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80 Chapter 2 Graphs of the Trigonometric Functions
For Thought 13, Sn(m/3) _ Vv3/2 _ /3
cos(m/3) 1/2
1. True
14 cos(m/6)  V3/2 /3
2. False, since the range of y = 4sin(z) is [—4, 4], sin(w/6)  1/2 3.
we get that the range of y = 4sin(z) + 3 is
[—4 43,4+ 3] or [-1,7]. 15. 1/2 16. 1/2
3. True, since the range of y = cos(x) is [—1,1], 17. N
we find that the range of y = cos(z) — 5 is cos(r/3)  1/2
18. N = = .
4. False, the phase shift is —7 /6. sin(/3)  v/3/2 3
5. False, the graph of y = sin(x + 7/6) lies 7/6 to 19.0 20. 1
the left of the graph of y = sin(z). 21.0 22. 0
6. True, since cos(bm/6 —m/3) = cos(m/2) = 0 and 23. —9 24. -9
cos(11m/6 — w/3) = cos(3m/2) = 0. V3
7. False, for if x = 7/2 we find sin(w/2) = 1 # 25. 9 26. 1
cos(m/2 + m/2) = cos(mw) = —1. 27. (0+ 7/4,0) = (x/4,0)
8. False, the minimum value is —3. 28. (7/2,1)
9. True, since the maximum value of y = —2 cos(z) 29. (1/2+7/4,3) = (37/4,3)
is 2, we get that the maximum value of y = ) ’
—2cos(z)+4is 2+ 4 or 6. 30. 3r/4+m/4,—-1) = (7w, —1)
10. True, since (—7/6 + 7/3,0) = (7/6,0). 31. (—7/2+7w/4,—-1) = (—7n/4,-1)
2.1 Exercises 32. (—m/4+m/4,-2) = (0,-2)
1. sina, cosa 33. (m+7m/4,0) = (57/4,0)
2. sine 34. (2m + 7/4,0) = (97/4,0)
3. sine wave 85. (m/3 —/3,0)=(0,0)
4. periodic 36. (21/3—n/3,—1) = (n/3, 1)
. — 1 2 1
5. fundamental cycle 87. (r—/3,1) = (21/3,1)
38. (27 — 4 4
6. amplitude (2m —m/3,4) = (57/3,4)
39. 2—-7/3,—1) = 6,—1
7. phase shift (/2 = /3, =1) = (w/6,~1)
, 40. (/4 —7/3,2) = (—7/12,2)
8. cosine
: : o o 41, (-7 —n/3,1) = (—47/3,1)
9. starting, maximum, inflection, minimum, end-
ing 42. (—7/2 —-w/3,—-1) = (—57/6,—1)
10. maximum, inflection, minimum 43. (m+7/6,—1+2) = (7Tr/6,1)
11. 0 12. 1 44. (
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(7/2+7/6,0 +2) = (21/3,2)
(r/3+7/6,—1+2) = (r/2,1)
(—=3m/2 4+ 7/6,1+2) = (—47/3,3)
(—m/247/6,2 +2) = (—/3,4)
(27 4 7/6,—4 + 2) = (137/6, —2)
—7m+7/6,5+2) = (=57/6,7)
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0,0), Q(7/4,2), R(m/2,0), S(37/4,—-2)
P(0,1), Q(r/6,3), R(n/3,1), S(w/2,—-1)
Q(57/8,2), R(m,0), S(117/8,—2)

Q(57/6,3), R(4m/3,0),

P(

(

P(7/4,0),
P(r/3,0),
(7r/6 —-3)
0,
P(=
S(

P(0,2), Q(rw/12,3), R(7/6,2), S(mw/4,1)

7/8,0), Q(1/8,2), R(37/8,0),

57 /8, —2)

Amplitude 2, period 27, phase shift 0,
range [—2, 2]

Amplitude 4, period 27, phase shift 0,
range [—4, 4]

Amplitude 1, period 27, phase shift 7/2,
range [—1,1]

68.

69.

70.

71.

72.

73.

Amplitude 1, period 27, phase shift —m /2,
range [—1,1]

Amplitude 2, period 27, phase shift —m/3,
range [—2,2]

Amplitude 3, period 27, phase shift /6,
range [—3, 3]

Amplitude 1, phase shift 0, range [—1, 1],

some points are (0,0), (;, —1),

(7,0), (32” 1), (27,0)

y

N

as 3 27
2

N

Amplitude 1, phase shift 0,range [—1, 1], some
points are (07 _1)7 (71'/2, O)a (7Ta 1)’ (377/27 0),
(2m, —1)

y

| /\
X
/ n ﬂ\“
2 2
-1

Amplitude 3, phase shift 0, range [—3, 3], some

points are (0,0), (;,—3>, (m,0), (3;73>7
(2m,0)

y

A
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Chapter 2 Graphs of the Trigonometric Functions

74. Amplitude 4, phase shift 0, range [—4, 4], some

points are (0,0), (g,4>, (m,0), (327r7_4)’
(2m,0)
y

4

75. Amplitude 1/2, phase shift 0,
range [—1/2,1/2], some points are (0,1/2),
(7T/2a 0)7 (777 _1/2) (371'/2, O)a (27T7 1/2)

y

0.5\ /
X
2\ b S 27
v
-0.5

76. Amplitude 1/3, phase shift 0,

1
range [—1/3,1/3], some points are (0,

(3) e ()

y

w| w| -
</
S
She \
N
N
x

77. Amplitude 1, phase shift —m, range [—1, 1],
some points are (—m,0), (—7n/2,1), (0,0),

(;T’l>’ (m,0)

y

[NE
N

78. Amplitude 1, phase shift 7, range [—1, 1], some
points are (07 _1)7 (7[-/27 0)7 (7T7 1)7 (37T/27 0)7
(27T7 71)

y

A
VRV

79. Amplitude 1, phase shift 7/3, range [—1, 1],
T T 47
int -1 —,0 —,—1
some points are (3, ), (6 , ), (3 , ),
117 T
—,0 —., 1],
(50 (51)

y
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2.1 The Unit Circle and Graphing 83

