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CHAPTER 2 LIMITS AND CONTINUITY

RATES OF CHANGE AND TANGENTS TO CURVES

A _ SO _ 289 _ A _ fO-f(D _ 20 _
@ =T33 =T =1 b =" g =3 !

Ag _gB3)-g) _3-(-D _ Ag _ g —-g(-2) _ _
@ &="50 7 =2 0 F=G = =0
HEE)-h(5) h(%) Z1-1_ _ 4 an ME)ME) 05 3
(a) At 3_z z 7z (b) N zz x &
4 4 2 2 6 3

Ag _ g(m)-g(0) _ 2-D)-(2+) _ o g(m)-g(-m) _ 2-D-(2-1) _
() AT 70 70 & (b) At —(~7) 27 =0
AR _ RQ)-R(0) _ J@ 3
AO 2-0 2
AP _ P(2)-P(1) _ (8-16+10)—(1-4+5) _ Ay
A0~ 2.1 1 =2-2=0

2 2

(a) =@ _ i’ 541 4’1;”2 =4+h Ash—0,4+h— 4= at P(2,~1) the slope is 4.

b)) y-(-)=4(x-2)=y+1=4x-8 = y= 4x-9

(a) =—4-h. As h—0,-4—-h— —4= at P(2,3) the slope

Ay _ (1-4))=(1-2%) _ 7-4-ap-1*-3 _ —4h-h* _
7 h h

is —4.
(b)) y-3=(-4(x-2)=>y-3=-4x+8= y=-4x+11

Ay ((Q+h)?=2(2+h)-3)-(22=2(2)-3) _ 4+4h+h*—4-2h-3—(-3)
@) 3z = 7 = 7
P(2,-3) the slope is 2.

=2+hAsh—0,2+h—2= at

_ 2h+h?
h

(b) y—(-3)=2(x-2)=> y+3=2x-4=y=2x-T7.
2 2 2
(a) Ao (A A4 _ WA (3) _ 12k = 2. As h— 0, h—2 — -2 = at P(I, - 3) the
slope is —2.
b) y-(3)=(2)(x-)=y+3=-"2x+2= y=-2x-1.

@ - Q+hy’ =2 _ ge1on+an’+i’-8 _
Ax h h
the slope is 12.
(b) y-8=12(x-2)= y-8=12x-24= y=12x-16.

12h+4hh2+h3 =12+4h+h>. Ash—0,12+4h+h> —12,= at P(2, 8)

@ &= 2-(1+h)’ ~2-1) _ 2-1-3p-3n2—i3~1 _ —3h=3K2—i®
Ax 7 h h
P(1,1) the slope is 3.
() y—l=(3)(x-1)= y—1=-3x+3= y=-3x+4.

—3-3h—h%. Ash—0, -3 -3h—h* — -3, = at
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Chapter 2 Limits and Continuity

Ay (4R -120+h)—(P-12(1) _ 143h+3R* 413 —12-12h—(-11) _ _op43p2 443 _
Ax h B h - h
Ash—0,-9+3h+h>— -9 = at P(1, —11) the slope is —9.
y=(-11)=(-9)(x-1) = y+11=—9x+9=> y = —9x-2.
Ay _ @4h)34h) 442327 +4) _ 8410 b6h 1P 1212312 +4-0 _ 3841 _ 3, 4 2
Ax h h h :
Ash—0,3h+h> — 0= at P(2, 0) the slope is 0.
y=0=0(x-2)=y=0.
Ay _ Swss 242+ 1 _ |
Ax R 2(=2+h) h 2(=2+h)"
As h—0, m %_Tl’ = at P(—Z, _71) the slope is _Tl'
y—(_?l) =_Tl(x—(—2))3 y+%=%x—%: y =_Tlx—l
(4+h) _ 4
&Z 2—(4+h) 2-4 :( A+h +l).l: 44+h+2(-2-h) A -1 _ 1
Ax h 2-h 1) 2-h h T 2-h 24k
1 1 _ is L
As h—0, 35 o = at P(4,—-2) the slope is >
y=(2)=t-Hh=>y+2=1x-2=y=1x-4
Ay _ arh—4 _ A+h-2 Na+h+2 _ (b4 |
Ax h h Va+h+2  h(Ja+h+2)  A+h+2'
1 1 _1 is L
As h—0, N - NS = at P(4,2) the slope is e
y—2zi(x—4):>y—2=%x—13y=%x+l
Ay _ NI T=(2) _ 9-h-3 _ N9-h-3 o-h+3 __(9-m)-9 _ i
Ax h h h Vo-h+3  h(9-h+3)  N9-h+3’
—1 -1 _-1 _ o
As h—0, NCRTPE - B3 6" = at P(-2,3) the slope is %
y=3 =%1(x—(—2)): y=3 =%1x—%:> y =%1x+§
Slope of PO =22
0 P Al
0,(10,225) % =42.5 m/sec
0,(14,375) 0313 = 45.83 m/sec
650475 _
05(16.5,475) 630475 — 50.00 m/sec
04(18,550) % =50.00 m/sec
Att =20, the sportscar was traveling approximately 50 m/sec or 180 km/h.
0 Slope of PO = %
0,(5,20) % =12 m/sec
0,(7,39) 830 = 13.7 m/sec
03(8.5,58) $0-38 —14.7 m/sec
80-72 _
04(9.5,72) 0o =16 m/sec
Approximately 16 m/sec
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Section 2.1 Rates of Change and Tangents to Curves 63

Profit (1000s)
5 5 3
s 2 8

%
S

.
o 3

20‘10 2OHI 20112 20}13 20114
Year
Ap _ 174-62 112 _

A = 0ia200 = 5 =00 thousand dollars per year

Ap _ _ 62-27
Ar — 2012-2011

111-62
7~ 20132012

The average rate of change from 2011 to 2012 is

The average rate of change from 2012 to 2013 is A

=35 thousand dollars per year.

=49 thousand dollars per year.

So, the rate at which profits were changing in 2012 is approximately %(35 +49) = 42 thousand dollars

per year.
F(x)=(x+2)/(x-2)

x |12 1.1 1.01 1.001_ 1.0001 1
F(x) | —4.0 -3.4 -3.04 -3.004 -3.0004 -3
AF _ 40-(=3) _ AF _ =34-(-3) _

Ax 17 1 -5.0; Ax LIl —4.4;

AF _ 304=(3) _ o7 AF _ =3004=(-3) _

Ax O L0I=1 404 Ax  1.001-1 4004

AF _ —3.0004—(-3)

Ar  1.0001-1 =—4. 0004

The rate of change of F(x) atx =1 1is —4.
g(2)-g() _ f 1 _g.5-¢g) _ J_ 1
Ax =S5 = =0.414213 E 51 = (.449489
_ gU+h)—g) _ \/F 1
Ax T (+h)-1 T
g(x)=+x
1+h 1.1 1.01 1.001 1.0001 1.00001  1.000001
J1+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/1 +h —l)/h 0.4880  0.4987 0.4998 0.499 0.5 0.5

The rate of change of g(x) at x =11is 0.5.
\/1+ -1

The calculator gives hm 3.

L0 _ 1% 1

= ST
SJO-f2) 772 _2r 21 __2-T __2-T _

) = =10 “wa-n - e - —5p T #2
T 2.1 2.01 2.001 2.0001 2.00001 2.000001
() 0.476190 0.497512 0.499750  0.4999750  0.499997  0.499999
(fM)=f@I(T=2) | -0.2381 -0.2488 -0.2500  —0.2500 -0.2500  -0.2500
The table indicates the rate of change is —0.25 at ¢ = 2.

1 _1
Th_ﬂnz(—zr) 4

NOTE: Answers will vary in Exercises 25 and 26.

25. (a) [0,1]:4 F= 15 0—15mph [1,2.5]:4s = 2015 mph [2.5, 35]

0-20 _
AT 250 2.5_10mph
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(b)

(c)

26. (a)
(b)

Chapter 2 Limits and Continuity

At P(%

, 7.5) : Since the portion of the graph from ¢ = 0 to # =1 is nearly linear, the instantaneous rate of

change will be almost the same as the average rate of change, thus the instantaneous speed at ¢ = % is

15-7.5
1-0.5

instantaneous rate of change will be nearly the same as the average rate of change, thus v =

For values of ¢ less than 2, we have

0 Slope of PQ = %
0 (1,15) % =5 mi/hr
0,(1.5,19) 1920 _ 5 iy
5(1.9,19.9) l?g 50 =1 mi/hr

Thus, it appears that the instantaneous speed at # = 2 is 0 mi/hr.
At P(3,22):

=15 mi/hr. At P(2, 20): Since the portion of the graph from ¢ =2 to ¢ = 2.5 is nearly linear, the

20-20 _
) =0 mi/hr.

Slope of PO = %

0 Slope of PO = AS 0
01(4,35) 222 =13 mi/hr 01(2,20)
0,(3.5,30) 3022 _ 16 mihr 0,(25,20)
0;(3.1,23) 222 2 10 mihr 05(2.9,21.6)

Thus, it appears that the instantaneous speed at ¢ = 3 is about 7 mi/hr.

20-22 _ 5 o
5~ = 2 mi/hr

20-22 _ ;
S5 = 4 mi/hr

21.6-22 _ ;
Y05 = 4mi/hr

It appears that the curve is increasing the fastest at £ = 3.5. Thus for P(3.5, 30)

0 Slope of PO =<2 0
0,(4,35) 3330 =10 mi/hr 0,(3,22)
0,(3.75,34) 33745 3305 =16 mi/hr 0,(3.25,25)
05(3.6,32) 2230 = 20 mi/hr 03(3.4,28)

Thus, it appears that the instantaneous speed at # = 3.5 is about 20 mi/hr.

A4 _10-15
[0,3]: A4 = 1015

_ gal | M _ 39-15
1.67 day [0, 5]: N =

1
z—z.zl%‘y; [7,10]:%

Slope ofPQ:—
22-30

Y =16 mi/hr
25-30 _ :
325 35—20m1/hr
28-30

3435 =20 mi/hr

_0-14 _ geal

3 5-0 10-7 "7 day
At P(1,14):

0 Slope of PO =44 0 Slope of PQ =22
0,(2,12.2) 1222 114 -1.8 gal/day 0,(0,15) 13 114 -1 gal/day
0,(1.5,13.2) 1? g }4 ~1.6 gal/day 0,(0.5,14.6) 1‘(‘) g 114 —1.2 gal/day
05(1.1,13.85) 138514 = 1.5 gal/day 05(0.9,14.86) 14089#_11“ = —1.4 gal/day

Thus, it appears that the instantaneous rate of consumption at # = 1is about —1.45 gal/day.

At P(4,6): N
0 Slope of PQ = % 0 Slope of PQ =24
0,(5,3.9) 359_—46 = -2.1 gal/day 0,(3,10) 19-6 = —4 gal/day
0,(4.5,4.8) 4412 6 = 2.4 gallday 0,(3.5,7.8) 18- = 3.6 gallday
05(4.1,5.7) 3126 = -3 gal/day 05(3.9,6.3) $3-C = 3 gal/day

Thus, it appears that the instantaneous rate of consumption at ¢ = 1is —3 gal/day.

(solution continues on next page)
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Section 2.2 Limit of a Function and Limit Laws 65

At P(8, 1):
0 Slope of PQ =44 0 Slope of PQ =484
0,(9,0.5) 051 — 0.5 gal/day Q(7,1.4) LA = —0.6 galiday
0,(8.5,0.7) 0721 — 0.6 galiday 0,(7.5,1.3) 1;2—351 = —0.6 gal/day
03(8.1,0.95) 095105 galiday 03(79,1.04) LUl = 0.6 gal/day

Thus, it appears that the instantaneous rate of consumption at # =11is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at # = 3.5. Thus for P(3.5, 7.8)

0 Slope of PQ = % 0 Slope of PQ =25
11.2-7.8 _
0,(4.5,4.8) 4818 _ 3 galiday G(2.5,11.2) L2l =~ 3.4 gallday
10-7.8 _
0,(4,6) 46; 3 g =-3.6 gal/day 2,3,10) 3-35 —4.4 gal/day
0(3.6,7.4) 1418 — 4 galiday 03(34,8.2) 8278 = —4 gal/day

Thus, it appears that the rate of consumption at ¢ = 3.5 is about —4 gal/day.

LIMIT OF A FUNCTION AND LIMIT LAWS

(a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 () O (d) 0.5

(@ 0

(b) -1

(¢) Does not exist. As ¢ approaches 0 from the left, f(¢) approaches —1. As ¢ approaches 0 from the right,
f(¢) approaches 1. There is no single number L that f(¢) gets arbitrarily close to asz — 0.

(d) -1

(a) True (b) True (c) False

(d) False (e) False (f) True

(g) True (h) False (i) True

() True (k) False

(a) False (b) False (¢) True

(d) True (¢) True (f) True

(g) False (h) True (i) False
lim £ does not exist because = =% =1if x >0 and X =% =—1if x < 0. As x approaches 0 from the left, X
x—0 ¥ [x]  x x| —x [x]

approaches —1. As x approaches 0 from the right, = ] approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — 0.

As x approaches 1 from the left, the values of become increasingly large and negative. As x approaches 1

from the right, the values become 1ncreasmg1y large and positive. There is no number L that all the function

values get arbitrarily close to as x — 1, so lim —— 1 does not exist.
x—1 %

Nothing can be said about f(x) because the existence of a limit as x — x( does not depend on how the function
is defined at x;. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when x is
close enough to x. That is, the existence of a limit depends on the values of f'(x) for x near x,, not on the
definition of f'(x) at x; itself.

Copyright © 2018 Pearson Education, Inc.
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Chapter 2 Limits and Continuity

Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of
x—0

the value f(0) itself.

No, the definition does not require that / be defined at x =1 in order for a limiting value to exist there. If /(1) is

defined, it can be any real number, so we can conclude nothing about f(1) from lim f(x) = 5.
x—1

No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If
lim f(x) exists, its value may be some number other than f(1) =5. We can conclude nothing about lim f(x),
x—1 x—1

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

lim (x> -13)=(=3)>-13=9-13=—

x—-3
lim (—x2 +5x-2)=—(2)> +5(2)-2=—-4+10-2=4
x—2

lim 8(t = 5)(t—7) = 8(6—-5)(6—7) = -8
t—6

lim (x> —2x% +4x+8)=(-2)° —=2(-2)> + 4(-2) +8=-8-8-8+8=—16
x—-2

lim 2x+5 2245 _9_3
o2 =% 11=2) 3

i 8- =(8=5(3))(23) 1) =2 -1) =0 1) -2

lim 4x(x+4)” =4(- )(3(—%)+4)2=(—2)(—%+4)2 =(—2)(§)2=—§

x—-1/2

lim—2*2 __ 2¢2 _ 4 _4_1
Y2 VIH5y+6 (27 +5(2)+6 41046 20 S

hm 5- )3 =[5 (=3 = @) = ((8)”3) 2% —16

lim /2210 =4/42-10 =+/16-10 =+/6
z—4

3 __3 _3

lim ——= = =
h0 N3hH+T \BO)H+H I+ 2

lim M3ht4=2 _ i J5h+a=2 N5hd+d _ o Ghd-4 5h - lim 5 _ -
PN ho0 b kA2 o h(NSh+4+2)  h—0 h(Sh+4+2)  h—0 VShta+2  Ja+2
lim x5 = lim —2=2 —llm——#=L

rs5 X2=25 x5 (x+5)(x=5) 5 x+5 545 10

lim —*3 = lim —*3 = |jm L =-_L_=-1

3 A3 sy EOHD a3+ 2
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Section 2.2 Limit of a Function and Limit Laws

lim £H3510 = fiy WD) _ iy (o) =50 =7
x—=5 x+5 x—-=5 x+5 x—=5

. 2_ 7. . — -2 .

lim X°=7x=10 _ jjpy 020D _ iy (x-5)=2-5=-3
x—2 x—2 xX= x—2
lim 2 +t=2 =i +2)(t-1) =i t+2 _ 142 _ 3
(1 21 () @D+ gl 1+ 2

lim 2 +3t+2 = lim (#+2)(1+1) — lim 2 =142 _ 1
fse] P=t=2 s D) 2 —1-2 3

lim =24 = fim S92 o i 2=2-
x—-2 X +2x x—-2 X" (x+2)  x—>-2x

1
2

5)°+8y2 - lim V2 (5y+8) - lim Sy+8 _ 8 __1
y—0 34167 350 2 (3y*-16)  y0 3y°-16 162
— 1=x
lim £ =1 = lim xlznm(;x.ﬁ)zlim —Ll-
x—1 7 x—1 %7 x>y X T x—l X
L_*_L (x+1D)+(x-1)
lim S = fim D= fim (L) = lim = 2=
Y0 X Y0 x 10 \(x=D(x+D) x y—oo (D4 - -1

lim 21 = lim @ +D(+)u-1) _ lim @ +D)(+D) _ (A+D(1+D) _ 4
u—sl =1yl @ rut)@=1) oyl ultu+l L+1+1 3

3 _ 2 2

s V8 g (=2)(H2vH) s V42vid  _ 4+4+4 _ 12 _ 3
lim e lim - > = lim > =@® —2°%
v—=2 v =16 p2 (v=2)(v2)(v+4)  v—2 (v2)(vT+4)

lim 23 = fim — 3 _ iy 1

= lim A—=—1—=1
¥—9 ¥ 150 (a-d(Wx#3)  xoo Vxtd o436

Jim 4= iy 292 gy 2CHOQAY) x(244x)=42+2)=16

x—4 2—\/; x—4 2—\/; _x—>4 2—\/; x—4
, (x—l)(\/x+3+2) , (x—l)(\/x+3+2) .
x-l =lim —————L=lim(Jx+3+2)=v4+2=4
e 32yl (era-2)(342)  wml (934 lim )=V
Jx2+8-3 (“x2+8_3)(“x2+8+3) (x2+8)-9 (x+1)(x-1)
lim ¥ +1_ = lim = lim = lim
x—>-1 x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3)
= lim ==L =-2--1
xo—1x?4843 3 3
[2 15 4\.].2
lim NxPH12-4 _ lim ( v 4)( * +12+4) - lim (x*+12)-16 - lim —(=2DG+2)
x—2 X2 x—2 (x—z)(\/m+4) x—2 (x—2)(m+4) x—2 (X—Z)(m“‘)

