4cosa+1=0

2cosa—1=0

cosa=4% = a=%,%

Equating the predicted S, probabilities and the experimental results gives
2 i i i 2 i pia i
Py =l =|Rtl- 01 51 + e (0)+ e’ |0y | =i - ge —fe]
L fi-2ie —e” Hi+2ie™ —e ™ }= 1 {6+ 4sina - 2cos B 4sin(a - B)}

= £ {6+ 4sina—2cos f—4sinacos S+ 4cosasin B}
=4 {7+6sina +4cosasinB}=0.87

2

which gives
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3sina +2cosasin f=3.46 = 23
2cosasin B=2+/3-3sina
4¢c0s? asin? B=12 —12+/3sina + 9sin’ «
4(1-sin® o )3 =12-12/3sinar + 9sin’ &

sin ¢ —+/3sina+2=0

sing— 2 =0
; _ B _x 2 _ _2
Slha=% > a=3,9 > a=3 = ﬂ_T“
Hence the unknown state is
V1V L a3V e 2T 1\ = 1)
o) =31+ Fe[0)+ 36 1) =[1) (., .

(ii1) For unknown number 3, the measured probabilities are

P=3 R,=} R,=00286
Po:% POX:% POy:0
P,.=3 P,=% P,,=09714

Write the unknown state as
;) =al1)+b|0)-+c|-1)
Equating the predicted S, probabilities and the experimental results gives
P=[tl)f = e +blo)+el-n)) =l =5 = a=3
R, =[olw,) =0 {aly +bl0y+c|-By Y =pf =1 = b=Le"
P, =[(-1fw,) =[-1{alty+bloy+c|-1)) =[cf =1 = c=Le”
allowing for possible relative phases. So now the unknown state is
|vs)=FI10+5€10)+ e’ |-1)
Equating the predicted S, probabilities and the experimental results gives
L0lw)f =[gs fal- g e (o) +e? -0 = | e’
=1 {1— e'? }{1— e/ }: i {1+1— ef —g# }z 1{l-cosp}=1

= csf=-1= pB=n

I:)Ox =

Equating the predicted S, probabilities and the experimental results gives
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2 ) ) 2 . 2
Py =Lyl =t - g50l- -1 s {4 e 10) - -0} =[G - e+ 2)

—1 {1_ L }{1+ e }: 1 {g+ﬁsina}= 0.0286

= sina=-1= a=%
Hence the unknown state is
ey =41 -£|0)-4|-1) fe|m) }

(iv) For unknown number 4, the measured probabilities are

-1 Y -1
17 2 Plx_4 |:>1y_4
— 1 =1
F)O_O POX_2 |:>0y_2
-1 Y -1
P,=2 Py=1 P—ly_ 4

Write the unknown state as
|wa) =al1)+bl0)+c[-1)
Equating the predicted S, probabilities and the experimental results gives

P=llva)f = am+ploy+cl-nY =laf =3 = a=%
P, =|(0]w. ) =[(0l{alny+bjoy+c|-1 Y = =0 = b=0
P, =1 =[-11{alt) +blo)+ |-} =lc =1 = c=%e”
allowing for possible relative phases. So now the unknown state is
v = %0 +5e”[-1)
Equating the predicted S, probabilities and the experimental results gives
=0l = -t el = e f
R R S ST IR R
= cosf=0 = p=%3%
Giving
) =40 =il-0}

with no more info from Sx, Sy, S; measurements. In the SPINS program choose n at
angles 6 =90°, ¢ =45°, 225° to see that the unknown state is

ve) = A 10 1=10)s 1) =10 )
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2.21. The spin-1 interferometer had an S, SG device, an S, deveice, and an S, SG
device. The S, eigenstates are |1},|0},|]—1). The S, eigenstates are