80. Amplitude 1, phase shift —7/4, range [—1, 1], 83. Amplitude 1, phase shift 0, range [—2, 0], some
3 3
some points are (—Z,l), (Z,O), (Z,—l), points are (0, —1), (g,—?), (7‘(’,—1),(;,0),
y (271', _1)
y
N /
i \ 37 s 7"
7 r G 7 2
1
5%3 s
o), (£
(50 (F)

81. Amplitude 1, phase shift 0, range [1, 3],

o 3 84. Amplitude 1, phase shift 0, range [1, 3],
some points are (0, 3), (,2), (m, 1) (, 2), - 3
, 2 some points are (0,2),(2, 1), (m,2), (2,3>,
(2m,2)
3 y
2
3
1
2
g P 37” 2 X 1
(27, 3)
ES b 3 27r)<
82. Amplitude 1, phase shift 0, range [—4, —2], ? z

. T
some points are (0, ~2), (2’_3>’ (m, —4), 85. Amplitude 1, phase shift —m /4, range [1, 3],

3 > 3
°T 3), (21, —-2) : <_7T ) (” ) (77 )
(2 some points are 4,2 , 473 , 4,2 ,
| () (52)
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7 3 2 y
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Chapter 2 Graphs of the Trigonometric Functions

86. Amplitude 1, phase shift 7/2, range

[—3, —1], some points are <72r7 —2)’

87. Amplitude 2, phase shift —7/6, range [—1, 3],

T T 5
int ——.3 —.1 —. -1
Somepomsare( % ),(3, )’(6’ )7

y

4 11 % \%7
(). (309

88. Amplitude 3, phase shift —27/3,

4\

-

a7 1A
3 6

L ol

2
range [—5, 1], some points are (—;r, 1),

(52 (G=9) (5 2)ma (5)
6 3 6 3

89. Amplitude 2, phase shift 7/3, range [—1, 3],

T 5 47
int —. 1 —. -1 —.1
somep01nsare<3, )’(6’ )7(37)7
117 T
— 3 —,1
(6 ’ > (37)

y

wl
o
EN
I
w3
.
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90. Amplitude 3, phase shift —/3,

range [—4,2], some points are (—g,—él ,

(5 (59) (5 (59

y

| /\
z 2n

3 1 3

- EAS 7 5, %
- 3
/4

91. Note the amplitude is 2, phase shift is 7/2, and
the period is 2r. Then A = 2, C' = 7/2, and

B =1. An equation is y = 2sin (:1; — 72r>

92. Note the amplitude is 2, phase shift is /3,
period is 2w, and the vertical shift is 1 unit
up. Then A=2,C=7/3, B=1,and D = 1.

An equation is y = 2sin (:U — 7;) + 1.

93. Note the amplitude is 2, phase shift —m, the
period is 27, and the vertical shift is 1 unit up.
Then A=2,C=—-m,B=1,and D =1.

An equation is y = 2sin (z + 7) + 1.
94. Note the amplitude is 1, phase shift is —m/2,

period is 27, and the vertical shift is 1 unit up.
Then A=1,C=—-7/2, B=1,and D = 1.
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An equation is y = sin (:c + 72r> + 1.

95. Note the amplitude is 2, phase shift is 77/2, and
the period is 2r. Then A = 2, C = /2, and
B =1. An equation is y = 2cos (x — ;)

96. Note, A=—-2,C =7/2,and B =1.

An equation is y = —2cos (a: — ;)

97. Note, the amplitude is 2, phase shift is 7, the
period is 27, and the vertical shift is 1 unit up.
Then A=2,C=xn,B=1,and D = 1.

An equation is y = 2cos (z — 7) + 1.

98. Note, the amplitude is 1, phase shift is —m/3,
the period is 27, and the vertical shift is 1
unit up. Then A =1, C = —x/3, B =1, and
D=1.

An equation is y = cos (z + 7/3) + 1.

99.y:sin<x—z> 100. yzcos(x—é)

. ™ s
101. y:sm<x+2> 102. y:cos<x+3>
103. y = —cos (a:—
104. y = —sin <x—|—
105. y = —cos (:1;—
106. y = —sin (x—l—

s

107. y = —3cos <$+4>—5

1 s
108. y = ——si - = 4
Y 5 sin <x 3) +
109. A determines the stretching, shrinking, or
reflection about the z-axis, C is the phase
shift, and D is the vertical translation.

110. f(x) = sin(xz) is an odd function since
sin(—z) = —sin(z), and f(z) = cos(x) is an
even function since cos(—z) = cos(x)

111. 7/6
112. 315°
93109 - 27
113, —— =~ h
365(24) 67,000 mp
2
114. a) —1  b) \2[ c) V3
d) Undefined e) —2 f) Undefined
V2
g) —V3 h) T

115. arcsin(0.36) ~ 21.1°

1
116. sina:—\/l—COSQa:—ul—g =
8 2v/2

9 3
117. Let r be the radius of the small circle, and let
x be the closest distance from the small circle
to the point of tangency of any two circles with
radius 1.

By the Pythagorean theorem, we find
1+ (z+r)?=014+7r)?

and
1+ (1+2r +2)* =22

The second equation may be written as
T4+ (r+1D2 42+ D)(r+2)+ (r +2)° = 4.

Using the first equation, the above equation
simplifies to

(r+1)? 4200+ D)(r+2)+(14+7)2 =4

(r+1°4(r+1)(r+z)=2.

Since (from first equation, again)

x+r=4/(1+7r)2-1

we obtain
(T+1)2+(7’+1)< (1+r)2—1) _2.

Solving for r, we find

Copyright 2015 Pearson Education, Inc.