= lim x+2 — 1

4 _1
x—2 241244 Vi6+4 2
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68 Chapter 2 Limits and Continuity

(x+2)(\/x2+5+3) (x+2)(\/x2+5+3) (x+2)(\/x2+5+3)
40. lim =2 = lim = lim : = lim ——
x—=-2 yx*45-3  x—-2 («/x2+5_3)(\/x2+5+3) x—-2  (x"+5-9 o2  (H2)(x=2)
= lim Vx?+5+3 \/—+3 __3
ey X2 4 2
2= [ s o) 4-(*-5) 2
41 lim =252 = lim = lim = lim J—x
x—-3  *F x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5)

x—-3 (x+3)(2+ x2—5) are 32+\/x - 2+\/—

ol . (4—x)(5+\/%)
42. iﬂs_mziﬂ(s_ o]
(4—x)(5+«/%)

(4—x)(5+m) ) (4—x)(5+x/%)
—im )

lim > >
x—4  25-(x"+9) x—4 16-x

5+yx?+9 _ 5+425 _ 5

= ig}‘ G iﬂ e 8§ 4
2
43. lim(2sinx—1)=2sin0—-1=0—1=—1 44, 1imsin2x:(lim sinx) =(sin0)> =0% =0
x—0 x—0 x—0
45. limsecx= lim L —=-—L_=1-1 46. lim tanx = lim X = sin0 _ 0 _
Y0 Y0 COSX cosO 1 Y0 Y0 COSX cosO 1

47. 1im ltxtsinx _ 1+0+sin0 _ 14040 _ 1

*—0 3cosx 3cos0 3

48, lim (x* =1)(2=cosx) = (0> =1)(2—cos 0) = (-1)(2=1) = (-1)(1) = -1

49. lim vx+4cos(x+ )= lim x+4- lim cos(x+m)=y-7+4-cos0=\/4—7 -1=J4-7
X—>—7T

X—>=7 X—>—7

50. lim \/7+sec X = \/hm(7+sec x)=_[7+ lim sec’x = \/7+se020 = \/7+(l)2 =22
x—0

x—0

51. (a) quotient rule (b) difference and power rules
(¢) sum and constant multiple rules

52. (a) quotient rule (b) power and product rules
(¢) difference and constant multiple rules

53. (a) lim f(x)g(x)=[1im f(x)} [lim g(x)}(s)(—z):—lo

(b) lim2f(x)g(x)= 2[ lim f(x)} [lim g(x)} =2(5)(=2) = —20
(©) lim [f(x)+3g(x)]= lim f(x)+3 lim g(x)=5+3(-2) =—1
X—cC f (x) l);f;); (x) X—cC

— xX—c¢ 5 —i
@ )11—>mc f(-gx) hmf(x) llmg(x) 5-(=2) 7
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60.
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62.

63.

64.

65.

(a)
(b)
(c)
(d)

(a)
(b)

(©)
(d)

(a)
(b)
(©

lim
h—0
lim

h—0

lim
h—0

lim
h—0

lim
h—0

h—>0

x—0

Section 2.2 Limit of a Function and Limit Laws

lirrz [g(x)+3]= lim g(x)+ lim 3=-3+3=0
lim xf(x) = hm X- hm f (x) (4)(0) 0

x—4
2
lim [g(x)]? =[lim g(x)} =[-3]* =9
x—4
lim g _ 11m Sl =3-3

g ST hm f(x) lim 1 0-1

i [/(0+g(0]= lim () im ¢(x)=7+(-3) =4

fim () g(x) = lim £ | lim g(x) |= (-3 =21

0= m 1] | 510 |=or09=2

Tim £(0)g(x) = lim /(o) Tim g =% =2

lim [p()+r (@) +3(]= m p()+ lim r()+ lim s(x)=4+0+(-3)=1

lim2 p(x)-r(x)-s(x)= [ limzp(x)} [ lim2 r(x)}[ lim2 s(x)} =(4)(0)(-3)=0

lim2 [-4p(x)+5r(x))/s(x)= [—4 lim2 p(x)+5 lim2 r(x):l/ lim2 s(x) =[-4(4) + 5(0))/ -

x——

2 12
(€ e PR 57 25/ W TR C.uiU N TR S A
0

h—0 h h—0 h—
2 2
OB _ iy Al =4 - fi 2G) _ = lim (h~4)=—4
h—0 h—0
BE-A-BQ)-4 _ o 36 _
h h—0 !
1 1

(G5 _ i 257 i 22C20) _ b 1

T m == ,}1_>0 i) - M G T4

ST _ o THANTINThAT) e

T h T 1 =1
QA T N o) i 7 Ny oty R it A oW R S e P e

«/3(O+h)+ ~30)+1 _ (\'3”+ 1)(Bari+1) o lim JGMDL o 3k iy 3
h_>0 H(\Bht1+1) 70 h(\BR+1H1) 10 A(N3R+IH) 0 V3h+H]

lim (2—x ) 2-0=2and hm 2cosx = 2(1) = 2; by the sandwich theorem, hm gx)=2

x—0

(a)

lim (1 —ﬁ) =1-%=1and lim 1=1; by the sandwich theorem, lim =X$inX_ —]
x—0 6 6 x—0 y—s( 2—2cosx
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lim \/5 2x% = \/5 2(0) =/5 and lim \/5 —x? = \/5 - (0)2 = \/g; by the sandwich theorem, lim f(x) = J5
x—0 x—0
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(b) Forx#0, y=(xsinx)/(2—2cosx) lies

. y
between the other two graphs in the figure, y = (x sin x)/(2 - 2 cos x) h(x) = 1
and the graphs converge as x — 0. ; A

0.5
) =1 - (°16)
-2 il 1 2 X
66. (a) lim (l - ﬁ) =lim 21— lim > =1 -0=1and lim 1 = 1. by the sandwich theorem, lim 1_0% =1
x—0\2 24 1502 02 2 20 02 2 x50 X
(b) Forall x # 0, the graph of f(x) =(1—cos x)/x2 y

lies between the line y = % and the parabola yol

T2

_1 2
y=5-x /24, and the graphs converge as T—
== 1 — cos x
x—0. Y E T
I |

67. (a) f(x)=(x*>-9)/(x+3)

=

x -3.1 -3.01 -3.001 -3.0001 —3.00001 —3.000001
S(x) -6.1 -6.01 -6.001 -6.0001 —6.00001 —6.000001
x -2.9 -2.99 —2.999 —2.9999 —2.99999 —2.999999
S (x) -5.9 -5.99 ~5.999 ~5.9999 -5.99999 ~5.999999

The estimate is lim f(x) =—6.
x—-3
(b)
Yy

fx)=(*=9)/(x +3)

(© f()=22=00 -y 3ifx-3, and lim (v-3)=-3-3=-6.

x——

68. (a) g(x)=(*-2)/(x-+2)

x |14 1.41 1.414 1.4142 1.41421  1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426
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Section 2.2 Limit of a Function and Limit Laws

(b)

NG

pd

2

x

2

8() = (-2l =~2)

2 x+2)(x—2
o e

= x+~2 if x#£4/2, and 1irf/1_(x+\/§)=\/§+\/5=2\/§.

x—2

69. (a) G(x)=(x+6)/(x>+4x—12)

x -5.9 -5.99 —-5.999 —-5.9999 —-5.99999  —5.999999
G(x) | —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
x -6.1 -6.01 —-6.001 —-6.0001 —-6.00001 _ —6.000001
G(x) | —.123456 —.124843  —.124984  —.124998 —.124999  —.124999
(b)
y
10
-6 2 s
-10
o G(x) = (x + 6)/(x* + 4x — 12)
_ x+6 _ x+6 __1 _ . D D R
() G(x)= Frax 12 " GrOGD) T 12 if x # -6, and x11>n36 5 =53~ g~ 0125
70. (a) h(x)=(x>—2x-3)/(x* —4x+3)
x 2.9 2.99 2.999 2.9999 2.99999  2.999999
h(x) | 2.052631 2.005025 2.000500 2.000050  2.000005  2.0000005
x 3.1 3.01 3.001 3.0001 3.00001  3.000001
h(x) [ 1.952380 1.995024 1.999500 1.999950  1.999995  1.999999
(b)
10 -
-: 1 3 *
]()\
20
hx) = (2= 2x = 32— dx + 3)
_ x2=2x=3 _ (x=3)(x+1) _ x+1 : : x+l _ 3+l _ 4 _
© A= 33 T G ~xa ¥ #3and lim SFr =1 =5 =

Copyright © 2018 Pearson Education, Inc.
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72 Chapter 2 Limits and Continuity

71 (@) f(x)=(7=D/(x[-1)

X -1.1 -1.01 -1.001 -1.0001 -1.00001 —1.000001
S| 21 201 2.001 2.0001 2.00001 2.000001

X -9 -99 -999 —.9999  —.99999 —.999999
S 1 1.9 1.99 1.999 1.9999 1.99999 1.999999

(b)

f&) =& =D/(xl -1

X

-1 1

. LD~y + 1, x> 0and x #1
() f(x)=%£== ,and lim (I-x)=1-(-1)=2.
i1 %zl—x,x<0andx#—l x—-1

72. (a) F(x)=(x>+3x+2)/(2—|x|)

x -2.1 —2.01 -2.001 —2.0001 —2.00001 —2.000001
F(x) | -1.1 -1.01 -1.001 -1.0001 —1.00001 —1.000001

x —1.9 —1.99 -1.999 -1.9999 —1.99999 —1.999999
F(x) |-9 -99 —-999 -9999  —-99999  —999999
(b) ,
20
> 3 *
—60 |-
F) = (2 +3x + 22— |x)
(x+2)(x+1) >0
X 4+3x+2 2-x - ;
(c) F(x)=+"~== ,and lim (x+1)=-2+1=-1.
2 GHDEHD _ v 1y x<0and x +-2 -2
2+x ’

73. (a) 2(0)=(sin0)/0

6 1 .01 .001 .0001 .00001 .000001
g(@) | 998334 999983  .999999  .999999  .999999  .999999

i -1 -.01 -.001 —.0001 —.00001 _ —.000001
g(@) | 998334  .999983  .999999 999999 999999 999999

lim g(@)=1
0—0
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(b)

74. (a)

(b)

75. (a)

(b)

—_ L

Section 2.2 Limit of a Function and Limit Laws

1 .
y= smT() (radians)

-57 —4m =37 =227 0

I/\IVJ/\I 0
™~2n 37 4w Sw

NOT TO SCALE

G(1) = (1-cos 1)/1*
t A .01 .001 .0001  .00001  .000001
G(¢) | 499583 499995 499999 5 5 5
4 -1 -.01 —.001 —.0001 -.00001 —.000001
G(t) | 499583 499995 499999 5 5 S
lim G(1)=0.5
t—0

Oi(l) _1 —;05 t

- 0.4

F0.3

0.2

F0.1
—ox)l()()} 1-0.01001 ()‘()i)()l : 0,0:)03

Graph is NOT TO SCALE
f(.x) — xl/(l—x)
X 9 .99 .999 .9999 199999  .999999
flx) | .348678 .366032 .367695 367861 .367877 .367879
X 1.1 1.01 1.001 1.0001 1.00001 1.000001
flx) | 385543 369711 368063 .367897 .367881 .367878
lim £(x) = 0.36788
x—1
x) = x 1/(x-1)

2.71825

€.9999 0.99995

2.71815

Graph is NOT TO SCALE. Also, the intersection of the axes is not the origin: the axes intersect at the

point (1, 2.71820).

X
1.000(13&0001

Copyright © 2018 Pearson Education, Inc.
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76.

77.

78.

79.

80.

81.

82.

Chapter 2 Limits and Continuity

@ [f(x)=0C"-Dix
x |1 01 .001 .0001 .00001 000001
fix) | 1.161231  1.104669 1.099215 1.098672 1.098618 1.098612

x -1 -.01 —-.001 —-.0001 —.00001  —.000001
flx) | 1.040415 1.092599 1.098009 1.098551 1.098606 1.098611

lim £ (x) =~ 1.0986

x—l1

(b)
lim f(x) exists at those points ¢ where lim x* = lim x%. Thus, ¢* =¢? = 2 a- cz) =0=c¢=0,1,or-1.
X—C X—C X—C
Moreover, hm f(x)= hm x> =0and lim f(x)= hm f(x)=1.
—0 x—-1

Nothing can be concluded about the values of f, g, and  at x = 2. Yes, f(2) could be 0. Since the conditions
of the sandwich theorem are satisfied, lim f(x)=-5#0.
x—2

L f-s _pmSelins  limsws .
1:)}2 2 - Tim x—Tim 2 =5 3;}Ef(x)_5:2(1):)}Eﬁf(x):2+5:7'
11m f(x) lim f(x)
(a) 1= lim —f(;) 5 :)H*24 = lim f(x)=4.
x—-2 X llr?zx o}
® 1= lim L;):[ lim &} [nm L}:{ lim M} (L)= tim L0-
x—>=2 X x—>-2 x—-2% x—-2 * -2 x—-2 7~

(@) 0=3-0= [1 At 5} [hm (x— 2)}—hm [(ﬂxf’z‘s)(x—z)}znm [£(x)=5]
2 2 X x—2

x—2

—hm f(x)- 5:>hm f(x)=5.

x—2

(b) 0=4-0= [ foj‘_) 5} [llm (x— 2)}:11111 £(x)=5 as in part (a).

(a) 0=1-0= [hm Sx )}

x—0 x?

That is, hm f(x)=0.

(b) 0=1-0= [hm Slx ’}

x—0 x?

lim x} [hm f(z)} [Hm xz}— lim [f(x) J— lim f(x).

x—0 x—0 X x—0 x—0 x—0

lim x} = lim / (f)-x] = lim 2% That is, lim £ =0

x—0 x—0L x x—0 * x—0

Copyright © 2018 Pearson Education, Inc.



83.

84.

Section 2.3 The Precise Definition of a Limit

(a) lim xsinl=0 y

x—0

(b) —-1< sinis 1 for x #0:
x>0=-—x< xsin% <x= lim xsin% = 0 by the sandwich theorem;

h(z) = 2% cos(1/z?)

-

75

x—0
x<0=—x>xsind > x= lim xsinL =0 by the sandwich theorem.
X x—0 x
. Yy

(a) lim x? cos(%) =0

x—0 X

|
(b) —1<cos L}) <1forx # 0= —x? < x” cos (L}) <x? = lim x? cos (%) = 0 by the sandwich theorem since
x x x—0 x
lim x% =0.
x—0

85-90. Example CAS commands:

2.3

Maple:
f=x->x"-16)/(x-2),
x0:=2;
plot( f(x), x = x0-1..x0+1, color = black,
title ="Section 2.2, #85(a)" );
limit( f(x), x =x0 );

In Exercise 87, note that the standard cube root, x*(1/3), is not defined for x<0 in many CASs. This can be

overcome in Maple by entering the function as f := x > (surd(x+1, 3) — 1)/x.

Mathematica: (assigned function and values for x0 and h may vary)

Clear([f, x]
fIx_J=(x> =x> =5x =3)/(x +1)°
x0=-1;h=0.1;

Plot[f[x],{x, x0—h, x0+h}]
Limit[f[x],x — x0]

THE PRECISE DEFINITION OF A LIMIT

1 ) x

ra
i s
Step 1: |x=5|<d=>-0<x-5<5=>-0+5<x<d+5
Step2: 0+5=7T=0=2,0r-0+5=1=0=4.

The value of 6 which assures |x - 5| <0 = 1< x <7 is the smaller value, 6 = 2.

Copyright © 2018 Pearson Education, Inc.



76

10.

Chapter 2 Limits and Continuity
—t— y—>x
1 2 7
Step 1: |x-2[<d=-0<x-2<F=>-0+2<x<5+2
Step2: —0+2=1=d=Lordo+2=7=9=5.
The value of & which assures|x—2|<5:1<x<7is the smaller value, 6 =1.
77§2:3 71?2 *
Step 1: |x— (3)|<5:> 5<x+3<5:> -6-3<x<6-3
Step2: —-0-— 3———:>5 or5 3———:>5 %
The value ofb Wthh assures|x (3)|<5:>—%<x<—%is the smallervalue,5=%.
“ ¢ t } > X
-L 3 _1
2 T2 T2
Step 1: ’x—( %)‘«5: S<xti<dm-5-3<x<s-3
Step2: —-0-=2= E:>§—2,or§—5= ;:>O—1
The value of & which assures’ —(—%)‘<5:>—%<x<—%isthe smaller value, 6 =1.
L Il ) x
49 12 an
Step 1: ‘x——‘<5:> 5<x—3<5:> 5+ <x<(5‘+1
. 1_4 1 1_4
Step2: -0+ —9:>§ 18,oré‘+2 7:6 14
The value of & which assures‘x——‘<§: 9<x< is the smaller value, & = 8
- 117 J'i } —> X
2.7591 3 3.2391
Step 1: |x=3|<d=>-0<x-3<5=>-0+3<x<I+3
Step2: —0+3=2.7591=6=0.2409,0r 6 +3=3.2391= 6 =0.2391.
The value of & which assures |x - 3| <0 =2.7591< x <3.2391 is the smaller value, & = 0.2391.
Step I: [x—5|<d=>-0<x-5<8=>-0+5<x<+5
Step 2:  From the graph, -0 +5=4.9=0=0.1,ord+5=5.1= 6 =0.1; thus 0 = 0.1 in either case.
Step 1:  |x—(-3)|<d=>-0<x+3<5=-0-3<x<6-3
Step 2:  From the graph, -0 -3=-3.1=20=0.1,or0-3=-2.9= 6 =0.1; thus 0 =0.1.
Step 1: |x-1|<d=>-F<x-1<S=>-0+I<x<d+]
Step 2:  From the graph, 5+1——:>§ 16,0r§+1—16:>§ 16,thus§
Step 1: [x=3|<d=>-0<x-3<5=>-0+3<x<+3
Step 2:  From the graph, -0 +3=2.61= ¢ =0.39, or § +3=3.41 = § = 0.41; thus 6 = 0.39.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:
Step 1:
Step 2:
Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit

x=2|<8=>-0<x-2<6=>-0+2<x<5+2
From the graph—5 +2=~/3 = 8 =23 =0.2679, or § +2 =+/5 = § =/5 -2 = 0.2361;
thus & =/5 - 2.

x—(-D|<d=>-F<x+1<F=>-0-1<x<o-1
From the graph, -6 —1=— \/—:5 */—2~01180r5—1—
thus5=%.