1 1 1
|1>X:§|1>+E|0>+5|—1>
1 1
0\ =—|1\ - —|-1)
0}, = - 7510

1 1 1
-1 =211V - — |0V + =|-1)
-1, =51~ 710+ 21D

NA

Let |y;) be the quantum state after the /™ Stern-Gerlach device. The first SG device
transmit particles with S, = +7, so the state |y, ) is

|‘//1>:|1>-

The second SG device transmits particles in 1, 2, or 3 of the S
11).,]0), ,|-1) . To find |y,), we use the projection postulate:

eigenstates

X

v >=—,7P”|%>
2
<'//1|Pn|‘//1>

where P, is the projection operator onto the measured states. For example, if the second
SG device transmits particles with S, = +7, we get

P1X|l//1> _ |1>x x/1||1>

|v2) = = =D,
JalPulvn) i, @D
as expected. In matrix notation, the S, eigenstates are
(12 ) [ yyz ) (12
W0 YNz | 10,0 o -0,0| V2
1/2 ~1/\2 1/2

and the projection operators are
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%) (A Se A
Plx=|1>xx<1|utyﬁJ(% o % | He % F
% % Y Y
[ e %0 %)
P =10}, ,{0]0 0 (}/f 0 Vg ):L 0 0 OJ
/i 7 0 %
) (% % %)
P1x|—1>xx<—1|D{yﬁJ(% Yo %Y Ha % A
% o Vo N

The probability of measuring a result after the third SG device is P = |<w2|1//3>|2. We
want to calculate the three probabilities

P =[]y,
P, =[(0]w,)
P—l = |<_1| v, >|2

for all possible (7) cases of 1 beam, 2 beams, or 3 beams from SG2.
(1) When the second SG device transmits particles with S, = +1% only:

I:)1X|!//1/ — Plx|1>
\/\‘//1| |V/1> \/<1|Plx|l>

(% #e % W) [ u
0| Ke % Ks o”ny
0

%o S s i
[y )
ar.no(1 o o)[zﬁ _y/a
7
1(%\(%\
v, Vo |=| Vo
STt

which is |1} as expected. The three probabilities are
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(i1) When the second SG device transmits particles with S, =07,
three probabilities are

(111) When the second SG device transmits particles with S, =17,

three probabilities are

3/20/19

(

P =lly.) =|(1 o 0{\
(

R =[0lw,) =|(0 1 0 {

P, =[(-1ly,) =|(0 0 1

(
P =[@ly,) =|(1 o 0{
(
P, =[(0lw,) =|(0 1 o{

o —-tlv (0 0 1

N~ ﬁ‘lp N
_ N——
Il
| =

N ﬁl»—‘ N~
|
N |-

(

N %d»—\ N
Il

l//2>:|o>x

and the

w,)=|-1) and the
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N[~

N[~

( )
-l (2 o o{%J -2
)

i

(
1
P0:|<0|'//2>|2:(0 10 { _% :E

NI

Po=[-1w.) =|(0 0 1) -

N %||'—‘ N
|
N

(iv) When the second SG device transmits particles with S, =+# and S, =0% in a
coherent beam

(Plx + POX )| Wl) — (Plx + POX)|1>
\/(‘/’1|(P1x + P0x)| ‘/’1) \/<l|(Plx + P0x)|1>

(w0 %) 1) [ y2)

POl 0 0 O LOJ: 0
% 0 % JLo ~1/2

|‘//2>=

(1/4\(1/2\(3/4\
(P +PD0| 1/242 L 0 J 1242
1/4 12 ~1/4
(34 )
UE+PID0(1 0 0 ) Y2v2 |=34
~1/4

SE7ERNEN I
|w) U f 1/2‘/_ = 1/\/6

The three probabilities are
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R=fva)=(1 0 o) Y& || =2
~1/243
)

( J_/z
|\0|l//z/| (0 10 =%
1/2J—

N2

1
M ETE 1)[ e J =

~1/243

(v) When the second SG device transmits particles with S, =+% and S

,=—1h in a
coherent beam

(Plx + P—lx )| l//l> _ (Plx + P—lx )| 1)

|va)= =
7 \/(‘//1|(P1X+P71x)|l//1> \/<1|(P1X+P1x)|1/

(% Yy y\(l\( 1/4
1x|1/[ J

)
Tor 2 Sz 1,/2\/_
%o e K 0
ya ) [ ya \(1/2\
(P1X+P1x)|1\u{ y2i2 J { MJ J
(12 )