86 Chapter 2 Graphs of the Trigonometric Functions

3 0

118. Since sinz = 3cosx, we find b) From the graphs of y = = — % + B and
1 = sin®+cos’z y2 = sin(x), it follows that y and yo
9 9 differ by less than 0.1 if = lies in the
1 = 9cos”x +cosx interval (—2.46,2.46).
cos’r = L ’
10°

2. _ 1

Then sinx cosz = 3cos*x = G-
AR AN
| | X

2.1 Pop Quiz / A 2'4\/

1. Amplitude 5, period 27, phase shift —27/3,
range [—5, 5]

B L

Fromthegraphsofy:x—a—kg—ﬁ-kg

2. Key points are (0,0), (W,3), (m,0),
2 and y, = sin(z), one obtains that y and y,

<37r’ _3>’ (27,0) differ by less than 0.1 if = lies in the interval
2 (—4.01,4.01).
y
3. y= —cos(x—w> +3
2
4. [-2,6]

5. Since the period is 57/2 — 7/2 = 27w, we get
B = 1. The phase shift is 7/2. The amplitude
is 3. An equation is

T
y:—3sin<aﬁ—>. 3 5 7 9
2
From the graphs of y = x — Ty T

ETRETR TR

2.1 Linking Concepts w5 a1 d |

. T el aa g e = sinde),

a) From .the graphs of y; :‘iL' and yy = sin(x), W? one finds that y and y differ by less than 0.1
obtain that y; and ys differ by less than 0.1 if if z lies in the interval (—7.82,7.82).

x lies in the interval (—0.85,0.85).
y

y

.85/ &
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2.2 The General Sine Wave
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¢) From the graphs of y; = 1 and y = cos(z), one
obtains that y and y; differ by less than 0.1 if
x lies in the interval (—0.45,0.45).

;1:2 xt

From the graphs of y =1 — — + m and

y2 = cos(x), one finds y and yy differ by less
than 0.1 if x lies in the interval (—2.06,2.06).
2 4 6 8

y
X
| 2
X T x T

FJromthegraphsofy:1—54—j ﬁJr?

and yg = cos(x), one derives that y and o

differ by less than 0.1 if « lies in the
interval (—3.63,3.63).
2 a4 .60 .8

y
3 \/ X
x T x

From th hsof y =1— 5+ — = + =
rom the graphs ot y 91 +4! 6'+8'
10 12 14

gD ek ot @t eb
100 12! 14! 16! 18!
one finds that y and ys differ by less than 0.1

if x lies in the interval (—7.44,7.44).

and yo = cos(x),

d) To find sin(x), first let y be the reference angle
of . Note, 0 <y < E.

2
Next, we obtain that the difference between
3
f(y) = sin(y) and f(y) =y — % is less than

0.1for0<y< g Thus, sin(zx)

3
y— % where the sign on the right side

= +sin(y) =

depends on the sign of sin(x).

For Thought

2
1. True, since B = 4 and the period is Eﬂ = %

2
2. False, since B = 27 and the period is fﬁ =1.

2
3. True, since B = m and the period is Eﬁ =2.
2
4. True, since B = 0.17 and the period is 01r =
20.

5. False, the phase shift is —112.

6. False, the phase shift is —%.

7. True, since the period is P = 27 the frequency

1 1
is —=—.
P 2n
8. True, since the period is P = 2 the frequency
1 1
is —=—.
P 2

9. False, rather the graphs of y = cos(z) and
. ™ . .
y = sin (a: + 2) are identical.

10. True

Copyright 2015 Pearson Education, Inc.



88 Chapter 2 Graphs of the Trigonometric Functions

2.2 Exercises 12. Period 6, phase shift 0, range [—1, 1], labeled
3T 97
i int 0,1 —,0 3m,—1 —,0
1. perlod pomsare(, )7(27 )7(7T7 )7(27 )7
2. frequency (6m,1)
y

3. amplitude

4. phase shift 1s

2
5. Amplitude 3, period Zﬁ or g, and phase shift 0

T | X
6. Amplitude 1, period 47, and phase shift 0 6P 3P v 6Pi
. . |
7. Since y = —2cos <2 (ZL‘ + 4)> — 1, we get -1

. . i
amplitude 2, period DI and 13. Period m, phase shift 0, range [—1, 1], labeled

) T
phase shift 1 points are (0,0), <7T,—1), (W,0>, (i)mal),
4 2 4
2 7,0
8. Since y = 4cos (3 <:L‘ — ;)), we get (r.0) y
. . 2w
amplitude 4, period 3 and
2
phase shift ?ﬂ
9. Since y = —2sin (7 (x — 1)), we get
2
amplitude 2, period il or 2, and
i
phase shift 1.
10. Since y = sin (;r(x + 2)), we get amplitude 1, 14. Period 27/3, phase shift 0, range [—1, 1],
2 . T s
period T oor 4, and phase shift —2. labeled points are (0, —1), <7 O); (7 1>7
/2 6 3
T 27
11. Period 27/3, phase shift 0, range [—1, 1], (270), <37 —1>
labeled points are (0,0), (7(;’ 1>, y
s s 27
-0 —,—1 —,0 1
50) G1) (50)
y
I . . X
-2Pi/3 -Pi/3 Pi/3 \2Pi/a
-1

Copyright 2015 Pearson Education, Inc.



2.2 The General Sine Wave

89

15. Period /2, phase shift 0, range [1, 3], labeled

m ™ 3m
i 0,3 —,2 —, 1 —,2
points are (0,3), (8’ ), <4, >7 (8’ )7
7r
52)

k + + i X
-Pil2  -Pil4 Pil4  Fil2

16. Period 27 /3, phase shift 0, range [—2, 0],

labeled points are (0, —1), (W 0>, <7T —1),

6’ 3’
T 2
—, =2 —. -1
(2’ )’(3’ )

y

2Pi/3  -Pile | fil 2Pi/2

-1¢

17. Period 8w, phase shift 0, range [1, 3], labeled

points are (0,2), (2w 1), (4m,2), (67,3),
(8m,2)

4P 4Pi 8Pi

18. Period 107, phase shift 0, range [2, 4], labeled

15
points are (0, 2), (527r’3)7 (57,4), (;73>7
(107, 2)