N|g

3 5= —2—f ~ 0.1340:

x-(-D|<F=>-0<x+l<d=>-0-1<x<o-1

Fromthegraph,—5—1=—%6:>5=—~077 0r5—1——2—5:> =0.36; thus5———036

’x——‘<5:> 5<x—l<é‘:> §+ <x<5+1

2
1_ ~ 1 _ =_1 _1
From the graph, 5+ =0= 2— 0.00248, 0r5+ 19925—1.99 )

1
T2 01 2
thus 0 = 0.00248.

(x+1)-5/<0.01=|x-4|<0.01= -0.01 <x-4<0.01=3.99 < x < 4.01
x-4|<6=>-0<x-4<5=>-0+4<x<5+4=6=00L.

|(2x=2)—(=6)| < 0.02 = |2x+4] < 0.02 = -0.02 < 2x +4 < 0.02
= —4.02<2x<-3.98=-2.01<x<-1.99
x=(2)|<6=-0<x+2<6=>-0-2<x<5-2=06=00L

’\/x+1—l‘<0.1:—0.l<\/x+l—1<0.l: 09<x+1<1.1= 081 <x+1<121

= -0.19<x<0.21
[x=0]< 6= -6 <x <8 Then, -5 =-0.19= & =0.19 or § = 0.21; thus, & = 0.19.

]&—l‘<01:> ~0.1<Vx-1<01=04<x<0.6=0.16<x<036
’x——‘<5:> 5<x——<5:>

Then —5+%= 0.16=>5=0.09 or 5+%= 0.36 = & = 0.11; thus & = 0.09.

’\/19—x—3‘<1:>—1<x/19—x—3<132<x/19—x<4:4<19—x<l6

=>-4>x-19>-16=>15>x>30r3<x<15
x=10[<6=-6<x-10<F5=-5+10<x<5+10.

Then-0+10=3=>0=7,0or0 +10=15= 0 =5; thus 9 = 5.

\/x—7—4‘<13—1<\/x—7—4<133<\/x—7 <5=9<x-7<25=16<x<32

X-23<8=>-0<x-23<5=>-0+23<x<5+23.
Then-0+23=16=>0=7,0r0+23=32=6=9;thuso =7.

—%‘<O.05:>—0.05<l—l<0.05:>O.2<i<0.3:>&>x>m orl <« x<s.
x 4 x 2 3 3

x—4<6=>-5<x- 4<5: —S+4<x<5+4.
Then 5+4—100r5 = oro+4=50rd=1; thusé'——
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78

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

Chapter 2 Limits and Continuity

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

’x2—3‘<0.lz—0.1<x2—3<0.132.9<x2 <31=29 <x<31
’x—\/g‘<53—5<x—\/§<53—§+\/§<x<§+x/§.
Then =5 +/3 =29 = =3 -+2.9 =0.0291, or §+/3 =/3.1 = 5 =+/3.1 = /3 = 0.0286;

thus 0 = 0.0286

524 <05=-05<? -4<0.5235 <% <452 35 <|a] < VA5 = VA5 <x <35,

for x near -2.

x=(-2)|<d=-0<x+2<8=>-0-2<x<d-2.
Then-0-2=-45=0=+45-2=0.1213,0r 6 —2=-+3.5=0=2—-+/3.5=0.1292;
thus 6 =v4.5-2=0.12.

(1)‘<01: 01<lilcolm—lala 0o 105 5 105 1010
]x (1)|<5:> §<x+1<5:> —O-l<x<o-1.
Then-6-1=- 35 oré 1=- 1135 llthusé':ﬁ

’(xz—5)—11‘<1:‘x2—16‘<13—1<x2—16<1215<x2<17:>x/§<x<\/ﬁ.
x-4/<8=>-0<x-4<5=>-0+4<x<d+4.
Then—-8+4=+/15=5=4—-15=0.1270, or § + 4 =17 = § =/17 —4 = 0.1231; thus
§=17-4=0.12.

’%—S‘Q: 1<120 5<1=>4<120 <6:4>m>6:30>x>200r20<x<30
]x—24|<§:>—§<x 24<6=> a+24<x<a+24.
Then-0+24=20=>0=4,0r0+24=30= 0 =6;thus = 0 =4.

|mx —2m| < 0.03 = ~0.03 < mx = 2m < 0.03= ~0.03+2m <mx <0.03+2m =2 - 0B < y <2 4 003,
x-2|<d=>-0<x-2<5=>-0+2<x<5+2.
Then -8 +2=2-003 — §-003 . 542=24003 — 5003 [, either case, § = 203

m m m m m
’mx—3m|<c:>—c<mx—3m<c:>—c+3m<mx<c+3m33—i<x<3+i
x-3|<d=>-6<x-3<F=>-0+3<x<5+3.
Then-0+3=3-<X=06=<, 0or0 +3=3+<= 06 =%.In either case, 0 = <.

m m m m m

(mx+b)—(ﬂ )<c:—c<mx—ﬂ<c:—c+ﬂ<mx<c+ﬂ3l—£<x<l+£.
2 2 2 2 m 2 m

’x——‘<5:> 5<x—5<5:>—§+ <x<d+d.
Then §+; :5 oré‘+1 1+ :>§=£.Ineithercase,§=£.
m m m

|(mx+b) = (m + b)| < 0.05 = —0.05 < mx —m < 0.05 = ~0.05+m < mx < 0.05+m

0.05 005

=1- <x<l4+22

m
]x—1|<6:> S<x-l<d=>-0+l<x<d+1.
Then-6+1=1- 005:5=%,0r5+1=1+%:>5 OVSS In either case, § = 203

m

lim 3-2x)=3-2(3)=-3
—3

X
Step 1:

(3-2x) = (=3)[ < 0.02 = ~0.02 < 6~ 2x < 0.02 = —6.02 < ~2x < ~5.98 = 3.01 > x > 2.99 or
2.99<x<3.0l.
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32.

33.

34.

35.

36.

37.

38.

39.

Step 2:

Section 2.3 The Precise Definition of a Limit 79

0<|x—3|<§:>—§<x—3<5:>—a'+3<x<a‘+3.
Then—-0+3=2.99=6=0.01, or6+3=3.01= 6 =0.01; thus o = 0.01.

lim (-3x—=2)=(-3)(-1)-2=1
x— -1
Step 11 [(=3x-2)~1/<0.03 = ~0.03 < -3x-3<0.03 = 0.01 > x+1>-0.01 = ~1.01 < x <~0.99.
Step2: |x—(-D|<d=>-6<x+1<d=>-0-1<x<o-1.
Then -6 —1=-1.01= 8 =0.01, or 61 =—0.99 = & = 0.01; thus & = 0.01.
lim 224 = fim 820D _ iy (v 42)=242=4, x£2
x—2 x=2 x—2 (x=2) x—2
Step 1 (%)—4‘<0.05:>—0.05<%—4<0.05:>3.95<x+2<4.05,x#2
=195<x<2.05, x+#2.
Step2: |x-2[<F=-0<x-2<8=>-0+2<x<5+2.
Then-8+2=1.95= 6 =0.05, or & + 2 =2.05 = & = 0.05; thus & = 0.05.
2
lim XH6x45 = fiy GO i (1) =4, x £ 5.
x—-5 X3 x—-5 (x+5) x—=5 ( )
Step 1: (M)—H) <0.05= —0.05<O*D 4 4 0,05 = -4.05<x+1<-3.95, x#-5
x+5 (x+5)
= -5.05<x<-4.95, x #-5.
Step2: |x—(-5)|<=>-F<x+5<6=>-0-5<x<5-5.
Then-0-5=-5.05=0=0.05,0r0 —5=-4.95= 6 =0.05; thus o = 0.05.
lim 1-5x = \1-5(-3) =/16 = 4
x— -3
Step 1: ]\/1—5x—4‘<0.5:>—0.5<\/1—5x ~4<0.5=3.5<-5x <45 =12.25<1-5x < 20.25
= 11.25<-5x<19.25 = —3.85 < x < 2.25.
Step2: |x—(-3)|<d=>-0<x+3<5=>-0-3<x<5-3.
Then -0 -3=-3.85=0=0.85,0ord —3 =-2.25=0.75; thus 6 = 0.75.
lim4=4=2
x—2 % 2
. 4 4 4 10 10 10 10 5 5
Step 1: ;—2‘<0.43—0.4<;—2<0.4:1.6<;<2.4:>R>§>ﬁ27>x>?0r§<x<5.
Step2: |x-2[<d=-0<x-2<F=>-0+2<x<5+2.
_5 521 _5s5=1. _1
Then—§+2—3:5—3,or§+2—2:5—2,thus§—3.
Step 1: |[(9-x)—5|<e=>—e<d-x<e=—e-4<-x<e-4=e+d4>x>4-c=>4-c<x<d+e
Step2: |x-4/<F=-0<x-4<5=>-0+4<x<5+4.
Then-0+4=—-+4=0=¢,0or0 +4=€e+4 = O =e¢. Thus choose 0 =¢.
Step1: |Bx=7)-2|<e=—€<3x-9<e=9-€<3x<9+e=>3-L<x<3+E.
Step2: |x-3|<d=>-6<x-3<F=>-0+3<x<+3.
Then—§+3=3—§3§=§,or5+3=3+§:>§=§.Thuschoose§=§.
Step 1: ’\/x—5—2‘<6:>—6<\/x—5—2<e:>2—6< x—5<2+c =>(2-e)} <x-5<(2+¢)
= (2-€+5<x<(2+€)*+5.
Step2: |x-9|<d=>-0<x-9<F5=-6+9<x<F+9.

Then -5 +9 = €2 —4e+9:>5=4e—62, or §+9=¢>+4c+9= & = de + 2. Thus choose the smaller

distance, & = 4¢ — 2
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40. Step 1: ’x/4—x—2‘<e:>—e<\/4—x—2<632—e<\/4—x<2+e :(2—6)2<4—x<(2+e)2
= -2+e) <x-4<-(2-¢) = -2+e)} +d<x<-(2-¢)* +4.
Step 2: ’x—0|<§:>—§<x<5.
Then—§=—(2+e)2+4=—ez—46:5=4e+62,or§=—(2—e)2+4=4e—ez.Thuschoosethe

smaller distance, 0 = 4¢ — e

41, Stepl: Forx#1[x? = <e=—e<? l<e= I-e<a? <l+e = Vime <[x]<fT+e

=>+l-€e<x<+l+4+€nearx=1.
Step2: |x-1|<d=>-F<x-1<S=>-F+l<x<d+l.

Then-6+1=+l1-e =>d=1-+1-¢,0ord+1=+1+€ = § =+/1+¢ —1. Choose
d= min{l—\/ l1-€,V1+¢ —1}, that is, the smaller of the two distances.

42. Stepl: Forx#-2,

x2—4‘<€:>—6<)€2—4<€:>4—€<X2<4+6:> 4—¢ <|x|<«/4+e:>— d+e<x

< —+/4—€ near x = 2.

Step2: |x—(-2)|<F=-0<x+2<F=>-0-2<x<-2.
Then -6 —2=- 4+e:5=x/ﬁ—2,or§—2=— 4—¢=>8=2-+/4—¢. Choose
5:min{\/m—2,2—\/n}.

43. Step 1: H—l‘<e:> —e<lol<e=l-e<d <1+e:>$<x<llf

Step2: |x—1|<5= S<x-1<5=1-5<x<I+s.

Then1- 5_—:5_1———— orl+6=-L ==L —1=—-,
1+e  1+4€ —€ 1-€ 1—€
Choose § = -5, the smaller of the two dlstances
I N § _ L_l 1_ L 1 1-3¢ L 1+3e
44. Stepl: | F-3|<e=>-e< 3<e:>3 €< F<zte=>Fo<5
3

=

2.3 < [3 [3 [3
R il 5 OF T <X <y, forx near /3,
Step 2: ’x—\/g‘<§:>—§<x—\/§<§:>«/_—§<x<\/_+5.
Then\/§—5=4/ﬁ3§=\/§—4/ﬁ,or\/§+§= ﬁjé‘:‘/l}}e_ﬁ'
— i [3 [
Choose 6 = mln{\/g Vi3 Vi —\/3}

45. Step 1: (x;+3) (=6)

Step2: |x—(-3)|<d=>-0<x+3<5=-0-3<x<5-3.
Then-0-3=—-€-3=d=¢,0r0-3=e—-3= 0 =c.Choose 0 =e.

<e=>—e<(x-3)+6<e,x#-3=>-€<x+3<e=>-€-3<x<e-3.

46. Step 1:

x2—1) )

x—1

<e=m—e<(x+])-2<e x#l=>l-e<x<l+e

Step2: |x-1|<d=>-6<x-1<F=>1-0<x<1+0.
Thenl-0=1-e=>d0=c,orl+0=1+¢ = O =¢. Choose O =e.

47. Step1: x<1:|(4-2x)-2|<e=0<2-2x<esince x <1.Thus,1-5<x<0;
x21:|(6x-4)-2|<e=0<6x—6<esince x> 1. Thus, IS x <1+,
Step 2: ]x—l|<é‘:>—é‘<x—1<§:l—é‘<x<l+é‘
Thenl-d=1-£=0d=F, orl+5=1+¢=J=¢. Choose 6 = ¢
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49.

50.

51.

52.

53.

54.

55.
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Step 1: x<0:[2x-0]<e = - <2x<0=>-5<x<0;
<e=>0<x<2e
Step 2: ]x—0|<5z—5<x<5

Then 5———:>§ £,0r0 =2e =0 =2¢. Choose J =

By the figure, —x < xsm L < x forall x>0and—x > xsm L > x for x < 0. Since lim (-x) = hm x =0, then by
x—0 —0

the sandwich theorem, in either case, lim xsind = 0.
x—0

2<y? sm L < x? forall x except possibly at x = 0. Since lim (—x )= lim x> =0, then by the

x—0 x—0

By the figure, —x

sandwich theorem, lim x?

sinl=0.
x—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a o >0
such that 0 <|x 0| < & = |g(x)— k| <.

Write x = A +c. Then0<|x—c|<5(:)—(>'<x—c<5,x#c(:)—§<(h+c)—c<(>',h+c#=c<:>—5<h<§,

h#0&0<|h-0/<d.

Thus, lim f(x) = L < for any € > 0, there exists 6 > 0 such that’f(x)—L| <e Whenever0<|x—c| <de
X—C

|f(h+c)—L| < e whenever 0<|h—0/<& < lim f(h+c)=L.
h—0

Let f(x) = x?. The function values do get closer to —1 as x approaches 0, but lim f(x) =0, not—1. The
x—0

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

Let f(x)=sinx, L= l ,and x = 0. There exists a value of x (namely x = E) for which ’smx ——‘ < e for any

given € > 0. However lim sinx =0, not 5 L The wrong statement does not require x to be arbitrarily close to Xg-
x—0
1

As another example let g(x) = sm— L= 2 , and x; = 0. We can choose infinitely many values of x near 0 such

that sin% — as you can see from the accompanying figure. However, lim sm L fails to exist. The wrong
x—0
statement does not require all values of x arbitrarily close to x; = 0 to lie withine >0 of L = Agam you can

see from the figure that there are also infinitely many values of x near 0 such that sm— 0. If we choose € < %

we cannot satisfy the inequality ’sm— - —‘ < e for all values of x sufficiently near x, = 0.

2 2
|A—9|so.01:—0.01s;z(§) ~9<0.01= 8.9 <™-<9.01=4(8.99) <x” <£(9.01)

=2 % <x<2 % or 3.384 < x <3.387. To be safe, the left endpoint was rounded up and

the right endpoint was rounded down.
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I=
\Y2
=
\Y2
I=

56. V=RI=>Y _1:‘——5‘<01:> ~0.1<120-5<0.1=49<120 <515 1
- (12‘?1(10) <R< “22)9(10) — 23.53< R<24.48.

~
©
—
)
S
W
=

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

57. (@) —0<x-1<0=>1-6<x<1= f(x)=x.Then|f(x)-2|=|x-2|=2-x>2-1=1.Thatis,
|f(x) 2|>1> nomatterhowsmallb1stakenwhen1—§<x<1:>hm f(x)#2.

(b) 0<x-1<d=1<x<1+8= f(x)=x+1.Then|f(x)-1=|(x+1)- 1|—|x|—x>1That1s |f(x0)-1]=1
no matter how small ¢ is taken when 1 < x <1+ = hm f(x)#1.