Al +P,)M0(1 0 0) 0 |=12
12

1(1/2\ SN
|‘//2>D— 0 |= 0
7 5 LMJ

The three probabilities are
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(1/\/5\2

1
P =[ly.) =[(1 0 o 0 || =5
142

P=[olw,) =|(0 1 0) o | =0

(1/\5\2

1
P71 =|<—1|W2>|2 = ( 0 0 1 0 = E
/2

(vi) When the second SG device transmits particles with S, =0% and S, =-1% in a
coherent beam

_ (P + Py )v) _ (Poc + Py, )I)

) \/<‘//1|(P0x +Py, )| ‘/’1) ) \/<l|(P0x +Py )|1>
(2 ) [ ya V[ oy )

(POX+P1X)|1>u{ 0 |+ /2vz |=| /2

|‘//2>

-2 1/4 ~1/4
(34 )
AP, +P, D0 (1 0 0 ) -12y2 =34
~1/4
[ oya ) Va2 )
1
mm—t -1/2&J= BN
3
Vo4 -1/4 ~1/24/3

The three probabilities are
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P1:|(1|://2)|2=(1 0 o{ -1/\J6 J =§
)

po)

~1/2

[ J3/2
P0:|(0|1//2)|2:(0 1 o{ -1/\/6 =%
~1/23
(V32 \[
Po=litlva=[(0 0 1) -y | -5
~1/243

(vil) When the second SG device transmits particles with S =+#, S, =0#, and
S, =—1% in a coherent beam.

|‘/l >: (PlX + POX + Pflx )| l//1> — (Plx + I:)Ox + P—lx )|l>
2
\/(l//l|(Plx + POX + P—lx )| l//1> \/<l|(Plx + POx + P—lx )|1>

[ ys vz oy \(1\( y4 )

P 00| -1/2v2 12 -1/2\2 (oJL 1/2J§J
Y4 -122 14 0 1/4
(ya ) (2 ) ¥4 ) ()
(P +Py +PL DO 1/242 |+] 0 |+ -1/22 ztOJ
1/4 ~1/2 1/4 0
(1)
WP+ P+ P B (1 0 0 )[ 0 J=1
0

(1)

mmL 0 J
0

which is |1) as expected. The three probabilities are
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(
P =[ly.) =|(1 o 0{

o O -

3
le
3

2 (0
R =Kolw.) =|(1 0 o { 1| =0
0

2

2 (0)
Py=k-tw.)l =|(1 0 o { oJ =0
1

The cumulated results are

|V’2> R R P

1), R

0}, 3 0 3

-1), R

1), &0}, Pt 5
1), &|-1), 3 0 3
0, &=L, |3 & %
1), &[0), &|-1), |1 0 O

2.22 a) The probability of measuring spin up at the 2" Stern-Gerlach analyzer and spin
down at the 3™ Stern-Gerlach analyzer is the product of the individual probabilities:

2

P =P, P+na—2 = | n<+|+>|2 ‘<_|+>n

bo>ins-z = Disin
The |+)_ eigenstate is

|+) =cosg|+)+e"sing|-)
so the probability is

. 2 . 2
_ -ig i 4 ci
Porns = |(Cos 8|+ e sing{= )| [{~|(cos £| +) + €”sing|-) )
— 02 cin? € — Lain?
=C0s” §sin“ £ =2sin“ @
b) To maximize the probability requires that € = z/2, and the probability is

P

+o+N—>—12

_ 1lcin2
=3SIn

ISIE]

ENPH

c) If the 2™ Stern-Gerlach analyzer is removed, then the probability is
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because the two states are orthogonal.