-5Pi 5P 10Pi

19. Period 6, phase shift 0, range [—1, 1], labeled
points are (0,0), (1.5,1), (3,0), (4.5, —1), (6,0)

20. Period 8, phase shift 0, range [—1, 1], labeled
points are (0,0), (2,1), (4,0), (6,—1), (8,0)

‘ 1 — x
- 2 W
1t
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Chapter 2 Graphs of the Trigonometric Functions

21. Period 7, phase shift 7/2, range [—1, 1],

labeled points are <72r,0>, (37T 1),

-
o (5.0). (5

y

-Pi/4 3Pi/4 2P

22. Period 27/3, phase shift —7/3, range [—1, 1],
labeled points are <—g,0), (—g, 1),

0. (39 ()

23. Period 4, phase shift —3, range [—1, 1], labeled

points are (—3,0), (—=2,1), (=1,0), (0,—1),
(1,0)

24. Period 6, phase shift 1, range [—1, 1], labeled
points are (1, 1), (2.5,0), (4,—1), (5.5,0), (7,1)
y

N/

25. Period 7, phase shift —7/6, range [—1, 3],
T T
labeled point —— —,1
abeled points are < 6,3), (12, >,

5 () (52)

\3
N/
_P|/-61” W Pi

26. Period 7/2, phase shift 7/2, range [—4, 2],

labeled points are (;r,2>, (587T,—1>,

(0 (e

y

? \ /
T A7 3x7f 5 °
2

-1 4
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2.2 The General Sine Wave
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2 3 1
27. Period ?W, phase shift %, range {—2, —2},
labeled point (” 1) <” 3)
abeled points are | —, — -, —=
p 6? ) 37 2 9y

28.

29.

30.

31.

() (53 (5

y

Pi/2 Pi
05+

-1.5+

Period 7/2, phase shift —7 /4, range [1/2,3/2],

labeled points are (—Z, 1), (—ﬂ,0.5>,

(0,1), (g,15>, (Z,1>

y

8

-Pil4 Pil4

Note, A = 2, period is 7 and so B = 2, phase
shift is C' = %, and D = 0 or no vertical shift.

Then y = 2sin (2 (.CE— Z))

We can choose A = —1 with C' = 0, i.e., no

1
phase shift. The period is 47 and so B = 3
There is no vertical shift or D = 0.

Then y = —sin (g)

4 3
Note, A = 3, period is ?ﬂ andso B = 3 phase
shift is C' =

shift is three units up.

3 s
Th =3sin | = — :
en y 381n(2 <x+3>>+3

T
——, and D = 3 since the vertical

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

Note, A =2, B = 2, phase shift is C = —Z,

and D = —1. Then y = 2sin (2 <£U+ ﬂ))—l.

;<g ZDS — £(0) = sin(0) = 0
6(5) =1 (2) = (3) -
(1)

>
—~
)
N
I
w

>
/
~
/~
Q
=~y

>
/N
2.
=
7 N
~——— N

(6(e-5) o)

100 cycles/sec since the frequency is the
reciprocal of the period

1/2000 cycles per second

Frequency is = 40 cycles per hour

L
0.025

Period is = 0.000025 second.

40, 000
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92 Chapter 2 Graphs of the Trigonometric Functions
47. Substitute v, = 6, w =2, and 2, =0 15,000 sin <gm + g) +25,000 ~ $17, 500.
into z(t) = %o sin(wt) + x, - cos(wt).
w 54. Period is 12, amplitude is 150, phase-shift is
Then x(t) = 3sin(2t). —2, vertical translation is 350, a formula for
The amplitude is 3 and the period is 7. the curve is
y
s y = 150sin (mz + W) + 3505
6 3
for November (when = = 11), the utility bill is
Pil4 5Pi/4
150 sin (m + ”) + 350 ~ $425
3 6 3
. 55.
48. Substitute v, = —4, w =m, and z, =0
into x(t) = Yo, sin(wt) + x, - cos(wt). a) period is 407 ampli‘?ude is 65, an equation
w for the sine wave is
4
Then z(t) = — sin(7rt). y = 65sin (27;3:>
The amplitude is 4/7 and period is 2.
y b) 40 days
4P c) 65sin (;)(36)) ~ —38.2 meters/second
o < d) The new planet is between Earth and Rho.
4
e 56. a) Ganymede’s period is 7.155 days, or 7 days
and 8 hours; Callisto’s period is 16.689
days, 16 days and 17 hours; Io’s period is
49. 11 years 1.769 days, 1 day and 18 hours; Europa’s
50. Approximately 1.4 seconds period is 3.551 days, or 3 days and 13
hours.
51. Note, the range of v = 400sin(607t) + 900 is To the nearest hour, it would be easiest
[—400 + 900, 400 + 900] or [500, 1300]. to find Io’s period since it is the satellite
(a) Maximum volume is 1300 cc and mininum with the smallest period.
volume is 500 cc b) Ios’s amplitude is 262,000 miles, Europa’s
(b) _Th? runner takes a b.reath every 1/30 amplitude is 417,000 miles, Ganymede’s
(which is the period) of a minute. So a runner amplitude is 666,000 miles, Callisto’s am-
makes 30 breaths in one minute. plitude is 1,170,000 miles
52. (a) Maximum velocity is 8 cm/sec and . Co 2 o
mininum velocity is 0. 57. Since the period is 20 = B we get B = 10"
(b) The rodent’s heart makes a beat every 1/3 Also, the amplitude is 1 and the vertical
(which is the period) of a second or it makes translation is 1. An equation for the swell is
180 beats in a minute. T
y = sin <x> + 1.
53. Period is 12, amplitude is 15,000, phase-shift 10

is —3, vertical translation is 25,000, a formula
for the curve is

y = 15,000 sin (gx n g) +25,000;

for April (when z = 4), the revenue is

58.

Since the period is 200, the amplitude is 15,
and the vertical translation is 15, an equation

for the tsunami is

y = 15sin (1780:5) +15.
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59. The sine regression curve is

60.