() -0<x-1<0=>1-6<x<1l= f(x)= xThen|f(x) 15| |x-1.5=1.5-x>15-1=0.5.
Also,0<x-1<d=1<x<1+8= f(x)=x+1. Then|f(x)-1.5=|(x+1)-1.5] =[x -0.5]

=x—-0.5>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6<x—1<dbut|f(x)-1.5| z%: lim f(x)#1.5.
x—1

58. (a) For2<x<2+8= h(x)=2=|h(x)-4|= > ¢ whenever 2 < x < 2+ ¢ no matter

how small we choose § > 0= lim A(x) # 4.
x—2

(b) For2<x<2+8=> h(x)=2=|h(x)—-3|=1.Thus fore <1,|h(x)—3| = ¢ whenever 2 < x < 2+ no matter

how small we choose d >0 = lim A(x) # 3.
x—2

(¢) For2-0<x<2=h(x)= x50 ’h(x) - 2| = ‘xz - 2‘. No matter how small ¢ > 0 is chosen, x? is close to 4

when x is near 2 and to the left on the real line = ‘xz - 2‘ will be close to 2. Thus ife <1, |h(x) - 2| >e€
whenever 2 — 6 < x < 2 no matter how small we choose § > 0= lim Ah(x) # 2.
x—2

59. (a) For3—-8<x<3= f(x)>4.8=|f(x)—4|>0.8. Thus fore <0.8,|f(x)—4|> e whenever3—& < x <3 no
matter how small we choose d > 0= lim f(x) # 4.

X—>
(b) For3<x<3+8= f(x)<3=|f(x)-4.8/=1.8.Thus fore <1.8,|f(x)—4.8| > ¢ whenever3<x <3+45
no matter how small we choose 6 > 0 = hm f(x)#4.8.
—3

(¢) For3—-d<x<3= f(x)>48=|f(x)- 3|>1 8. Again, fore <1.8,|f(x)—3| = ¢ whenever 3-8 < x <3 no
matter how small we choose d > 0= lim f(x) # 3.
x—3

60. (a) No matter how small we choose ¢ > 0, for x near —1 satisfying —1 -9 < x < -1+ 9, the values of g(x) are
near 1 = |g(x) - 2| is near 1. Then, fore = % we have |g(x) - 2| > % for some x satisfying—1-0 <x <-1+9,
or0<|x+1| <d=> lim g(x) #+2.

(b) Yes, lim g(x)=1 because from the graph we can find a > 0 such that ’g(x) 1| <eif0< |x (- 1)| <d.

x——1

61-606. Example CAS commands (values of del may vary for a specified eps):

Maple:
f=x > (x4-81)/(x-3);x0:=3;
plot( f(x),x=x0-1..x0+1, color=black, #(a)
title="Section 2.3, #61(a)" );
L = limit( f(x), x=x0); # (b)
epsilon :=0.2; #(c)

plot( [f(x), L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)");
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q = fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); #(d)

delta = abs(x0-q);

plot( [f(x),L-epsilon, L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do #(e)

q = fsolve( abs( f(x)-L ) = eps,x=x0-1..x0+1);

delta = abs(x0-q);

head := sprintf ("Section 2.3, #61(¢)\n epsilon = %5f, delta = %5f\n", eps, delta );

print(plot( [f(x), L-eps, L+eps], x=x0-delta..x0+delta,

color=black, linestyle=[1,3,3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear(f, x]

yl:=L—eps; y2:=L+eps; x0=1;

flx I:= (3x2 —(7x+DSqrt[x]+5)/(x -1)

Plot[f[x], {x, x0—-0.2, x0+0.2}]

L: = Limit[f[x], x — x0]

eps =0.1;del =0.2;

Plot[{f[x], y1, ¥2}, {x, x0 —del, x0+del}, PlotRange — {L —2eps, L +2eps}]

ONE-SIDED LIMITS

(a)
(e)
(1)

(a)
(e)
(1)
(a)
(b)
(©)
(d)

(a)
(b)
(©)
(d)

(a)
(b)
(c)

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True () False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

lim f=2+1=2, lim f(x)=3-2=1

No 11m f(x) does not ex1st because lim f(x)# lim f(x)

x—2* x—2"
hm f(x) 4+1_3 hm f(x)= 4+1_3
x—4"
Yes, 11m f(x)= 3because3— lim f(x)= hm f(x)

x—4"

lim f(x)=;=1, lim f(x)=3-2=1,f(2)=2
Yes 11m f(x)—lbecausel— lim f(x)= lim f(x)

x—2" x—2
hm f (x)=3-(-1)=4, lim f (x)=3-(-1)=4
x—-1" x——1F
Yes, hm1 f(x)=4because4= lim f(x)= lim f(x)
X—= x—-1" x—-1"

No, lim f(x) does not exist since sm( ) does not approach any single value as x approaches 0

x—0*
lim f(x)= lim 0=0
x—0" x—0"
lim f(x) does not exist because lim f(x) does not exist
x—0 x—0*
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8.

10.

11.

13.

Chapter 2 Limits and Continuity

(a) Yes, lim+ g(x) =0 by the sandwich theorem since —Jx< g(x) < Jx when x>0
x—0

(b) No, lim g(x) does not exist since Jx is not defined for x <0

x—0
(¢) Yes, lim g(x)= lim g(x)=0 since x=0 is a boundary point of the domain
x—0 x—0*
(a) (b) lim f(x)=1= lim f(x)
y x—=1 x—lt
L y={x3, x#1 (c) Yes, )1(1_>m] f(x) =1 since the right-hand and left-hand
0, x=1

! limits exist and equal 1

(a) (b) lim f(x)=0= lim f(x)
. ={ 1-2 x21 x—1* x—17
- 2. x=1
Lo (¢) Yes, lim1 f(x) = 0 since the right-hand and left-hand
X—
/\ limits exist and equal 0
oA N 2
—1F
ok
3+
(a) domain:0<x<2 Ni-x2, 0<x<I
range: 0 < y<land y=2 y={1  lsx<2
(b) lim f(x) exists for ¢ belonging to (0, 1)U (1, 2) L x=2
X—C 2+ L]
(c) x=2
(d x=0

11»\—0
1
(a) domain: —eo < x <o A

range: —1< y <1
(b) lim f(x) exists for ¢ belonging to

(=o0, ~1) U (=1, U1, =) PO

(c) none
(d) none

x, -1<x<0or 0<x<1
,\‘={l, x=0
0, x<-lorx>1

: +2 _ [=0.5+2 _ [3/2 _ : -1 _ /11 _ —
lim (552 =535 =35 =3 12 lim (25 = {5 =10 =0

x——=0.5" x—l1*

im, (s5) (2] = () (G725 )@ ()=

x—-2"
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) (5)-(5) (5 (5)-C2) ) (3)-

x+6

14. lim (Ll) ( N
(h*+4h+5)-5

x—1"
15, i S (mﬁj (WI j lim
h—>o+ h 2 +an+5+45 ) ho* h(m+ﬁ)

h—0"
h(h+4) __0+4 _ 2

= lim = =
h—0* h(m+x/§) Jsels s

16. lim 652 +11h+6 \/5h2+11h+ (I—J5h2+11h+ J (\@+\/5h2+11h+6j
h—0" h—>0‘ J6+V5h2 +11h+6
—h(5h+11)

_—(0+1D) _ 11

26

— 2 .
6-(S>+11h+6) .

= lim ——2—
h—0~ h(\/g+\/5h2+11h+6) h—0~ h(JE+\/5h2+11h+6) Jo++/6

(x+2) for x> -2)

17. (a) lim (x+3)‘ ‘: lim (x +3)3+2) (x+2 =
x—-2" (x+2)
_lim (r43) = (L2)+3) =1

x—-2%

(b) lim (x+3)2) B im (e 3)[ (”2)} (42| = —(x +2) for x < -2)
PENES —-2" (x+2)
~Tlim (43l =—(=243) =
x—-2"

(et (x—1/= x—1for x> 1)

. A2x(x-1) T
18. (a) xh_>rr11+ 1] —xgr_r11+ (x-1)
= lim 2x=+2
x——1"
(b) lim Y22GD _ jipy N2xGD) (x—1=
x—1- ‘_1‘ x—1- —(x—l)
= lim —2x=-2
x—1"

—(x=1 forx<1)

sin x| .
‘. ‘zhm Smx—hm 1=1
sinx _>0+ SI: _>0+

, then sinx >0, sothat lim
x—0*

19. (a) If0<x<
SILX = im —] =1

(b) If _”<x<0 then sinx <0, so that lim M= lim =2

x—0~ SIMX - SO x—0"

20. (a) If 0<x<Z, then cosx<1, sothat lim 1=€0X — |jy —l=cosx Izcosx — iy 1=1
0" ‘cosx—l‘ o* —(cosx—1) 0" 1-cosx 0t

(b) If £ <x<0, then cosx<1, sothat lim €S = Jim —€OSX=l = fim —=—]
0 lcosx—1] - —(cosx=1) T
20, (@) tim =32 ) lim -2
03" 3 o3 ¢ 3
(b) liIZl_ (t—LtJ)=4—3=1
t—

22. (a) tnx?+ (t-|t])=4-4=0

siny20 _ i, sinx _ (where x =~/26)

23. lim
6—0 20 x—0 ¥
(where 0 = kt)

lim sinkt _ lim ksinkt _ lim ksin @ =k lim sin @ =k-1=k
6—0 6—0 ¢

24,
t—0

t—0
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
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lim S037 = L jjgy 3803V _ 3 pjppy SIN3Y _ 3 fippy sind _ 3 (where 6 = 3y)
o0 440 3y 40 3 4pn0 00 4

lim —2_= lim (l- 3h )=l lim —L =1/ 1 _|=1.g=1 (where 0 = 3h)
0~ sin3h o0~ \3 sin3h 350" (s1;12h) 31 lim % 3 3

60"

lim tan2x _ lim (S;ns%:) = lim sin2x =(hm 1 ) (hm 2Sin2x):1‘2:2

x—0 ¥ x—0 x—0 xcos2x x—0 €08 2x x—0 2x

lim =L =2 lim —-— =2 lim 8L = (limcost) L_1=2.1.1=2

t—0 tan t—0 (Smt) t—0 S t—0 lim S0

cost t—0 !

ia XCSC2X _ ;i x .1 —[ Ly 2x : 1 1
)12}) cos5x if})(sinbc cosSx) (Ziﬂ) sin2xj ()}E}) cosij ( )(1)

lim 6x2 (cot x)(csc 2x) = lim -6x cosx_ 3.1.1=3
x—0 X

0 sin xsin2x = lim (3cosx

0 sinx sin 2x )

lim Xtxcosx _ hm( _x xcosx )_ ( X 1 ) X
10 Sinxcosx . 7on \sinxcosx ' sinxcosx /) .o \sinx cosx/ .y sinx

= lim | -1 |- lim (=) + lim D)+1=2
_)0[512)(J x—>0(°°”) 0[5‘““] O

2 : .
iy X —xtsinx _ q; x_1 1(sinx\\_—no_Llily=
if}) 2x hm(z 2+2( x )) 0-2+71M=0

lim 1z€os@ — 1im (I-cos@)(I+cosb) _ 4 1-cos® 8 : sin® &

osp 520 gl (2sinfcosO)(ItcosB) g (25infcosO)(I+cos6) ;1_)0 (2sin Bcos B)(1+cos )

_ sin @ 0 _
= hn}) GeosO)(l+c0sd) ~ @) ~ 0

x(l-cos x) 1—cos. 1 {im (Lzcosx 1
lim X=xcosx _ [iy, XU=cosx) _ . 922 _ 1 ox _ 9x4>0( x ): 7 _
.2 .2 ) . 2 . 2 2
x—0 sin”3x x—0 sin“3x x—0 sin”3x x—0 (M) lim (M) 1
9x2 3x x—0\ 3¥
lim 220280 _ iy S0 _ | since 6 =1~ cost — 0 ast — 0
1—0 17e0st  p s
. h
lim &H;l)— lim S‘gg—lsmcee—smh—)OaSh—)O
h—0 S 6—0
sinf _ sind 20\ _1y; sinf, 20 \_1.1.1=1
éIHO sin 260 th})(smza 2(9) 2;12})( sin2¢9) 2 11 2
s sinSx _ sinSx 4x 5)_ 5 1; sinSx,_4x \_5.1.1=5
)12}) sin4x_x_>0(sin4x S5x 4) 4)121)( 5x sin4x) 4 11 4
lim fcos@=0-1=0
-0
lim sin@cot 26 = lim smﬁcosz‘g = lim sin§=—=<2820 _ — cos26 _
60 60 n26 0—0 2sinfcos @ 9H02cos¢9 2
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42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

Section 2.4 One-Sided Limits 87

lim tan3x _ (
Y0 sin8x >0 \CO83x sin8x

=3 lim (L) (s2) (B ) = dp11 =2

cos3x sin8x 3x 8

sin3x 1 )= lim (sin3x 1 8x 3)
x—0

8 150 \cos3x 3x sin 8x 8 8
lim sin3ycot5y _ - lim sin3ysin4ycos5y - lim sin3y sindy cos5y 345y
=0 ycotdy =0 ycos4ysinSy y—0\ Y cos4y sinSy 345y
T sin3y sin4y Sy cos5y (ﬂ)_ 12_12
= lim 3y 4y sin5y ) \cos4y 5 =1-1-1-1 575
y—0
0 con0 in Osin 30 in0\ (sin36 3
tan : cos & : Sin &'sin : sin sin
m —47— = lim = lim =11m( )( )( ) 11(—)=
6—0 6% cot360 6—0 6> cos30 6—0 67 cosBcos30 9—0 4 30 00590053‘9 ( )( ) 11

sin 36
lim —fcotdd  _ y; Hgfjjig 1 O cos4Osin? 20 - lim Hcos46(25in6?cos¢9)2 - lim 0 cos 46(4sin’0cos>0)
6—0 sin?cot?20 0—0 sin’0 cos; 20 90 sin?60cos?20sin 40 6—0 sin?6 cos>20sin 46 9—0 sin’6 cos>20sin 46
sin“ 26
— lim 46 cos 40 cos>0 - lim ( 46 ) cos46cos’0 - lim cos46cos’0 _ (l) (i) —1
O—0 cos’20sindd  g_( \sin4d cos?26 0—0 Smw cos?20 1\ 1
s 1-c083x _ 13,4 1—c0s3x  1+cos3x _ 1; 1—cos®3x  _ 1; sin’3x  _ 3 .sin3x ,_sin3x
ii% x )1{)1}) 2x l+cos3x 50 2x(I1+cos3x) — 1 _y0 2x(1+cos3x) li% 2 3x  l4cos3x
— 3 .sinf,_sind _3 —
91113) 2 0 l+cos® ( )(1+1) 0 (where §=3x)
. 2 = . (cosx—1) . cosx(cosx—1) +1 . cosx(cos2 x—1) . cosx~(—sin2 X)
lim €OsTX—COSX _ |jp; 08X = lim L LOSXEL — = lim
x—0 X x—0 X x—0 x cosxtl -y S0 x¥(cosx+l) x50 x7(cosx+l)
— 1 _sinx  sinx,_cosx 1 -1
- hm{ X X cosx+1} (1)(1) T+~ 2

Yes. If lim f(x)=L= lim f(x),then lim f(x)=L.If lim f(x)# lim f(x),then lim f(x)does not
x—a’ x—a x—a x—a® x—a x—a
exist.

Since lim f(x) = L if and only if 11m f(x)=L and lim f(x)=L, then 11m f(x) can be found by

xX—c x—ct x—=c~
calculating lim f(x).
+

X—C

If fis an odd function of x, then f(—x) = —f(x). Given 1im+ S(x)=3,then lim f(x)=-3.

x—0 x—0

If fis an even function of x, then f(—x) = f(x). Given lim f(x)=7then lim f(x)=7.However, nothing
- x—-2"*

can be said about lim f(x) because we don’t know llm 1 (x).
x—=2" x—2"

1=(55+8)=5<x<5+8.Also,/x-5<e=x-5<€e® = x<5+¢>. Choose § =e’= lim +/x—5=0.

x—5t

[=(4-8,4)=4-5<x<4 Also,d—x <e=4—x<e’ = x>4—¢>.Choose § =¢’= lim ~/4—x =0.

x—4"
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53.

54.

55.

56.
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Chapter 2 Limits and Continuity

As x — 0 the number x is always negative. Thus, <e=>

_ix+ 1‘ < e = 0 < e which is always true

D

independent of the value of x. Hence we can choose any ¢ > 0 with—d < x <0 = lim ﬁ =-1.
x—0"

Since x — 2% we have x > 2 and|x—2| = x—2. Then, i—j—l‘ = %—1‘ < e = 0 < e which is always true so
long as x > 2. Hence we can choose any 0 >0, and thus2<x <2+ = ‘i_z‘ —1{<e. Thus, lim ‘i_g‘ =1.
B x—=2"

(@) lim | x | =400. Just observe that if 400 < x < 401, then | x | = 400. Thus if we choose & = 1, we have for
x—400

any number e > 0 that 400 < x < 400+6 = | x |- 400| =|400-400| =0 <.

(b) lim |x|=399.Just observe that if 399 < x <400 then| x | =399. Thus if we choose & = 1, we have for
x—400~

any number e > 0 that 400 — 5 < x < 400 = | x |-399| =[399-399| =0 <.

(¢) Since lim |x]|# lim |x]|weconcludethat lim | x |does not exist.
x—400* x—400~ x—400

(a) lim+ f(x)= lim+ Jx =0 =0;‘\/;—0‘ <em—e<x<e=0<x<é for x positive. Choose & = €2
x—0 x—0

= lim f(x)=0.
x—0*
(b) lim f(x)= lim x?sin (i) = 0 by the sandwich theorem since x> <x’sin (i) < x? forall x #0.
x—0" x—=0" * *

Since ’xz —0‘ = ‘—xz - 0‘ = x* < ¢ whenever |x| < \/g, we choose § = /e and obtain ’xz sin (%) - 0‘ <e
if-0<x<0.
(c) The function f'has limit 0 at x,, = 0 since both the right-hand and left-hand limits exist and equal 0.