2.23 (a) The commutator is

(a, 0 0 Vbloo\fbloo\(aioo\
[A,B]=AB-BAI| O a2 0 0 b, |-| 0O 0 b, 0 a O
0 b, 0 0b 0J) 0 0 a
[ ab, ap, 0 )
O] 0 a2b2 -1 O azb,
ab, O 0 ab, O
(0 0 o )
ol O 0 bz(az_a3) =0
0 b,(a,-a,) 0

so they do not commute.
(b) A4 is already diagonal, so the eigenvalues and eigenvectors are obtained by inspection.
The eigenvalues are

ai’a'Z'a3

and the eigenvectors are

(1) (
a)= MLoJ |a2>=|2>uL
0

For B, diagonalization yields the eigenvalues

(b2 0 0 )

0 -2 b J:o = (b,—A)(A*-b})=0

0 b, -4
— A=h,b,,~b,

and the eigenvectors
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(bl 0 0\( u\ ( u\\ b,u =byu
0 0 b, LVJZb{ VJ —~ bw=bv = w=v=0
0 bz 0 W bZV:le
(
Ul +vf + =1 = Juf=1 = u=Lv=0w=0 = |b1)=|1)DL
(bl 0 O\( u\ (u\ b,u =b,u
0 0 b L v J:bzt VJ = bw=by = u=0, w=v
0 b, O w w b,v =h,w

o O -

|

(0 )
L
(b,|b)=1 = M +w' =1 = u=0v=>3w=3 = |b)=1(2)+|3))0| %
=
(b, 0 0V y) [ 4) bu = ~b,u
0 0 b, L v J:—b{ v J — bw=-by = u=0, w=-v
0 b, O w w b,v=-b,w
(0 )
(-b,|-b,y=1 = M +wf =1 = u=0v=_L,w=-1 = |-b)=1(2+[3})]]| %
-+
c) If B is measured, the possible results are the allowed eigenvalues b;,b,,—b,. If the
initial state is |y, ) =|2}, then the probabilities are
2 2
R, =[bulv)l =Kaf2)" =0
2 2
sz :|<b2|'//i>| :‘%(<2|+<3|)|2>‘ =32
2 2
bez :|<_b2|‘//i>| :‘%(<2|_<3|)|2>‘ =3
If A is then measured, the possible results are the allowed eigenvalues a,,a,,a,. If b> was

the first result, then the new state is |b,)
probabilities are

3/20/19

and when A4 is measured the subsequent
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P, =[alb.) =115 (2)+13)) =0
P, = el =2l 5 (2)+13) =3
P, = Kaslb.) =315 (2)+13)) =2

If -b> was the first result, then the new state is |-b,) and when 4 is measured the
subsequent probabilities are

P, =[a|-b,) =& (2)-13) =0
P, =la. b, =j21% (2)-13)) =4
P, =Kas|-b.) =315 (2)-13)) =3

d) If two operators do not commute, then the corresponding observables cannot be
measured simultaneously. Part (a) tells us that the operators 4 and B not commute. Part
(c) tells us that measurement B "disturbs" the measurement of 4 so the two measurements
are not compatible (cannot be made simultaneously).

2.24 (a) The eigenvalue equations for the S, operator and the four eigenstates are

Si+2)=+ 28]+

(b) The matrix representations of the S, eigenstates are the unit vectors

z

(1) (0 (0 (0
0 1 0 0
0 0 0 1

(c) The matrix representation of the S, operator has the eigenvalues along the diagonal:

(+2n 0o o0 o0 )
0 +i2 0 0
s,
0 0 -in 0
0 0 0 —2n

(d) The eigenvalue equations for the S* operator follow from the general equation
S?|sm,)=s(s+1)n*|sm,)
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S|+ 3)=107]4 )
S|+ )= 7))
|- 1)=17]-4)
S'|-3)=117]-)

where we have suppressed the s label.
(e) The matrix representation of the S* operator has the eigenvalues along the diagonal:

(52 0 o o |

(@)
=~z
=t
N
o
(@)

s$°0

o O
o O
IN}
© =
N
o

15 3.2
5

2.25 The projection operators P, and P_ are represented by the matrices

(1 0) (oo

“loo) Floa)

The Hermitian adjoints of these matrices are obtained by transposing and complex
conjugating them, yielding

prf 10 ) (00
L 00) "o 1)
Since the Hermitian adjoints are equal to the original matrices, these operators are
Hermitian.
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