62.

y = 50sin(0.2142 — 0.615) + 48.8
or approximately
y = 50sin(0.21x — 0.62) + 48.8

The period is

2 2T
5 oo 29.4 days.

When x = 39, we find
y = 50sin(0.214(39) — 0.615) + 48.8 ~ 98%

On February 8, 2020, 98% of the moon is il-
luminated. Shown below is a graph of the re-
gression equation and the data points.

A
90
80

40;

10 20
The sine regression curve is
y = 95.4sin(0.514x — 1.84) 4+ 727.0
or approximately
y =95.4sin(0.51z — 1.84) + 727.0

The period is

2 27

- ~12.2 hs.
b 0514 months

When x = 14, we obtain
95.4sin(0.51(14) — 1.84) + 727.0 ~ 648 min.
between sunrise and sunset on Feb. 1, 2021.

T
For instance, one can choose B = 4, C' = 1
and D = 5.

63.

64.
65.

66.

67.

68.

69.

Amplitude A = %,
2 27
iod B=—=—=2
perio 5 ] ,

phase shift g ,

1 1
period is [—5 + 3, 5 + 3] or [2.5,3.5]
y=—cos(z+m)+2

If x is the height of the tree, then tan30° =
h/500 or

h = 500 tan 30° ~ 289 ft.

Let r = /(—3)% + 62 = /45 = 3/5.

Then sin 8 = y_ 76 = 72\/5,
r  3v6 5
T -3 V5
cosff=—=—==——,and
b r  3v6 5
tan g = v_56 _ -2
r -3

Note, the sum of the two angles is
32°37" + 48°39" = 80°76’ = 81°16'.
The third angle is 179°60" — 81°16" = 98°44’.

Since s = ra, we find

5 = 60«
1
a = — radian
12
1 180°
a = —-
12 s
a =~ 4.8°

One possibility is
WRONG = 25938

and

RIGHT = 51876.

70. Let = > y be the radii of the circles. By the

Pythagorean theorem,
y2 +40% = 22.
Then the volume of water in the island is

2(rz? — my?) = 2m(40)? ~ 10,053 ft3.
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2.2 Pop Quiz

1. Since we have

- sn(o(e-)

we obtain amplitude 4, period 27/B = 2m/2
or m, phase shift 7/3.

N

. Key points are (0,0), (17_3>’ (W 0)7
() o

3. The period 27/B = 27/ or 2. Since the ampli-
tude is 4 and there is a vertical upward shift of
2 units, the range is [-4 + 2,4 + 2] or [—2,6].

4. Note, A=4 and C = —%. Since the period is

we find B = 3. Thus, the curve is

- (o (e 7))

5. Note, the period is

2 2T 1

B~ 5000 250°
Since the frequency is the reciprocal of the

period, the frequency is

250 cycles/minute.

For Thought

1 1
1. T i 4) = = .
rue, since sec(m/4) cos(n/A) — sin(r/4)
. 1
2. True, since csc(z) = — :
sin(z)
3. True, si (7)2) = —> L
. True, since csc =———==-=1.
: " sin(r/2) 1
. 1 1.
4. False, since ——— or — is undefined.
cos(w/2) 0

2T 2T
5. T i B=2and == = == = 7.
rue, since an 5 5 T

2T 2

6. True, since B=mand — = — = 2.
B T

7. False, rather the graphs of y = 2csca and

2 . )
= — are identical.
sinz

8. True, since the maximum and minimum of
0.5 cscx are £0.5.

7r
9. True, since 5 + k7 are the zeros of y = cosx

we get that the asymptotes of y = sec(2z) are
%=~ 4k TR k=4
xr=— orx=—+ —. =
2 1772 ’

T
we get the asymptotes x = :tz.

10. True, since if we substitute x = 0 in

csc(4x)

1 or 1 which is undefined.
sc(0) 0

we get

2.3 Exercises

1. domain
2. domain
3. asymptote

4. z-intercepts

1 1
> cos(n/3) 12

1 1
6. cos(m/4) V2/2 = V2

1 1
7. A = pr —\/§
sin(—7/4)  —1/y/2
o L 1 _,
" sin(w/6)  1/2
. 1 1
9. Undefined, since ———— = —
cos(w/2) 0
1

1
10. Undefi ince ———— = ~
0 nde ned, since COS(3 /2) 0

11. Undefined, since — L = -
sin(m) 0
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12. Undefined, since — L _1 33. period 27, asymptotes @ = = + kn,
sin(0) 0 2
1 1 range (—oo, —2] U [2, 00)
13. ~ 92.6 14. ~—1 y
cos 1.56 92.6 s1.58 08.7
R S B VARV
" sin0.01 " sin(—0.002) '
17 L ~ 627.9 18 ! ~ —313.9 o 2 ﬁx
" sin3.14 " sin6.28 ' /\ m
1 1
19. ~ —418.6 20. ~ 1314
cos4.71 cos 4.72 34. period 27, asymptotes z = g + km,
2 2
21. Since B = 2, the period is % = g or T range ( _1/2] [1/2, 00)
22. Since B = 4, the period is % = 2% or ©
. Since B = e period is — = — or —
| p ) : 2 U kj
3 2 2 4
23. Since B = > the period is fﬁ ﬁ or ?ﬂ C X
1 2 2
24. Since B = 3 the period is fﬂ 1/7; or 4w m ﬂ
- od is 2% _ 2T 35. period 27/3 totes 3z = ~ + k
25. Since B = m, the period is B= o 2 . period 27/3, asymptotes 3z = 5 + KT or
s
km
2r 2 _ T, o0, —
26. Since B = 2m, the period is T or =% T 3 ranee (=00, ~1] U1, 00)
B 27 y
27. (—00, 2] U [2,00) U (/
28. (—00,~4] U [4,0)
29. (—o0 —1/2] [1/2,00) Pl -PI2 A6 P2
-1+
30. (—o0,—1/3]U[1/3,00) /\ /\
31. Since the range of y = sec(mz — 37) is
36. period n —_ asymptotes 4x = T + km or
(—o0,—1] U [1,00) 4 27 2
the range of y = sec(mx — 37) — 1 is T = % + %T, range (—oo, —1] U [1, 00)
(—o0,—1—=1JU[l —1,00) y
or equivalently
(—o0,—2] U [0, 00). .
32. Since the range of y = sec(3z + 7/3) is . s x
(—o0, —1] U [1, 00), the range of 8§ 4 g
y =sec(3x +7/3) 4+ 1 is 1
(—o0,—1+1JU[1+1,00)

or equivalently

(—00,0] U2, 00).
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2 2
37. period Tﬂ = 27 ,asymptotes = + % = g + km 40. period 1—73 = 67, asymptotes % = g + k7 or
orr = % + km, range (—oo, —1] U [1, 00) _ 37