CONTINUITY

. No, discontinuous at x = 2, not defined at x =2

No, discontinuous at x =3,1= lim g(x)# g(3)=1.5

x—3

Continuous on [—1, 3]

No, discontinuous at x =1, 1.5 = lim k(x) # lim+ k(x)=0

x—l x—1
(a) Yes (b) Yes, lim f(x)=0
x——1"
(c) Yes (d) Yes
(a) Yes, f(1)=1 (b) Yes, lim1 f(x)=2
(c) No (d) No
(a) No (b) No

[-LOoO)yu(O,Hud,2)u(2,3)

f(2)=0,since lim f(x)=-2(2)+4=0= lim f(x)
x—=2" x—2*
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10.

11.

12.

13.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Section 2.5 Continuity

£ (1) should be changed to 2 = lim f'(x)
x—l1

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=1and lim f(x)=0).
x—1 x—1~ x—1*

Removable discontinuity at x = 0 by assigning the number lim f(x) =0 to be the value of f(0) rather
x—0
than f(0) =1.

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=2and lim f(x)=1).
x—l x—1" x—1*

Removable discontinuity at x = 2 by assigning the number lim f(x) =1to be the value of f(2) rather than
x—2
f(2)=2.

Discontinuous only when x—2=0= x=2 14. Discontinuous only when (x + 2)2 =0=>x=-2
Discontinuous only when X —4x+3=0= (x-3)(x-1)=0=>x=3o0rx=1

Discontinuous only when x> -3x-10=0= (x=5(x+2)=0=>x=50rx=-2

Continuous everywhere. (jx — 1]+ sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x|+1 # 0 for all x; limits exist and are equal to function values.)

Discontinuous only at x =0

Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7z, i.e., 2x = nz, n an integer = x = 2Z | 5 an integer, but
continuous at all other x.

Discontinuous when % is an odd integer multiple of Z, i.e., % =(2n-1)Z, naninteger = x =2n—1,n an

integer (i.e., x is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Continuous everywhere since =1 <sinx <1=0< sin? x<1=1+sin? x> I; limits exist and are equal to the

function values.

Discontinuous when 2x+3 <0 or x < —% = continuous on the interval [—%, oo).

Discontinuous when3x—1< 0 or x < % => continuous on the interval [%, oo).

1/3

Continuous everywhere: (2x —1)"~ is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)l/ 3 is defined for all x; limits exist and are equal to function values.

(x=3)(x+2)

. . . 2_ — .
Continuous everywhere since lim =26 = [im —

x—3 73

=lim (x+2)=5=g(3)
x—3

Copyright © 2018 Pearson Education, Inc.
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90 Chapter 2 Limits and Continuity

30. Discontinuous at x =—2 since lim f(x) does not exist while f(-2) =4.
x—-2

31. Discontinuous at x =1; lim (x +2)=3, but lim e* =e, so that hm f(x) does not exist while f(1)=e¢;
x—l* x—1"

and lim (I-x)=1= lim ", sothat lim f(x)=1= f(0)
x—0

x—0" x—0*

32. Discontinuous at x=In2, since 2—e* =0=>e* =2=>e* =In2=>x=In2

33. lim sin(x—sinx) =sin(xz —sin z) = sin(zz — 0) = sin z = 0, and function continuous at x = 7.
X—T

34, lim sin(% cos(tant)) = sin(%cos(tan(O))) = sin( cos(O)) = sm( ) =1, and function continuous at¢ = 0.
t—0

35. lim sec(y sec? y— tan’ y—1)=lim sec(y sec? y- sec? y)=lim sec((y—1) sec? y)=sec ((1-1) sec? )=
y—l y—l y—1
sec0 =1, and function continuous at y =1.

36. lim tan [%cos(sin X3 )] = tan [% cos(sin(O))J = tan(% cos(O)) = tan(%) =1, and function continuous at x = 0.
x—0

\/_

37. i —Z __|=
tl_% COS|:«/19—3 sec 2t j|

, and function continuous at ¢ = 0.

T
0S| ——= |[|=COS—== COS—
[1/19—3 sec 0} \/16 4

38. lim \/csc x+53tanx = \/csc (E)+5ftan( ) 4+SI(L) Jo = 3, and function continuous
x—Z 6 V3

6

atng.

39. lim sin (% e‘/;) = sin(%eo) =sin (%) =1, and the function is continuous at x = 0.
x—0*

40. lim cos™! (ln \/;) =cos’ (ln \/_) =cos’ (0) l, and the function is continuous at x = 1.

x—1

41, g)=22 =L _ 43 123 ¢(3)= lim (x+3)=6
X (x-3) x—=3

(t+5)(t 2)

42. h(f)= f+3f 10 _ t+5t#:2:h(2)—11m(t+5) 7

_ P45+ (s-D) _ _S +s+1 ,s#l= f()= hm (s +s+1) 3
K 2

43, f(s)=5=

1 (s+D(s-1)

__x*16  _ (D) _ x4 +4)_8

4. gl = x;_3x_4 = i) i X FA= ()= hm ())Cc+1) 5

45. Asdefined, lim f(x)= (3)2 —1=8and lim (2a)(3) = 6a. For f(x) to be continuous we must have
x—3" x—3"

4

6a=8:>a=§4
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As defined, lim g(x)=-2and lim g(x)= b(—2)2 =4b. For g(x) to be continuous we must have
x—-2" x——2"%

_ __1
4h=-2=b=-1.

As defined, lim f(x)=12 and lim f(x)= a2(2) —2a=2a” - 2a. For f(x) to be continuous we must have
x—2" x—2*

12=2a*-2a=a=3ora=-2.

As defined, lim g(x)= g;+11) = b__+b1 and lim g(x)= (0)2 +b =b. For g(x) to be continuous we must have
x—0" x—0*

-b _ _ _
m—b:b—Oorb——Z

As defined, lim f(x)=-2and lim f(x)=a(-1)+b=-a+b,and lim f(x)=a(l)+b=a+b and
x—-1" x——1" x—1

1im+ f(x)=3.For f(x) to be continuous we must have 2 =—a+banda+b=3=a =% and b = %

x—1

As defined, lim g(x)=a(0)+2b=2band lim g(x)=(0)*>+3a—b=3a—b,and lim g(x)=(2)* +3a—b=
x—0" x—0" x—2"

4+3a—band 1im+ g(x)=3(2)-5=1.For g(x) to be continuous we must have 2b =3a—-b and4+3a-b=1=

3 ap
a=—§andb=—5.
The function can be extended: f(0) = 2.3. 52. The function cannot be extended to be continuous at
y x =0.1If £(0) = 2.3, it will be continuous from the

right. Or if f(0) = —2.3, it will be continuous from

“/ the left.
2.4
10° — 1 7

2.2 f(x)=
5 S—— v
/ X ) _ IOI'I !
0.1 <0.05 0.05 0.1 X 1 f(@=—3
1.8
0.1 -0.05 0.05 0.1 e
-1
/——'—ZT
The function cannot be extended to be continuous ~ 54. The function can be extended: f(0) = 7.39.
at x =0.1If £(0) =1, it will be continuous from the y
right. Or if f(0) = -1, it will be continuous from
the left. 73 f(x)=(1 +2x)tx
y -
7.3
bt 7.2
0.5 ~0.01 -0.005 0.005 o0.01 X
-0.1 -0.05 0.05 0.1 X
-0.5

' _ sinx
sy =
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60.
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f(x) is continuous on [0, 1]and £(0)<O0, f(1)>0=
by the Intermediate Value Theorem f(x) takes on
every value between f(0) and /(1) = the equation
f(x) =0 has at least one solution between x = 0
andx=1.

cosx=x=> (cosx)—x=0. Ifx=—%, cos(—%)—(—%)>0. Ifx=%, cos(%)—%<0. Thus cos x —x = 0 for

Z and % according to the Intermediate Value Theorem, since the function cos x — x is

some x between — >

continuous.

Let f(x) = X —15x+ 1, which is continuous on[—4, 4]. Then f(-4)=-3, f(-1) =15, f(1) =-13, and f(4) =5.
By the Intermediate Value Theorem, f'(x) = 0 for some x in each of the intervals -4 < x < -1, -1<x <1, and
1< x <4. That is, x> —15x +1 = 0 has three solutions in [-4, 4]. Since a polynomial of degree 3 can have at
most 3 solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x— a)2 (x —b)2 + x is continuous for all values of x,
so it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value Theorem,
a+b a+b

since a < o< b, there is a number ¢ between a and b such that F(x) = 3

Answers may vary. Note that /" is continuous for every value of x.

(a fO)y=10, f(1)= P - 8(1)+10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a ¢ so
that0<c<land f(c)=7.

(b)) f(0)=10, f(-4) = (—4)3 —8(—4)+10 =-22.Since —22 < —/3 <10, by the Intermediate Value Theorem,
there exists a ¢ so that -4 < ¢ <0 and f(c) = 3.

(¢) f(0)=10, £(1000) = (1000)* —8(1000) +10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ <1000 and f(c) = 5,000, 000.

All five statements ask for the same information because of the intermediate value property of continuous
functions.
(a) Arootof f(x)= X =3x-lisa point ¢ where f(c)=0.

3 crosses y =3x+1 have the same y-coordinate, or y = X =3x+1= f(x)=

(b) The point where y = x
X —3x-1=0.

(©) X -3x=1=x

(d) The points where y = x> =3x crosses y =1 have common y-coordinates, or y = X -3x=1= f(x)=
X —3x-1=0.

(e) The solutions of x> =3x—1=0 are those points where f(x) = x> =3x—1 has value 0.

3 _3x—1=0. The solutions to the equation are the roots of f(x) = X3 =3x-1.

% is discontinuous at x = 2 because it is not defined there.

Answers may vary. For example, f(x) =
However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

Answers may vary. For example, g(x) = ﬁ has a discontinuity at x = —1 because lim g(x) does not exist.
x—-—1

[ lim g(x)=—-ccand lim g(x)= +°°.j

x—-1" x——1"

Copyright © 2018 Pearson Education, Inc.



63.

64.

65.

66.

67.

68.

69.

70.

Section 2.5 Continuity 93

(a) Suppose x; is rational = f(xy) =1. Choose € = % For any ¢ > 0 there is an irrational number x (actually
infinitely many) in the interval (xy —J, x5 + d) = f(x) =0. Then 0 <|x — xq| < J but | f(x) — f(xp)| =

1> 1— €,50 lim f(x) fails to exist = f is discontinuous at x rational.
X=X,

On the other hand, x, irrational = f'(x) = 0 and there is a rational number x in (xy — &, x5 +0) = f(x) =1.

Again lim f(x) fails to exist=> f"is discontinuous at x, irrational. That is, fis discontinuous at every point.
X=X

(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (xq —J, xg) or

Xg, Xy +0) there exist both rational and irrational real numbers. Thus neither limits lim x) and
0> 0
X—>Xq

lim f(x) exist by the same arguments used in part (a).
x—x5

Yes. Both f(x) =x and g(x) = x—% are continuous on [0, 1]. However S

E ; is undefined at x =% since

S(x) : : _1
g(z) 0= ()1sdlscont1nu0us atx=-.

No. For instance, if /(x) =0, g(x) =[x, then 4(x) = 0([ x|) = 0 is continuous at x = 0 and g(x) is not.

Let f(x)= ﬁ and g(x) = x+1. Both functions are continuous at x = 0. The composition fog = f(g(x)) =

(x+11)_1 =% is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be continuous

at g(0), which is not the case here since g(0) =1and f'is undefined at 1.

Yes, because of the Intermediate Value Theorem. If f'(a) and f'(b) did have different signs then fwould have
to equal zero at some point between a and b since f'is continuous on [a, b].

Let f(x) be the new position of point x and let d(x) = f(x) —x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x,

which is then in its original position.

If £(0)=0or f(1) =1, we are done (i.e.,c =0 or ¢ =11in those cases). Thenlet /(0)=a>0and f(I)=b<1

because 0 < f(x) <1. Define g(x) = f(x)—x = g is continuous on [0, 1]. Moreover, g(0) = f(0)—0=a >0 and
g()= f(1)-1=b-1<0= by the Intermediate Value Theorem there is a number c in (0, 1) such that

2(c)=0= f(c)—c=0or f(c)=c.

Lete ‘f( ) > 0. Since f'is continuous at x = ¢ there is a § > 0 such that ‘x c| <o=> |f(x) f(c)| <e
:>f(0)—6<f(X)<f(C)+6
If f(¢)>0, thene =1 f(c) = 3 f(¢) < f(x) < 3 3 f(¢)= f(x)>0 on the interval (¢ - &, ¢ +6).

Iff(c)<0,thene———f(c):>3f(c)<f(x)<2f(c):>f(x)<00nthe1nterval(c J,c+9).

f(c)-e

Copyright © 2018 Pearson Education, Inc.



94 Chapter 2 Limits and Continuity

71.

X—C

By Exercise 52 in Section 2.3, we have lim f(x)=L &

lim f(c+h)=L.
h—0

Thus, f(x) is continuous at x =c < lim f(x) = f(¢c) }}imo flc+h)= f(c).

72.

By Exercise 71, it suffices to show that lim sin(c + /) =sinc¢ and lim cos(c + /) = cosc.
h—0 h—0

Now lim sin(c+ /) = lim [(sin c)(cos h)+(cosc)(sin h)] = (sin c)( lim cos hj + (cos c)( lim sin h)
h—0 h—0 h—0 h—0

By Example 11 Section 2.2, lim cos 2 =1 and lim sin # =0. So

h—0

h—0
continuous at x = ¢. Similarly,

lim sin(c + /) =sinc and thus f(x) =sinx is
h—0

lim cos(c+ /) = lim [(cosc)(cos i) —(sinc)(sin /)] = (cos c)( lim cos hj —(sin c)( lim sin hj = cosc. Thus,
h—0 h—0 h—0 h—0

g(x) =cosx is continuous at x = c.

73. x=1.8794,-1.5321,-0.3473 74. x=1.4516,-0.8547,0.4030
75. x=1.7549 76. x=1.5596
77. x=3.5156 78. x=-3.9058,3.8392,0.0667
79. x=0.7391 80. x=-1.8955,0,1.8955
2.6 LIMITS INVOLVING INFINITY; ASYMPTOTES OF GRAPHS
1. (a lim f(x)=0 (b) lim f(x)=-2
x—2 x—-3"
(¢) lim f(x)=2 (d) lim f(x)=does not exist
x—=3" x—3
(e) lim f(x)=-1 (H)  lLm f(x)=+e
x—0* x—0"
(g) lim f(x)=does not exist (h) lim f(x)=1
x—0 X—>o0
(i) lm f(x)=0
X—y—oo
2. (a) lim f(x)=2 (b) lim f(x)=-3
x—4 x—2"
(c) lim f(x)=1 (d) lim f(x)=does not exist
x—2" x—2
() lim f(x)=+co () lLim f(x)=+e
x—-3" x— =3
(g) lim f(x)=+oo (h) lim f(x)=+oo
. xﬁ—3 x—0"
(i) lim f(x)=- () lim f(x) = does not exist
x'—>0 x—0
(k) lim f(x)=0 D) lim f(x)=-1
X—>00 X—>—oco

Note: In these exercises we use the result lim —L

X—>too X

Theorem 8 and the power rule in Theorem 1: lim
x—t oo

3. (@) -3
4. (@) 7@
5 (@ 3

min

= 0 whenever % > 0. This result follows immediately from

X

()771

/ m/n
= tim (4" =] fim L] =0""=0
+ x x—too ¥ ’
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

(@ 1 ® &
@ -3 b -3
@ 3 ® 3

—Lgsin2x < 1 - [y $iN2X — () by the Sandwich Theorem
x X X Yoo

—L<ceosO o L |im <980 — () by the Sandwich Theorem

30 30 30 O—s—co 30
2_4(sint
lim 2—t+sint _ lim 2 1+( i ) — 0-1+0 _ -1
f—soo [FCOSI f—so0 1+(%") 1+0
lim 5-LF8I0C = |im = [im 50 =1
fseo 27 t7=5sinr 2+%_5<snr1r) oo 210-0 2
(@) lim 223 = lim 2y =2 (b) 2 (same process as part (a))
oo OXFT 5+ 5 5
3 2+( 73)
() lim 527 = lim ——> =2
x—00 X" =X"+x+7 x>0 1‘;‘*‘7‘*‘*3
X X
(b) 2 (same process as part (a))
1,1
. . 2
(a) lim );—“ = lim = =0 (b) 0 (same process as part (a))
x—00 X743 x—oo 1‘*‘*2
X
3,7
. . 2 2
(@) lim 337 = [im = =0 (b) 0 (same process as part (a))
x—o0 X°=2 x—o0o 1+?2
. 3 .
(a) lim 37+ = lim % =7 (b) 7 (same process as part (a))
x—>o0 X" =3Xx°4+6X x oo 1—?4’7
X
9x*+ i 9 9
a) lim XXX = lim < == b) 2 (same process as part (a
@ X0 20 45XP X 46 xyeo 2+ 514G 2 (b) 2 ( p part (2))
X X X
100 +xt 431 ; %+%+%
(a) lim : = lim = 0 (b) 0 (same process as part (a))
X—>o0 X X—oo
: 3 2 . -1 . —
(@) lim S41=2 = [im 722X~ — oo gince x " — 0 and x +7 —> o,
X—oo X —x-1 X—yoo 1=X —x
. 3 2_ . _2y7 ! . —
(b) lim $FIX=2= im 22X = o gince x — 0 and x+7 — —oo.
X——oo X —x—1 X——o0 1=X" =X
. 7552 . _3 . -
(a) lim 3x#5x°=l o fjmy 32450 =2 — o5 since x " — 0 and 3x* — oo,

Yoo 6X°=TX43  yyoo 6=Tx 24+3x7°
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Chapter 2 Limits and Continuity

. 4,013 . _
(b) lim M lim 33X 455 =" — o5 gince x " — 0 and 3x* — oo,
Ys—oo 6X°=TX+3  x—3—o00 67X 243x7

3 -2 -5 . _ .
(a) lim M lim % =—oo, since x " —0, 5¢0 oo, and the denominator — —4.
X—o0 3Hx— 4x° X—oo 3x T4+x -4

. _ . 39249575 . - .
(b) lim W = lim % = oo, since x " — 0, 5x° — —oo, and the denominator — —4.
X——oo ItX—4Xx X—>—o0 X T+x -

29.

30.

31.

32.

33.

34.

35.

8—3 _3
lim 353 = lim |- = [lim —= = [80 = /4=
x—oo ¥ 2X°+X  x—oo 2+; X—>o0 2+; 2+0
1/3 1/3
1/3 1+1-L 1411
lim (x2+x—1) - lim x 2 - lim x 2 _ (1+0_0)1/3 _ (l)l/3 _1
x——o0 \ 8x%-3 x—oo | 8 oo 8= 8-0 8 2
X
5 L—x > Lx 5 5
hm(lx):hm = | =| lim "27 —(0+—°°) — oo
X——oc0 \ X -7x X——oc0 x X—>—oo 1 - 1-
5 1.5 1.5
2 X 2
lim |25 = fim |2 = fim = 00 _ [y
X—>o0 x3 +x-2 X—>o0 1+x%—x% X—>oc0 1+X%—x% 1+0-0
2 1 2
; - : (W}F(T) . . [ 12 )H
lim 2\4;—“7‘: lim ~—~=2=0 28, lim 2 = i =-1
x—so0 T X—yo0 X Y00 23X x—300 ( 12/2 j_l
X
35
lim Sadx _ lim lim

({a
L U-3) ! [,2/15) -1

X—>—oc0 \/—+\/— X—>—o0 1+x(1/5)7(1/3) X—>—o0 1+( 1

1
X+—
. -1, 4 . 2
lim S5 = lim —-=c
X—po0 X X X—oo 1T
Vs5_ 1 7
258 B 47 L9715 7 8/5

lim = lim =0
xosoo X 3xkx xsee I 33/5+ 11710

1543
%/;—5)64—3 _ 1 x2/3 X
—_— = m —F—=
213_4 241 _4

X—=eo ST U3 x

lim

_5
X—>—o0 2X+X 2

ol g AP VO e VIR0
+1

lim = h Hm N xe GEDE %w (+1/x) — (140)

x—o0

T N . o N Jisa?

x_) w X _)_w (r41)/ e x _)_m (x+1)/(=x) x_m( 1=1/x) (—1—0)

(x— 3)/\/72 . (x-3)/x

X3 = lim lim = lim

lim

Copyright © 2018 Pearson Education, Inc.
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36.

37.

39.

41.

43.

45.

46.

47.

49.

51.

52.

53.

54.

55.

43x

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

(4-3x%)Wx® )/x/—

lim = lim
mmon X049 xoem X019
1 _ positive
xlgf)h 3 (positive)
. 3 positive
xlinzlf 2 (negative)
2x _ negative
lln';ng 8 ( positive )
4 _ o positive
7 (x=7)° positive
: 2 _
(a) 111’1’1+ 5=
x—0" 3x
; 2 _
(a) lll’n+ 5 =
x—0" X
lim — = lim —%5 =
x—0 % x50 (JCI/S)2

lim tanx=oo

G

lim (1+csc)=—oo

-0~

N 1 (415°+3) _ (043) _
xs—oo \J(x049)/x® o 90 AIH0

40. lim L =
x—3* X

42. lim X = o

SNPS 2x+10
4. lim 51— =
x—0 x7(x+1)
. 2 _
(b) llmi T3
x—0~ 3x
. 2 _
(b) lim —£z=-oo
x—0" X
48. lim —L- = lim ——=
x—0 X3 x—0 (X1/3)2
50. lim secx=oo
+
(F)

lim (2—cotfd)=—-cand lim (2-cotf) = oo, so the limit does not exist

6—0" 6—0"
; 1 _ 1 1 —
@) x1;n21+ ¥4 XILHZL (x+2)(x-2) (pOSitive pOSitive)
; 1 1
®) xlle— 4 11)1121 +2)(x-2) (posmve negative)
im L= lim 1
© xgr_nzt x"—4 xglflf (x+2)(x-2) (pOSitive negative)
. 1 . 1 —
(d) xgr_nz— x2—4 hm_ (x+2)(x=2) (negative negative)
3 X _ 1 positive
@ xh—>nllJr 21 hn]l+ (x+l)(x 1) (pOSlthe posmve)
1 PR positive
®) xh_>n11* -1 xh_>nllf (X+1)(X n - (pOSitive negative)
. T negative
© xgr_nlt -1 xgmi* (x+1)(x 1] == (pOSitive negative)
3 X _— 1 negative
(d) xgrfll— -1 E}ml_ (x+1)(x 1) = (negative negative)
. 2 .
@ tim (S-1)=0+ fim Lo (L]
=0t X x—=0t ¥ negative

Copyright © 2018 Pearson Education, Inc.
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negative
positive
positive

negative
negative

negative
positive-positive
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56.

57.

58.

59.

60.

61.

62.

(©

(d)

(©
(d)

(b)
(©
(d)
(©)
(a)
(b)
(©
(d)

(e)

(a)

(a)

(a)
(©

(a)

Chapter 2 Limits and Continuity

. 2 .
lim (x——l)=0+ lim L =o ( L )
0™ 2 x 0~ X positive
2 2/3
(1) 223 1 413 13 _
lim (7 ;)—T =2 -2 =0
x—/2 2
2
i x__1)_1_(1)_3
xhj‘}l(z x) 2 (—1) 2
li x2-1 o positive (b) lim x2-1 = e
eyt 2xt+d positive yy_n- 2x+4
lim x2-1 = 1i (x+D(x=D _ 2.0 =0
TS 2x+4 T 2x+4 2+4
2
x -1 _ -1
x1i>o* 2xt4 4
) v . .
. X2=3x+2 _ s (x=2)(x=1) _ negative-negative
xli>n3+ r-2x2 _xll)n(}r ¥ (x=2) = positive-negative

¥ =3x+2

: . —2)(x—1 . _

lim 73042 = fim DO - jim a5lod )
x—>2+ x'=2x x_)2+ X (x—2) X—>2+ X

L2 , ) (x— o

llm #: hm wz hm x_21=%’x¢2
x—2~ X' —2x y—2~ X (x=2) x—2" X

2 (=) (x— o
x—2 x'-2x x—=2 x°(x-2) x52 x
lim x23—3x+2 - lim (x—22)(x—1) o (negzlit-ive-negat-ive)
x—0 x"=2x x—=0 x"(x-2) positive-negative
lim x2_3—x+2= lim (x=2)(x-1) — 1 (x=1) __1 _1
r—o2t Boax st x(x=2)(x+2) st x(x+2) 2(4) 8
lim 2 3x42 = lim C) ol VT =D _ o negative
X2t Xo—dx oy ot X)L Hr x(x+2) negative-positive
lim 23542 _ iy G2DGD o (oD ( negative )
Xm0 X-dx g y0m XmD)(H2) e x(x+2) negative-positive
lim 223042 iy 020D _ o oD 0
ot Odx gt X)) T x(x+2) T (D)
x=1 _ _ negative

0t X(xt2) positive-positive

and lim x=1  _ o negative
0™ x(x+2) negative-positive

so the function has no limit as x — 0.

1 _3 = —c0 1 -3 = oo
lim |22 | ©) tim |2

lim L%w]:w (b) lim L%w}:—w
t—0" t—0~

l. ; + 2 =0 b 1 1 + 2 = oo
ng)l+ |:x2/3 (x_1)2/3:| (b) xg{)l_ ‘:xm (x_1)2/3

lim | d-+—2 _[=o @ lim |21 +—2 |=co
st 213 (x_1)2/3 ol 23 (X_1)2/3

lim | L. -——1 —oo b) lim | -L ——1 -
Jim, Lm PR } () lim | S5~
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69.

70.

71.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 99

: 1 1 . 1 1
(¢) lim [———} = —oo (d) lim {———} =-
e I sl IS
__1 =_1
y= x-1 64. y x+1
y y
1 -
I Tox+1
x=-1 E N
T X
. !
=_1 - =3
V= 2xra 66. y =173
y y
10 o =3 :
b 1 YEI3 ix=3
! M T ) *
H 5t !
x=-2, : X
L . :
4 3~—2 -1 o 1 2 ‘
; st !

68.

3x°

domain = (—eo, «0); y in range and y=4+i OS%<3 and lim - .

S, =3= range =[4,7); horizontal
x“+1 X + x—>too X+

asymptoteis y=7.

gxl; if x=0, then y=0, lim gxlzo,
X = X—>Foo X7 —

lim 2% =+co, and lim —2*-=-c0; lim —2*=co and lim -2
x—olt X1 x—1” -1 x——1" x° -1 x——1" ¥ -1

asymptote is y =0; vertical asymptotesare x=-1, x=1

domain = (—eo, —1)U (=1, )U(], e); yinrange and y =

=—co = range = (—oo,o0); horizontal

domain = (—eo, 00); y inrange and y = i_ei ; if x=1In8§, then y=0, —1< 2__61 <4, lim % =-1, and
+e +e

X0 2+e€

lim 8¢ =4— range = (—1,4); horizontal asymptotesare y=-1, y=4
X—>—o0 2+¢*

Copyright © 2018 Pearson Education, Inc.



100 Chapter 2 Limits and Continuity

. . X, 2x X, 2x . X, 2x
72. domain = (—eo, 0); yinrange and y=24¢+¢_ |<dete 4 |im 4¢*€ -] and
x 2x x 2x x 2x
e +e e +e Y—o0 € +e

: 4¢* +e**
lim =¢*e—

X——oco € te

=4 = range =(1,4); horizontal asymptotes are y=1, y=4

2 2 2
73. domain = (—o,0)U(0, o); yinrange and y = xx+4, if x>0, then 1<XT+4, lim XT“‘:oo, and

2 2 2 2
lim X+ = 1. if x<0, then —W;“ <-1, lim xx+4 =—c0, and lim Y *t—-_1—
X—>o0 x—0"

range = (—oo,—1) U (1,00); horizontal asymptotes are y =—1, y =1; vertical asymptote is x=0

X—>—oc0

74. domain = (—e0,2 )U(2, oo); yinrange and y = f , lim x =+4oo, lim ;‘3 =—co, lim x

3 =1, and
x"=8 5ot x°-8 x—2~ x° =8 x—too X =8

;‘3 . # 1 = range = (—oo, 1) U (1,o0) ; horizontal asymptote is y =1; vertical asymptote is x =2
O

75. Here is one possibility. 76. Here is one possibility.

1 1 X

|
(=]
- <
I
=
K
M
7}
|
L
|
i
'
i
i
'
i
i
N W .
T T T d
F
=

1
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

81. Here is one possibility. 82. Here is one possibility.

y y
h(x) = = x#0 . 4 j |

k(x)=1- -

A
1] * 1 I 1 X

4 2 h 4 6
-1 2+
4

83. Yes. If lim L& E ; 2 then the ratio the polynomials’ leading coefficients is 2, so lim A

x—o0 & x——oo X

84. Yes, it can have a horizontal or oblique asymptote.

S _
5 2 as well.

101

85. Atmost 1 horizontal asymptote: If lim S E ; = L, then the ratio of the polynomials’ leading coefficients is L,
x—o0 8
so lim L% = L as well.
X—>—o0 g(x)

86. lim (Vx+9-vx+4)= lim |:\/x+ ~Jx+4 H x+90yx+d } lim (20t
X—>o0

X—>00 X—yo0 x+ +Vx+4 X+9+/x+4

= lim

= lim —2 — =09
RS PN vy x—>w1/1+%+1/1+% T
87. lim (\/x +25—/x% - )— lim [\/x +25 —/x? }[ X2 +25+ } M
x—>oo

X—yo0 X—yo0 X +25+ X425+ x% -1

= lim —=>——

x—00 \[x%+25+x% -1 x—>oo [1+25 -1 -
2 2
88. lim (\/x2+3+x)= lim [x/x2+3+xH—“2+3‘X}= lim &) oy 3

X—>—oo X—>—o0 X——oo  \x"+3-x x—>—c0 \x?+3—x

= lim —2—= lim ——=--=0

x——oo [+ = x—o—oo [l+-3 41 1+1

2 2
89. lim (2x+\/4x2+3x—2)= lim [2x+\/4x2+3x—2]{m}= lim 4¥)-@xH3x-2)
X—>—o0 2x—\/4x2+3x—2

X—>—00 X—>—0°
—3x+2
. _ . V2 . -
= lim 3+\/L= lim #: lim ﬁ
oo —£X S L —oco £X_ 2 £
X——00 2x—\4x +3x-2 x—>— (2 4+x 2 xX—= —x 4+x 2

3-2 3-0 3
— x _3-0 _
= lim = =-3

X——co —2— \/4+3 -2 22

90. lim ( 9x2—x—3x)= lim [ 9x2—x—3xH—V9x2—x+3X}= lim X020 _ oy
VOx2—x+3x x—o0  \9x%—x+3x x—00 \9x2—x+3x

X—>00 X—>00
X

= lim * = lim ——=-L=-1

X—>o0 \/9x2_i+37x X—o0 9— +3 3+3 6
2
X X

Copyright © 2018 Pearson Education, Inc.



102 Chapter 2 Limits and Continuity

91. lim (\/x2+3x—\/x2—2x)= lim [\/x2 +3x—\/x2—2x} { X +3x+yx’— } (x +3x)=(x*-2x)

X—>00 X—>o0 x +3x+ X +3x+\]x —2x

= lim Sx = lim =5 _5

X—>o0 \/x +3x+\/x —2x X0 1+ +,/1- 1+1

2 2
92. lim VxZ +x—vVx*—x = lim [\/x2+x—\/x2—x][ X tatvx _X}— lim CP-(ox) = lim —=*
x—>00 X—oo Vi2+x+Vx?—x | x—ee VxP+x+Vxi—x  x—eo y/x? +x+\/x —x

= lim

x—)oo\/: \/T Eh

93. For any € > 0, take N =1. Then for all x > N we have that|f(x)—k|z|k—k|=0<e.
94. For any € > 0, take N =1. Then for all y < —N we have that|f(x)—k|:|k—k|:O<e.

95. For every real number —B < 0, we must find a & > 0 such that for all x, 0 < |x - 0| <d=> _—21 <-B.
X

2 _1 1
Now, ——< -B<0e L s>B>0x" < (:>x<— Choose 8 =, then0 < |x|< 8 = |x| <L
x? X2 B | | JB’ | | | | JB
:>—< —B so that lim _L2=_oo_
x? x—0 X

96. For every real number B > 0, we must find a & > 0 such that for all x, 0 < |x - 0| <= l > B. Now,

L>B>O<:)|x|<i.Choose5 Then0<|x O|<(5:>|x|< == >Bsothat11m— oo,
B B H x—0 P

97. For every real number —B < 0, we must find a 0 > 0 such that for all x, 0 < |x —3| <o=> > <—B.Now,

(%=

o 3)2 <-B< 0(:)(x_23)2>B>0<:>(x23) <L <:)(x 3’ <2 (:)O<|x 3 < \/7Choose§ %,then
0<|x-3]<8=—25<-B<0so that lim 2 = —oo,
(x 3) x—3 (x— 3)
98. For every real number B > 0, we must find a 6 > 0 such that forallx,0<|x—(—5)|<5 :>( 15)2 > B.
X+
Now,ﬁ>3>0@(x+5)2<l<:>|x+5|<ﬁ.Choose§=ﬁ.Then0<|x—(—5)|<5

= o0

:>|x+5|<L:> > B so that lim -
VBT (x +5) Ys—5 (x+5)

99. (a) We say that f(x) approaches infinity as x approaches x; from the left, and write lim f(x) =-oo,
X=Xy
if for every positive number B, there exists a corresponding number d > 0 such that for all x,
-d<x<xy= f(x)>B.
(b) We say that f(x) approaches minus infinity as x approaches x;, from the right, and write 11m f(x)=—o0
X—xg

if for every positive number B (or negative number —B) there exists a corresponding number ¢ > 0 such
that for all x, x) <x <xy+J = f(x) <-B.

(c) We say that f(x) approaches minus infinity as x approaches x; from the left, and write lim f(x) = —oo, if

X=Xy

for every positive number B (or negative number —B) there exists a corresponding number o > 0 such that
forallx, xg—d <x<xg = f(x)<-B.

100. For B>0, =~ >B>O<:>x<1 Choose 0 = Then0<x<§:>0< x<113:> > B so that lim 4 =0,
x—0*

Copyright © 2018 Pearson Education, Inc.



Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 103

101.ForB>0 L<- B<0(:>—— B>0<:>—x<é<:>—%<x.Choose5=%.Then—5<x<0:>—%<x
: <—B so that lim 1= —oo,
x—>07x
102. For B> 0, L —B@—L>B <:>—(x—2)<L<:>x—2>—%<:>x>2—i Choose§=%.
Then 2 — a<x<2:> é‘<x 2<O:>—%<x 2<0:>—2< —B <0 so that lim ﬁ=_°°'
x—2"

103. For B>0, 1> >B & 0<x-2<1L. Choose § =+ Then 2<x<2+5=0<x-2<5=0<x-2<+

:>—>B>0 so that lim Lz=oo.
x—>2 =
104. For B>0and 0<x<l,—5>B e 1- <l L & (1-x)(1+x) <% Now X <1 since x < 1. Choose & < 5.
.X
Thenl-d<x<1= ()<x 1<0=>1- x<5<—:>(1 x)(1+x) <L (“2')‘)<t1?:>1 >> B for 0 < x<1land
—X

x near 1 = lim —L
x—l™ I=x

=09,

2

105. y="2—=x+1+

S

e e

~_ T

S
T

N
g
|
N
T

2
_x’-
107. y =+— 108. y = 2x+4 2 2x+4
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104 Chapter 2 Limits and Continuity

=
n
|

[N

<

B
N
T

[ \C ) S

115. (a) y — oo (see accompanying graph) y
(b) y — oo (see accompanying graph)
(c) cuspsatx =21 (see accompanying graph)

116. (a) y — 0 and a cusp at x = 0 (see the A
accompanying graph)
(b)) » —>% (see accompanying graph)
(c) avertical asymptote at x =1 and contains the v=3
3

point (—1, m) (see accompanying graph)
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CHAPTER 2 PRACTICE EXERCISES

I. Atx=-1: Ilim f(x)= lim f(x)—l

x—>-1" x—-1*
= lim f(x)=1=f(-1)
x—-1
= f is continuous at x = —1.
Atx=0: hm f(x)= hm f(x)=0

= lim f(x) 0.

x—0

But f(0)=1# lim f(x)

= f is discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at
x =0 is removable.

Atx=1: lim f(x)=-1and 11m f(x)=1

x—1
= lim f(x) does not ex1st
x—1

= f is discontinuous at x =1.

2. Atx=-1: lim f(x)=0and 11m f(x)=-
x—-1" x—-1"
= lim f(x) does not exist
x— -1

= f is discontinuous at x = —1.
Atx=0: lim f(x)=-ccand hm f(x)=00
x—0" —0"
= lim f(x) does not ex1st
x—0

= f is discontinuous at x = 0.

Atx=1: hm fx)= hm f(x)—l:hmf(x)—l.

But f(l) 0 hm f(x)

= fis dlscontmuous atx=1.
If we define f(1) =1, then the discontinuity at
x =1 is removable.

3. (3 tlgrtl Bf®)=3 tlgrtl J@O)=3(-7)=-21

2
(b) lim (f()° [nm f(t)j =(-7)" =49
t—t,

t—t,

(¢) lim (f(2)-g(»)= lim f(t)' lim g(n)=(=7)0)=0
t—t, t—>ty

1 1

) lim L9 ’g%f(t) i =1

1—t, g®)-7" 11m (g(®) 7) 11m g(t) lim7 0-7
>

(e) lim cos (g(?)) = cos( lim g(t)J =cos0=1

t—t, —t,

(®  Lm [f(0)]=
1=t

lim f(t)‘ =|-7|=7
1=t

(2 lim (f()+g(®) = lim f(t)+ lim g(t)=-T+0=-7
t—t, -3t =t

1 __1

11
() oo (75)- Tm 7@ =777

Chapter 2 Practice Exercises

0, x<-1
_lm o<lxl<t
J® 0, x=1
I, x>1 -

Copyright © 2018 Pearson Education, Inc.
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10.

Chapter 2 Limits and Continuity
@) lim —g(x)=—lim g(x)= 2
(b) ilg}) (g(x)- f(x)) :;}iiﬁ) g(x)'ii_%f(x) =(\/§ (%) =
(c) 111% (f(x)+gx)= 1im S+ lin% g(x) =%+«/§

X—>

wl&

- 1 1 i =
@ 7 = T "1
(e) lim (x+ f(x)) = hm x+ lim f(x)=0+1=1
x—0 2 2
) hm f(x) hrn cos x (L) o)
. f(x)cosx _ x50 _G _ 1
() lim e = = =)

x—=0 x—=0 x—0

Since lim x =0 we must have that lim (4 - g(x)) = 0. Otherwise, if hm (4 - g(x)) is a finite positive number,
x—0 x—0 x—

we would have lim [4 g (x)} —oo and lim [M] = oo 50 the limit could not equal 1 as x — 0. Similar
x—0" x x—0" *

reasoning holds if hm (4—g(x)) is a finite negative number. We conclude that lim g(x) =4.
x—0

2= lim [x lim g(x)} = lim x- lim {lim g(x)} =-4 lim [lim g(x)} =—41lim g(x) (since lim g(x)isa
0 x—0 x—0

x—-4L x—0 x—=>-4 x—-4 [x>0 x——4 Lx—
constant) = hm gx)= —4 = —%.
(a) lim f(x)=lim B =cB3 = f(c) for every real number ¢ = £ is continuous on (—eo, o).
X—C X—C
(b) lim g(x)=lim =32 g(c) for every nonnegative real number ¢ = g is continuous on [0, ).
X—C X—C
(¢) lim A(x)= lim x 23 = % = h(c) for every nonzero real number ¢ = # is continuous on (—ee, 0) and
x—c¢ x—c¢ c
(=oo, °0).
(d) lim k(x)= lim xV6 = ﬁ = k(c) for every positive real number ¢ = k is continuous on (0, )
x—c x—c c

(a) U ((n —%)ﬂ', (n +%)IZ'), where / = the set of all integers.

(b) U (nm, (n+1)x), where I = the set of all integers.
nel

(¢) (=0, M)U(7, =)

(d) (=o0, 0) (0, )

(a) lim 42x+4 = lim 32202 _ x=2_ x #2; the limit does not exist because
rs0 X5 -14x  xo XHTNx=2) oy x(x+7)
x=2 _ x=2 _ _
hng_ x(x+7) o and 1“3+ X(x+7)
—4x+4 -2)(x-2 _
(b) lim 2x+ = lim S207D _ iy x=2 ,x#2,and lim =*=2_=-0_=9
ys2 X452 —1dx o X(AD(x=2) 5 x(x+7) Y2 X ( +7) 2(9)
(@) lim 4= fim S0 iy ol g Ly 0andx# -1,
x—0 x Sioxt4a? x—0 x7(x +2x+1) x—0 x“(x+D(x+l)  x—0 x“(x+])
Now lim 1 =ooand 1 1 =00 li 5x—t;x3 = 0o,
x%O X (x+1) x%OJ’ X2 (x+1) x—0 X +2x" +x
. . 1 . - .
(b) lim % = lim - jim 5 L x#0andx#—1. The limit does not exist because
x——1 X" +2x +x° x——1 X (x +2x4+1)  x——1 x“(x41)
im 21 =—ocoand lim = oo,
x——17 X" (x+1) xo It X0 (xH1)
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

Chapter 2 Practice Exercises

hml\/——l I-/x = lim - =
xol 76 5 Vo x)  xo] M

. 2 2— .
lim = lim (x a) = lim 21 2:%
x—a X —a x—a (X +a )(x —a ) x—a X +a 2a

X2—

(x+h)?-x% lim (% +2hx+h?)—x*

lim =lim (2x+h)=2x

h—0 h h—0 h—0
lim S ("2+2h"h+”2)‘x2 =lim (2x+h)=h
x—0 x—0 x—0
L1
lim 222 = [i 2-(2+x) _ = li -1 __1
Y0 X Y0 2x(2+x) ro( 4+2x 4
3 ) 3,42 _ .
lim ZP 8 gy (2B i (2 6x+12) =12
x—0 X x—0 X x—0
lim & ~ lim (e I Cat s s ) (AR - lim (x-Dx+) lim il 14 2
\/— Jx— \/— 2/3, _1/3 _\(2/3, 173 - 2/3, 13 .1 14141 ~ 3
x—1 x—1 ( D Wx+D™7+x 7 +) x—l (=D +x T4 ) xl x4 4]
lm 22516 iy @A) e PP (2P H6)(Va+8)
m S8 m \/——_ m Jr— ’ 203, 4 1/3
xo64 Vx-8 1564 x-8 X564 x-8 (x+8)(x*+4x +16)
m =69 (x"3+4) (Jx+8) _ lim (x"3+4) (x+8) _ (4+4) (8+8) _
x_>64 (x-64) (x2B+4x"3+16)  x—64 x2P+ax3416 16+16+16 3
lim 22X _ i Sin 2x  SOS7ZX _ hm(sin Zx)(cosﬂx) 7x (E)ZI‘LI';:l
0 tanzwx 7y cos 2x sinzx ¥—0 2x cos 2x/\sinzx |\ wx T 7
lim csc x= lim —4—=oo
X7 xS
lim sin (%+ sin x) =sin (%+ sin 71') =sin (%) =1
X—T
. 2 _ 2 _ 2 _ 2 _
lim cos”(x—tanx)=cos” (x—tanz) = cos”(7)=(-1)" =1
X—T
lim =3 —=im -8 =_8 =
ys0 3sin x—x T, 3%_1 3(1)-1
lim = <08 2x—1 _ = lim (cos 2x—1 cos 2x +1) =1l cos? 2x-1 =l —sin? 2x
Y0 sin x Y0\ sinx cos 2x+l1 0 sinx(cos 2x+1) 7y sin x(cos 2x+1)
_ i —4sinxcos’ x _ —4(0)(1)* _ 0
_x—>0 cos 2x+1 1+1 -
Letx=¢r-3= Ilim In(f—=3)= lim Inx =—oo
t—3* x—0"
lim#* In(2-+7)=In1=0

t—l
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Chapter 2 Limits and Continuity

—1<cos( )<1:>e <0 < ol — et <0 D) < e = lim 0O =0 by the
0—0"

Sandwich Theorem

2e 1/z
lim —— = lim 21/7 =2 =)
P L P E

1/3
lim [4 g(x)]"? —2:{ lim 4g(x)} =2= lim 4g(x)=8,since 2’ =8. Then lim g(x)=2.
x—0" x—0" x—0" x—0"

=2= lim_(x+g(x 5+ lim X —:> lim x)=L1-4s
x_)( x+g(x) Hﬁ( g(x)) = Jm_ g(x)= Jim_ g(x)=5
lim 32+l = oo = Jim g(x)=0since lim (3x> +1)=4
x—l &M x—1 x—1
lim 322 =0= lim g(x) = oo since hm S-x )—1
x—-2 /8(x x—-2 —-2
(a) f(-1)=-land f(2)=5= f hasa root between —1 and 2 by the Intermediate Value Theorem.

(b), (c) root is 1.32471795724

(a) f(-2)=-2and f(0)=2 = f has a root between —2 and 0 by the Intermediate Value Theorem.
(b), (c) root is —1.76929235424

2
Atx=-1: lim f(x)= lim & 7
x—=>-1" x——1" X7 /
= lim x(x2 D— im x=-1,and k
x—-17 x -1 x—-1"
2
lim f()= lim Do fip D A 1 )
x——1" PR e (NI )
hm ( x)=—(=1)=1.Since lim f(x)=# -1
x——=1"
hm f ()= 11m f(x) does not exist, the f@) =x(x*=1)/Ix* -1
x—-1* -1

function f cannot be extended to a continuous
function at x = —1.

2 2
Atx=1: lim f(x)= lim x(x D~ fim x(x;)— lim (-x)=-1, and hm f(x)= hm Xx )

2
x—l1 x—1 ‘ -1 x—1™ —(x"-1 x—1~ -1t |x—1]
2— .
= lim ¥= lim x=1.
x—lt X7l x—1*

Again lim f(x) does not exist so f'cannot be extended to a continuous function at x =1 either.
x—1

The discontinuity at x = 0 of f(x) =sin ( 1 ) is nonremovable because lim sin - does not exist.
x—0
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109
37. Yes, fdoes have a continuous extension ata =1 y
define (1) = lim 2= =4
f( ) x—1 X—% 3
2
1
X
=1 1
fa =220

. . 40
38. Yes, g does have a continuous extension at a = %: oY
.5 0
o(2)= tim S0 _ s

40-2r ~  4°
07 i =20 1T
> T o
,\ z
39. From the graph we see that lim A(t) # lim A(r) h(t)
t—0~ t—0"
so i cannot be extended to a continuous function
ata =0. 2
1
— t
-1 1
R

h(@e) =1+ 1D, a=0

40. From the graph we see that lim k(x) # lim k(x) K
x—0" x—0"
so k cannot be extended to a continuous function at
a=0.

2+

243
2x:2+0:g 42 limﬂz . 2 _240_ 3
300 ST yeo 5+% #0003 X—>—o0 SX°+7 x_>_o<,5+i2 540 5
X
2
x——eo  3x x——oo\3X  3x? 3
ae
p . 2
44, lim —1—= r = 0 __o
x—00 X =Tx+l  y—y00 l=1+— 1-0+0
Tox
2 4,3
45. lim & —7x — lim X7 - oo 46. lim -* X _ 41 e
= X300 12004128 xyoo 12412
X
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

Chapter 2 Limits and Continuity
lim $* < [im —L- =0 since | x| o asx — o= lim sinx _ ),
oo [¥] 7 x5 LXJ xseo 5]
lim €501 < lim 2 =0= lim cosg_l =0.
O—c0 O—00 O—
. \/_ 1+sinx 2
lim XFsinX+29x _ g5 X WJx _ 14040 =1
Yeseo  Xtsinx 300 1+Smx 1+0
2/3 -5/3
: X7 +x — 1 1+x 140 _
lim —— lim > —m—l
X—>oo X T+COST X X—>o0 1+cozs/3x
lim e~ cos( 1) cos(0)=1-1=1
X—>o0
lim 1n(1+ ) In1=0
X—e0
lim tan~'x = -Z
X——o0
lim ¢ sin~ (l) 0-sin™ (O) 0-0=0
t——co
2 ) 2 . .
(a) y= 4 js undefined at x =3: lim x—_+34 =—ocoand lim x—_+34 =+ oo, thus x =3 is a vertical asymptote.
x—=3" 5 x—3t ¥ 5
b —aox2 is undefined at x =1: lim “=*=2 = oo and lim £ —=*=2 = —oo, thus x = 1is a vertical
y 2 2 2
X7 =2x+1 Y1~ X —2x+1 X1t ¥ =2x+1
asymptote.
2 . 2 e . . 2 b x— .
(c) y=-1Cisundefined atx=2and —4: lim 26 = |jm 3 =3, |jm L Htx=b — pjpy X8
¥ +2x-8 Y2 X2 42x-8 s XT4 6 Ys—d” X +2x-8 s 4 +4
; X 4+x—6 ; x+3 ; ;
lim === lim == =—co. Thus x =—4 is a vertical asymptote.
x4t X H2x-8 g ¥
a1 o
. 1-x2 . 2 1 -1 . 1-x2 . 2 1 -1 .
(a) y=1=x" %= lim = lim ~—===-land lim =% = lim *—+—===-], thusy=-lisa
X +1 x—>oo X" +1 X—>oo 1"'*2 1 x—>—oo X“+1 X——o0 1‘*‘*2 1
X X
horizontal asymptote.
1+-4
b =M: lim Javd _ lim —& =130 —1 thusy =1 is a horizontal as tote.
®) ¥ Vi+d T e Vx4 x e 144 V10 7 Y ymp
X
~ = l1+
2 . .
(c) y=YH. im RSN === “1;“0 —land lim Y2+ fim
X x—00 X—00 x——o0 X X—>—o0
X
1+4 1+
. 2 . 2 o
= lim = lim 1" =1—+10=l]=—1,
X——oo o X——oo - -
thus y =1 and y = —1 are horizontal asymptotes.
2 2
d 49 . X249 = lim = 140 _1 5nd 1lim x+9 — lim — /140 _ 1
@ \/9x 0 e Vo2H e 9+0 3 xmoo VOXP 4l x5 oo 9+0 3”

thus y = 1s a horizontal asymptote.
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2 2
57. domain =[-4,2)U(2, 4]; yinrangeand y=Y=" if x=44, then y=0, lim Y= —co and

x=2 x_>2+ x=2
. 16—x>
lim = %% = range = (—oo,0)
x—2"
. . ax? . . . Aax? . X
58. Since lim Y4 - 4o = vertical asymptote is x =b; lim Y&+ = jim Ll a+t
ymp
+ x=b x=b x=b x2
x—b X—>00 X—>o0
[ 2
= lim =%~ |a+- =+/a = horizontal asymptote is y =~/a, lim Y& 4
Y30 X b x Yoo X b

= lim M la +i2 = lim =% /a+i2 =—Ja = horizontal asymptote is y = —Ja
x—s—eo X0 X x——o0 XD X

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1. (@ x |0.1 0.01 0.001  0.0001 0.00001

107943 0.9550 0.9931 0.9991 0.9999
Apparently, lim x* =1
x—0"
(b)
y
1
0.6
y=x
0.2
X
0.2 0.6 1
2. (a) x | 10 100 1000
| \V/(n x)
(;) 03679 03679 0.3679
1/(1
Apparently, lim (1) (i) =0.3678=1
X—>00
(b)
y
1/(1n x;
flx) = (%) ’
0.4
0.2
X
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3.

10.

Chapter 2 Limits and Continuity

3 limﬁ V2 5
lim L= lim L, [1—%=L0 1-2— =1, /1_C_2=
v—c v—ce & c c

The left-hand limit was needed because the function L is undefined if v > ¢ (the rocket cannot move faster than
the speed of light).

=- ‘<02:> 02<I 1<02:08<[<12:>16<\/;<24:>256<x<576

‘<01:> 01<*/——1<01:>09<£<1 1:18<\/;<22:324<x<484

110+ (£ — 70)x10™* 10| < 0.0005 = |( — 70)x10™*| < 0.0005 = —0.0005 < (£ — 70)x 10~ < 0.0005
= —5<t-70<5= 65°<t<75°= Within 5°F.

We want to know in what interval to hold values of / to make V satisfy the inequality
|V —1000| =|362z2—1000|<10. To find out, we solve the inequality:

3671 ~1000] <10 = ~10 <367h~1000 <10 =990 <367h <1010 = 2L <p < U0 — 8 8< /<89

where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.
The interval in which we should hold /4 is about 8.9 —8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can
expect to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim /(x) = lim (2 =7)=-6=f(1).