T = + 3km, range (—oo, —1] U [1, 00)
y

/ J o\

3r 3n 97
1 2 2

w
N
[&)]
N
x

INpS
.
|

38. period 2% — 2 t Tk 2m m
- PEHod == = 27, asymp otes z — 6 2 TR 41. period — = 2, asymptotes 7z = 5 + km or
T
T
- 0. — 1
orz = + km, range (—oo, —1] U [1, 00) r=s + k, range (—o0, —2] U [2, 50)
Y y
1 zj k
27 77 5 x X
3 6 3 0.5 1 1.5
1 »
39. period 2 47, asymptotes — = ~ + km or 2m U
- b /2 ymp 2 9 42. period % = 4, asymptotes 5 = + km or
i

T2
x =1+ 2k, range (—oo0, —3] U [3,00)

y
y
j & 3/ \
1
2 3 X X
1 JT Tt JT 1 2 3

x = m + 2km, range (—oo, —1] U [1, 00)
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43. period 2% =, asymptotes 2x = g + km or 46. period 27, asymptotes z = k,
+  kr range (—oo, —3] U [3, 00)
T=7 + > and since the range of y
y = 2sec(21) is (—oo0, —2] U [2,00) then \/
the range of y = 2 + 2sec(2x) is 3
(—00, =2+ 2] U[2+2,00) or (—o0,0] U [4, c0).
y - o X

47. period 27 ,asymptotes x + g = km or

; ; ; X
-5Pi/4 i/4| Pi/
[\r'l f\ x:—g—i-kﬂorx:ngkTr,

27 range (—oo, —1] U [1, 00)

44. period 1/2 = 4, asymptotes % = g + km or ,
x = 7w + 2k7, and since range of
y = —2sec (g) is (—o0, —2] U [2, 00) then the
7 1
range of y = 2 — 2sec () is «
2 T £ 3n
2 2 -
(=00, =2+ 2] U[2 + 2, 00) or (—o0,0] U [4, 00). 2
-2
y

41 48. period 2w, asymptotes © — m = km or
1,,
e x = m+kmor z = kr, range (—oo, —1]U[1, 00)
y

45. period 27, asymptotes z = k,
range (—oo, —2] U [2, 00)

y -7 7 27

IV, '1

nonN
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2
. period g or 7, asymptotes 2z — g =km !
k: /
orz = % + ?ﬂ, range (—oo, —1] U [1, 00)
X
y 3] 3 5
1
7 3 57 ) 27 T
1l @ Ee a 53. period —— or 4, asymptotes — + — = k=
/2 2 2
orx=—142kor x=1+ 2k,

range (—oo, —1] U [1, 00)
27 s f
. period 5 asymptotes 3x+m = kmor x = R

range (—oo, —1] U [1, 00)

y X

|

oy
I
=
w|

27
54. period — or 2, asymptotes 7z — T = kw
m

or x = k, range (—o0, —2] U [2,00)

y

2
. period T oor 4, asymptotes % — g = km or 2 U \/

/2
x =1+ 2k, range (—oo, —1] U [1, 00) ; 5 3 X
| N
1 T
X 55.y:sec(ac—>—|—1
1 2 3 4 2

56. y = —sec(x +m) + 2

57. y=—csc(x+1)+4

. 27 mx 3w 58. y = —csc(z—2)—3
. period W or 8,asymptotes e + il km or
T
59. Since the zeros of y = cosx are x = T + km,
T 3T 2
Vs +hmorx = —3+4k or x = 1+4Kk, the vertical asymptotes of y = secz are
T
range (—oo, —1] U [1, 00) x=—+km.

2
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60.

61.

62.

63.

64.

65.

66.

67.

Since the zeros of y = sinx are x = km, the

vertical asymptotes of y = — cscx are x = k.

Note, the zeros of y = sinx are x = kx. To find
the asymptotes of y = csc(2z), let 2z = k.
k

The asymptotes are x = %
Note, the zeros of y = sinx are x = kw. To find
the asymptotes of y = csc(4x), let 4z = k.
The asymptotes are x = Zﬂ
Note, the zeros of y = cosz are x = T + k.
To find the asymptotes of y = sec <:c — 72r>7

let x — g = g + k. Solving for z, we get

x = 7+ km or equivalently x = k.
The asymptotes are x = k.

T
Note, the zeros of y = cosx are x = — + k.

To find the asymptotes of y = sec (z + 7),

let z 47 = g + k. Solving for =, we get
T ) T

T = —3 + km or equivalently x = 5 + k.

The asymptotes are z = g + k.

Note, the zeros of y = sinx are x = k.
To find the asymptotes of y = csc (2z — 7),
let 2oz — 7 = kw. Solving for x, we get

T n km alent] km
T = — + — or equivalently x = —.
g T g OF ANV =
km
The asymptotes are x = 5

Note, the zeros of y = sinx are x = k.
To find the asymptotes of y = csc (4 + 7),
let 4z + m = km. Solving for x, we get

s . km alentl km
= —— — Or 1 1) = .
T 1 1 or equivalently x 1

km
The asymptotes are x = e

Note, the zeros of y = sinx are x = k.

1
To find the asymptotes of y = 5 o8¢ (2z) + 4,

let 2z = km. Solving for x, we get

km
that the asymptotes are x = o5

68.

69.

70.

71.

72.

73.
74.

75.

76.

77.

Note, the zeros of y = sinx are x = k.
1
To find the asymptotes of y = 3 os¢ (3z) — 6,

let 3x = km. Solving for x, we get

km
that the asymptotes are x = 5

Note, the zeros of y = cosx are x = g + k.
To find the asymptotes of y = sec (rz + ),

let 7z + 7 = g + k7. Solving for z, we get
1 ) 1
T = —3 + k or equivalently x = 3 + k.
1
The asymptotes are x = 3 + k.

0
Note, the zeros of y = cosz are x = 5 + k.

To find the asymptotes of y = sec (ﬂ; — g),

let % — g = g + k7. Solving for z, we get

T = 24 2k or equivalently x = 2k.
The asymptotes are x = 2k.

Since the range of y = Asec(B(z — C))
is (—oo, —|A| JU[ |A], 00), the range of
y = Asec(B(x —C))+ D is

(=00, —|A[+ D JU[|A] + D, 00).
Since the range of y = Acsc(B(z — C))

is (—oo, —|A| JU[ |A], 00), the range of
y=Acsc(B(x —C))+ D is

(—o0,—|A|+ D |U[ |A] + D, c0).

sina =9y, cosa ==z
sine

Note f(z) =5cos (2 (z — %)) + 3.
The amplitude is A = 5,

... 2w 27 - ™
period is B=-3 =T phase shift is C' = 5
and the range is [-5+ 3,5+ 3] = [-2,8].

1
0125 = 8 cycles per second
p=0
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78.a) —30° b) 120° c¢) —45° 2.3 Pop Quiz
79. Ebesmpflitﬁde 'of the sine? w?ve\i]‘s] 1/2 since the ) 12 22 _
eig t of the sine wave is 1. We use a coor- " cos/4 V22 V2 9
dinate system such that the sine wave begins
at the origin and extends to the right side and . 1.
the first quadrant. Note, the period of the 2. Undefined since sinr o undefined.
sine wave is m, which is the diameter of the . T
tube. Then the highest point on the sine wave 3. Since cosz = 0 when z = B} + km, the
%s (w/2,1). Thus, an equation of the sine wave asymptotes of y = sec(z) + 3 are
is
1 1 -
y:—icos(2x)+§. x:§—|—k:7r
80. Let a < b < ¢ < d < e be weights of the five

children.

b+c+d+e = 354

at+c+d+e = 314
a+b+d+e = 277
a+b+c+e = 265

a+b+c+d = 254

The coeflficient matrix is

01111
1 0111
A={11 1 0 1 1
11101
11110

The inverse of the coefficient matrix is

-3 1 1 1 1
) 1 -3 1 1 1
Al ==C 1 1 - 1 1
4 1 1 1 -3 1
1 1 1 1 -3
Then
354 12
314 52
AN 217 | =| 89
265 101
254 112

The lightest kid weighs 12 1b.

where k is an integer.

4. Since sinz = 0 when x = km, the

asymptotes of y = csc(x) — 1 are
x=Fkm
where k is an integer.

5. Since cos 2z = 0 when 2z = g + k7 or

7T+k}£
4 2’

the asymptotes of y = sec(2x) are

J,’:Z—F?

where k is an integer.

6. (—oo—3]U[3,00)

2.3 Linking Concepts

a) Shown below are the graphs of

y1 = zsin(z), yo = x, and y3 = —z.
a
A
12
10
100 00 X
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Note, if x # 0, then x sin(xz) = x has the same
solution set as sin(z) = 1. Thus, the exact
values of z satisfying zsin(z) = = are

x:Qg+2M

where k is an integer.

Similarly, if x # 0, then zsin(z) = —z
has the same solution set as sin(x) = —1.
Thus, the exact values of x satisfying

xsin(x) = —x are
xz =0, 3% + 27k

where k is an integer.

b) The exact values of z satisfying 22 sin(z) = 22

are .
T = 0,5 + 27k

where k is an integer.

The exact values of x satisfying

r?sin(z) = —2? are

:c:0,3§+27rk:

where k is an integer.

Zsin(z),

Shown next are the graphs of y = =
y = 22, and y = —z2. The points of
intersection between y = 22 sin(z) and
y = 2% (respectively, y = 22 sin(z) and
y = —x?) give the exact solutions to

r?sin(x) = 22 (22 sin(x) = —2?, respectively).

1
c) Given is a graph of y; = —sin(z), 0 < z < 10.
x

1 1 1
Note, the inequality —— < —sin(z) < —
x T x

does not hold true if x = g

1 1 m
In fact, —si =—ife=—
nac,xsm(:v) sifr=g
1.
d) From the graph of f(xz) = —sin(x), as shown
x
in the next column, we note that f(0) is unde-

fined and one can conclude that for each z in
[—0.1,0.1], except when x = 0, one has

1> f(z) > f(0.1) = f(—0.1) ~ 0.9983.

Yes, 0.99 < f(z) < 1if z lies in
[-0.1,0.1] and x # 0.

y

/-—163\

. HH : X
-1 -11 1

8 sin(3x
e) y= Ssin(3z)

X
For Thought

sin x

1. True, since tanxz = .
Ccos T

2. True, since cotx = provided tanx # 0.

tanx

3. False, since cot (g) =0 and tan (;T) is
undefined.
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4. True, since sin0 = 9 =0. 12. sin(2) 9 =0
cosO0 1 cos(2m) 1
5. False, since sin(r / ) or — is undefined. 13 cos(m/4) \[/ 2
0s(7/2) sin(m/4) f/2
6. False, since sm((5 § )> or — is undefined. 14 cos(m/3)  1/2 1 V3
cos(b . = - - Y2
sin(m/3)  /3/2 3 3
7. True ) )
cos
8. False, the range of y = cot z is (—o00, 00). 15. Undefined, since Sin(0) has the form 0
) T T 1
9. True, since tan <3' (i6>) = tan (iQ) 16. Undefined, since C.OS(W) has the form —
sin ()
+1 .
or o is undefined. 17 COS(ﬂ-/Q) 0 0
" sin(n/2) 1
. T
10. True, since cot (4- <i4>) = cot (£m) s cos(37/2) 0 .