Step 1:|(x2—7)+6|<€:>—e<x2—1<6:>1—6<x2 <l+e=l-e<x <+l+e.
Step2:[x—1|<d=>-0<x-1<I=>-0+1<x<o+1.

Then -9 +1=+/1-¢ or §+l:\/1+e.Chooseé‘:min{l—\/l—e,\/l+e—1}, then0<|x—1|<d =

|(x2 -7)—6|<eand lim f(x)=-6.By the continuity text, f(x) is continuous at x =1.
x—-1

. _ . ] _ _ l
Show )};ml g(x)= 11m 5 =2= g(Z)‘

4 4
Stepl:’%— ‘<e:> —€<7-—2<e=>2-e< - <24e= o> x>
Step2"x—l‘<5:>—5<x—z<5:>—5+—<x<5+l

1__1 _1_ 1 __ e 1_ 1 _1__ e
Then —6+4 =5 =0=y-5 =30 9+ =5 = 0= -
Choose5= 7} € the smaller of the two values. Then 0 < x——‘<5:‘——2‘<eand lim L =2.
(2+€) 2 x_>i2x

By the continuity test, g(x) is continuous at x = %.

Show lim /(x) = lim v2x—3 =1 = h(2).
x—2 x—2 R s
Step 1:‘x/Zx—3—1‘<e:>—e<x/2x—3—l<e:>1—e<x/2x—3 <liem 080 o T8

2
Step2:|x—2|<5:> —0<x—-2<dor—-0+42<x<0+2.
2 2 2 2 2
Then -8 +2 = (1- 62) +3 —S5=2— (1= e) +3 1—(12—5) _ 62 OI‘5+2— (1+€2) +3 5= (1+52) +3 _ (1+€2) -1 _
e+6 Choose5—e—— the smaller ofthe two values. Then 0O<|x— 2|<§:>‘\/2x 1‘<e

S0 llm N2x—-3 =1.By the continuity test, 4(x) is continuous at x = 2.
x—2

Show lim F(x) = hm VI-x =2=F(5).

x—5

Step 1: ‘\/E—

<e:—e<\/9—x—2<e:>9—(2—e)2 >x>9—(2+e)2.
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Step2: 0<|x-5|<0=>-0<x—-5<0=>-0+5<x<0+5.

Then—-8+5=9-(2+¢)> > 5=(2+€e)> —4=€>+2c,0r+5=9-(2—¢)> =5 =4-(2—¢)* =¢> - 2c.

Choose & = €2 —2¢, the smaller of the two values. Then, 0 < |x—5|< 0 = ‘\/9—x—2‘<6, so lim+9—x =2.
x—5

By the continuity test, F'(x) is continuous at x = 5.

Suppose L and L, are two different limits. Without loss of generality assume L, > 1;. Lete = %(Lz —1;). Since
lim f(x)=L thereisad; >0 suchthat 0 <|x—xy| <O =|f(X)—Lj|<e = —e< f(x)- L <e

x—)xo

(L2 L)+ L < f(x)<x 1 (L2 L )+L1 = 4L - L, <3f(x)<2L +L,. Likewise, lim f(x)=L,so

X=X

there is a d, 0
such that 0 < |x—xo|< & = | f(x) =Ly |<e = —e < f(x)— Ly <e=> —%(L2 —L)+ L, < f(x) <§(L2 ~L)+L,
=20, + L <3f(x)<4Ly — L) = L} —4L, <-3f(x) <-2L, — L;. If § = min{J, 9, } both inequalities must
4L - L, <3f(x) <2 +1L,
L —4L, < 3f(x)<2L, - L;
L, — L, >0, a contradiction.

holdf0r0<|x—x0\<5: }35([;} _L2)<O<Ll —Lz.ThatiS,Ll —L2 <Om

Suppose hm f(x)=L.Ifk=0,then lim £f(x)=1lim0=0=0- lim f(x) and we are done. If £ # 0, then given

X—C X—C X—C

anye>0therelsa§>050that0<|x cl<d<=|f(x)- L\<|k‘:>|k||f(x) Li<e=|k(f(x)-L)|<e

= |(kf (x)) - (KL)| < e. Thus lim kf(x) = kL = k( lim f(x)j.

(a) Sincex—0",0<x’<x<l=> (P -x)>0 = lim f(x*-x)= lim f(y)=B wherey=x>—x.

x—0" y—0"
(b) Sincex —>0" —1<x<x <0:(x -x)—> 0" = lim f(x —-x)= lim f(y)=A wherey = X —x.
x—0" y—0"
(c) Sincex -0, 0<x*<x’<1= (?*-x*) 50" = lim f(x*-x*)= lim f(y)=4 wherey = x? —x*.
x—0" y~>0
(d) Sincex >0, -1<x<0=0<x* <x? <1:>(x -Xx )—>0+: lim f(x -X ):Aasinpart(c).
x—0"

(a) True, because if lim (f(x)+ g(x)) exists then lim (£(x)+g(x))— lim f(x)= lim [(f(x)+g(x))— f(x)]=

lim g(x) exists, contrary to assumption.
x—a

(b) False; for example take f(x) = l and g(x) = —l. Then neither lim f(x) nor lim g(x) exists, but
x—0 x—0
11m (f(x)+gkx) = hm (——;) = lim 0 = 0 exists.

x—0
(©) True, because g(x) |x| is continuous = g( f(x)) =| f(x)| is continuous (it is the composite of
continuous functions).

Lx<0
(d) False; for example let f(x) = { 0 = f(x) is discontinuous at x = 0. However | f(x)|=11s
x>
continuous at x = 0.
= P [C2.20(6.5)

Show xlini fx)= hm e xli>rr_11 D -2, x#-1.

Xl x#-1
Define the continuous extension of f(x) as F(x)=4 x+1’ . We now prove the limit of f(x) as x — —1

-2 ,x=-1

exists and has the correct value.

(x+D)(x-1)
(x+1)

Step 2: |[x— ()< d > -d<x+1l<d=>-0-1<x<I-1.

Step 1: ‘——( 2)‘<e: —€< +2<e=—e<(x-D+2<ex#-1=>——€-1<x<e-1.
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Then—-0-1=—--1=>0=¢c,ord—-1=e—1=>d =¢.Choose 9 =e. Then 0 < |x—(-1)|< O
=l

=
x+1

<e= lim F(x)=-2. Since the conditions of the continuity test are met by F'(x), then f(x) has
x—-1

a continuous extension to F'(x) at x =—1.

. 2oyl e (x=3)(xHD)

16. Show lim g(x) = lim X=2x=3 — hm(x—:2,x¢3.
x—3 &) x—3 2x-6 x—3 2(x3)

x*-2x-3

Define the continuous extension of g(x) as G(x) =4 2x-6

# ..
o 3. We now prove the limit of g(x) as x — 3

, x=3

exists and has the correct value.

(x=3)(x+1)
2(x-3)

Step2: [x-3|<d=>-0<x-3<0=>3-0<x<I+3.

Then,3-90=3-2e = 0 =2¢,0rd+3=3+2¢ = 0 =2¢. Choose 0 =2¢. Then0<|x—3|< 0

2 9y . — 1
x~—2x 3—2<e:11m (x=3)(x+1)
2x-6 r—3  2(x-3)

continuously extended to G(x) at x = 3.

2
Stepl:‘%—2‘<e:>—e< —2<e:>—e<x7+1—2<e,x¢3:>3—2e<x<3+2e.

=

= 2. Since the conditions of the continuity test hold for G(x), g(x) can be

17. (a) Lete >0 be given. If x is rational, then f(x) =x =| f(x)-0|=|x—-0<e & |x—-0|<¢; i.c., choose § =¢.
Then|x—0]< d = | f(x)— 0| < e for x rational. If x is irrational, then f(x)=0=|f(x)-0|<e &< 0<e
which is true no matter how close irrational x is to 0, so again we can choose J = e. In either case, given
€>0thereisa o =e>0such that 0 <|x—0|<d = | f(x)—0| < e. Therefore, f'is continuous at x = 0.

(b) Choose x = ¢ > 0. Then within any interval (¢ — J, ¢ + 0) there are both rational and irrational numbers. If ¢
is rational, pick € = % No matter how small we choose 6 > 0 there is an irrational number x in
(c=0,c+0)=|f(x)= f(c)|=|0—c|=c>% =e Thatis, fis not continuous at any rational ¢ > 0. On the
other hand, suppose c is irrational = f(c) = 0. Again pick € = % No matter how small we choose 6 >0
there is a rational number x in (¢ - J, c+ ) with[x —¢[< S =€ & F<x <3—20. Then | f(x)— f(c)|=|x—0]
=|x|> % =¢ = f'is not continuous at any irrational ¢ > 0.

le]

If x = ¢ < 0, repeat the argument picking € = 5= _70 Therefore f fails to be continuous at any nonzero

value x = c.

18. (a) Letc= % be a rational number in [0, 1] reduced to lowest terms = f(¢) = i Pick e = ﬁ No matter

how small ¢ > 0 is taken, there is an irrational number x in the interval (¢ =3, c+0) = | f(x)— f(¢)|

:‘O_L

n

= % > ﬁ =e. Therefore fis discontinuous at x = ¢, a rational number.

(b) Now suppose c is an irrational number = f(c) = 0. Let ¢ > 0 be given. Notice that% is the only rational
1
3
denominator 3 belonging to [0, 1]; i and% with denominator 4 in [0, 1]; %, %, % and% with denominator 5

number reduced to lowest terms with denominator 2 and belonging to [0, 1]; > and % the only rationals with
in [0, 1]; etc. In general, choose N so that % < e = there exist only finitely many rationals in [0, 1] having
denominator < N, say #, 1,...,7,. Let § =min {|c—r;|:i =1,..., p}. Then the interval (¢ — &, c + )

contains no rational numbers with denominator < N. Thus, 0 <|x—c|<d = | f(x)— f(c)|=|f(x)-0|=
| f(x)|= % <€ = fis continuous at x = ¢ irrational.
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(¢) The graph looks like the markings on a typical y
ruler when the points (x, f (x)). on .the graph of 1
f(x) are connected to the x-axis with vertical
lines.
0.8
0.6
0.44
0.2
L x
0 0.2 0.4 0.6 0.8 1
f&) = 1/n if x=m/n is a rational number in lowest terms
~ 10 if x is irrational

Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the zero
point, 0, on the equator = 0+ 7R represents the midnight point (at the same exact time). Suppose x; is a point
on the equator “just after” noon = x; + 7R is simultaneously “just after” midnight. It seems reasonable that the
temperature 7 at a point just after noon is hotter than it would be at the diametrically opposite point just after
midnight: That is, T'(x;) — T'(x; + 7R) > 0. At exactly the same moment in time pick x, to be a point just before
midnight = x, + 7R is just before noon. Then I'(x, ) — T (x, + 7R) < 0. Assuming the temperature function 7 is
continuous along the equator (which is reasonable), the Intermediate Value Theorem says there is a point ¢
between 0 (noon) and 7R (simultaneously midnight) such that 7'(c) — T'(c + 7R) = 0; i.e., there is always a pair
of antipodal points on the earth’s equator where the temperatures are the same.

2 2
lim (g0 = lim (/00 + () = (/) - g0 | - %{( fim (7 +¢0) | [ tim ()= | }

=437 - =2

@ Ax=0: iy o= i =5 =l (2 S i S
Atr=-l lm n(a)= Im, % = Jim e T o !
) Ao lim 1 (a)= lim =52 - i (<)o) i 2~ i s
= alin&_ _1+:/1E = oo (because the denominator is always negative); ali)nol+ r_(a)

= lim =L_ = oo (because the denominator is always positive).
a—0™ —1+Vlta

Therefore, lim r_(a) does not exist.
a—0

i R —l=lta _ ; -1 _
Atx=-1: lim r_(a)= lim —/——= agfflr ilita 1

a—-1" a—-1%

S
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(c)
r (a)
r,(a) -
1 1 1
- r_(a)=.__—+a
0.8 ry(a) = &a_ 2 a
a
0.6
a
a -1 2 4
-1 -0.5 0.5 1 2
Graph not to scale
-4
d f(x)
( ) 40
f(x) a=0.2
a=0.1 a=0.5
1 a=0.05
20
a=1
X
-1 .5 1
J x
-50 -30
=ax’4+2x -1
fEy=ax+ f@) =ax*+2x -1
-20

22, f(x)=x+2cos x= f(0)=0+2 cos 0=2>0and f(—7)=-m+2 cos(—x) =—m—2<0.Since f(x)is
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [-7 —2, 2].
Thus there is some number ¢ in [—7, 0] such that f(c) = 0; i.e., ¢ is a solution to x+2 cos x =0.

23. (a) The function fis bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for
all x in D. Choose B to be max {|M |, |N|}. Then| f(x)|< B. On the other hand, if | f(x)| < B, then
-B< f(x)<B= f(x)=2-Band f(x) < B= f(x) is bounded on D with N = B an upper bound and
M =-B alower bound.
(b) Assume f(x)< N forall x and that L > N.Lete = % Since lim f(x) =L there is a § > 0 such that

X=X
0<|x=xg|<d=|f()-Ll<eo L-e< f(x)<Lt+ee L-LN < f(x) <L+ L5 o LN < f(x)
<3LT_N.ButL>N :%>N = N < f(x) contrary to the boundedness assumption f(x) < N. This

contradiction proves L < N.
(c) Assume M < f(x) forall x and that L < M. Lete = 2=L As in part (b),0 <[x—xg | < § = L - =L

2
<f(x)<L+%@%<f(x)<%<M, a contradiction.

24. (a) Ifa2b, thena—b>0=>|a-b|=a-b= max {a,by=2b 4Tl -ath ab_2a_

2 2 2 2
Ifa<b, thena—b<0=|a—b|=—(a—b)=b-a = max {a,b} =L+l _atb  b-a _2b_}
. -b
(b) Letmin {a, b} = aTer —%.
25 lim = sin(l—cos x) - lim sin(l—cos x) 1—cos x _ l+cos x - lim sin(l-cos x) . 1—cos? x
0 x 0 l—cosx X I+cos x |5 l-cosx 7 g x(l+cos x)
1. lim sin®x  _ lim Sinx , _sin x :1,(g):0
y—soX(I+cos x) (5 x  l+cos x 2 ’
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31.

32.

33.

34.

35.

36.

37.
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lim X — {im sinx,_Jx_ x _ =1- lim - lim Jx=1-1-0=0.
x—0* sinv/x x—0" ¥ sin NENE x—0" (S'#) x—0*

lim sin(sin x) - lim sin(sin x) sin x - lim sin(sin x) lim sin x —1-1=1.

X Sin x X x—0 sin x x—0

x—0 x—0

2 2

. 2 . 2 . 2
lim S0 _ gy SRy = lim 320 i (x4 1) =11 = 1.
x—0 x x—0  xXT+x x—=0 XT+x x>0

. 2 . 2 . 2
fim 2 i SO (4 2) = fim D i (x+2) =14 =4,
4 x—2

x—=2 X7 x—2  X'= x—2 x4

. sin(&—S) 1 sm([ 3 1 g sm(( -3) 1 1 _q.1_1
lim ————== = lim lim =1l--==.
x—9 X9 x—>9 \/_ 3 \/—‘*'3 x—9 Jx-3 x—9 Jx+3 6 6

Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is

. _ 2% 42x3 _ . 3 . e —
an oblique asymptote. y = e - 2x ——=—, thus the oblique asymptote is y = 2x.
X+

\/;+1

Asx—>ioo,—%0:>s1n( )—>O:>1+sm( )élthusasx%%oy x+xsm(1)— (l+sm(1))%x;thus

the oblique asymptote is y = x.

As x — oo, X +1—x2 :>\/x2 +1 %\/xz;asx%—oo,\/xz =-X, andasx%+oo,\/x2 = x; thus the oblique
asymptotes are y = x and y = —x.

Asx—)ioo,x+2—>x:\/x2+2x=q/x(x+2)ﬁ\/xz; asx—>—o<>,\/x2 =—x, andasx—>+oo,\/x2 =x;
X.

asymptotes are y = x and y = —

Assume 1<a<b and L+x=-L-= a(x-b)+x’(x—=b)=x= f(x)=a(x-b)+x*(x-b)—x=0; f is

continuous for all x-values and f(0)=-ab<0, f(a+b)=a’+(a+b)’a—(a+b)
=a’ —a+(a+b)2a—b>0.
—
) (+)
Thus, by the Intermediate Value Theorem there is at least one number ¢, 0<c<a+b, sothat f(c)=0=

1

alc-b)+c*(c-b)-c=0=2+c=-L

Natbxot _Naol' oo [T 120 =1, then lim Yitrol Jlrbxel _ g, (b0l

(@) lim

y—0 X (U ’ v—0 X b+l x50 x(N1+bx+1)
= =b=-2=p=4
x—>0 \/1+bx+1
(b) lim tan(ar—a)+h=2 _ "tan0+h=2" _ "b= =2" 50 hb—2=0=b=2, then lim fan(@=a) _ iy o.anabeh)
x—1 x-l 0 0 o1 Xl x—1 a(x-1)

1 a 'sina(x—l)
- )151_>ml cosa(x-1)  a(x-1) cosO 1=a=3

lim 2B _ i (oYt gt _ fim (1) (VO 41)((0)2 +1) - —YS )41 _ -2 _ 4
ol x2S PO a1 A1)yl 4 O4x 3 3
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a4 —x— , - im DA g Gad-(0-4
38 lim Brx+aid-4 _ lim 8x+—x-4 2—2)‘=2; assume x>73: lim Parta-d-4 _ i G4
x—0* * x—0* * x—0* x—0" * x—0" .
. . PBx+4|—|x|-4 .
lim 4 =4= lim a4 does not exist.
x—0" ¥ x—0
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