+1
or o is undefined.

2.4 Exercises

1. tangent
2. vertical asymptote
3. domain
4. domain

5. inflection

6. period
- sin(7/3)  V/3/2 _ V3 2 _ /3
cos(m/3)  1/2 2 1
8 sin(m/4)  V2/2
Ccos(m/4) T V2/2
i 2 1
9. Undefined, since M has the form —
cos(7/2) 0
i 2 -1
10. Undefined, since M has the form —
cos(3m/2) 0
11, sin () _0
cos(m) —1

19.

21.

23.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

sin(3r/2) -1
92.6 20. 1255.8

—108.6 22. —237.9
1
——— =~ 5000 24. ———— ~333.3
tan 0.002 tan 0.003
1
—— =~ —500.0
tan(—0.002)
! ~ —333.3
tan(—0.003) ~ '
T T
Si B =8, th iod is — = —.
ince , the period is & = <
T T
Si B =2, th iod is — = —.
ince , the period is = = 5
Since B = 7, the period is T_T_q.
B
Since B = g, the period is % = TI'L/Q = 2.
Since B = g, the period is % = Wi/?) =3.
Since B = 7, the period is T_T_q.
B
T T
Si B =3, th iodis — = —.
ince , the period is & = ¢
T T
Si B =2, th iod is — = —.
ince , the period is = = 5
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35. y = tan(3x) has period g, and if 3z = g +km

T T
then the asymptotes are x = s + 5 for any
integer k.

NS
NS

40. y = 3tan(z) — 2 has period 7, and the

coa T . T asymptotes are & = ~ + km where k is
36. y = tan(4x) has period T and if 4o = B +km yip 9
an integer.
then the asymptotes are x = g + Zﬂ for any & ,

integer k.

NS

e yaw

37. y = tan(wz) has period 1, and if 7z = Ay
1 2 41. y = —tan(x — 7/2) has period 7, and if
then the asymptotes are z = 3 + k for any

. x—7/2= T + k7 then the asymptotes are
integer k. 2

y x = m+ km or x = km for any integer k.

38. y = tan(wz/2) has period 2, and if

42. y=1t 2)h iod d if
/2 = g + km then the asymptotes are y = tan(z +m/2) has period 7, and i

+ 2 = Z 4 kr then th tot
x + — = — + k7 then the asymptotes are
x = 1+ 2k for any integer k. 2 2 yHp

y x = kr for any integer k.

y

N

NS
N

39. y = —2tan(z) + 1 has period 7, and the

i
asymptotes are r = 5 + k7 where k is

an integer.
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43. y = tan (gx _ g) has period % or 2, and 46. y = cot(x — m/6) has period 7, and if
T
- P 2 — = — kr then the asymptotes are
if 51‘ —3=3 + k7w then the asymptotes are ?r
x = 2+ 2k or x = 2k for any integer k. 7% + ke for any integer .
y y
1
X
1
-1 x
47. y = cot(x/2) has period 2, and if 5= km
then the asymptotes are x = 2kn for any
3 .
44. y = tan (W:n + F) has period T or 4, and integer .
147 w/4 y
3
if %x + ZW = g + km then the asymptotes are
x = —1+4k or x = 3 4 4k for any integer k.

48. y = cot(x/3) has period 37, and if

T
1 /1 3 X 3 = k7 then the asymptotes are x = 3k
-1 for any integer k.

45. y = cot(x + m/4) has period 7, and if

T+ % = k7 then the asymptotes are

3
x:—g—l—lmror:r:%%—kﬂforany

integer k. 49. y = — cot(z 4+ m/2) has period 7, and if

T+ g = km then the asymptotes are

m:—g—l—kﬂorx:g—i—kﬂforany

integer k.
y

-39‘7 -H/ZA 917 iz
2
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50. y = 2 + cot(x) has period 7, and the 57. Note, the period is —. So E = g and B = 2.
asymptotes are x = kx for any integer k. I

y The phase shift is Z and A = 1 since (8’ 1)
is a point on the graph.
An equation is y = tan <2 <:c — Z))
58. Note, the period is 7. So % =mand B = 1.
The phase shift is T and A = 1 since (Z)m, 1)
51. y = cot(2z — /2) — 1 has perlod —, and if 2 4
is a point on the graph.
T
2z — 5= km then the asymptotes are An equation is y = tan <x B 727>
_ Ty integer k
Ty T g or Ay neeen & 59. Note, the period is 2. So % =2and B = g
! Since the graph is reflected about the z-axis
1
) and <2, —1) is a point on the graph, we find
™
_ - X A = —1. An equation is y = — tan <:1;>
7 } 7\ 2
60. Since the the period is 1, we get % =1 and
B = 7. Note, the graph is reflected about the
. 1 : :
52. y = cot(3z + 7) + 2 has period %, and if T-axis, <47 1) is a point on the graph, and the
3x + m = km then the asymptotes are phase shift is C' = % Thus, A = —
(k—=1)m _kn " . i 1
r= 3 or &= g7 lob aly mteger k. An equation is y = — tan (77 (a: - 2))
y
61. f(g9(=3)) = f(0) = tan(0) =0
. 62. g(f(0)) = g(tan(0)) = g(0) = 3
) 63. Undefined, since tan(mw/2) is undefined and
\ g(h(f(7/2))) = g(h(tan(r/2)))
It It X
6 3 64. g(f(h(m/6))) = g(f(7/3)) = g(tan(7/3)) =
9(V3) =V3+3
™ 65. f(g(h(z))) = f(9(22)) = f(2z + 3) =
53. y = 3tan xfz + 2 tan(2z + 3)
1 ™ 66. g(f(h(x))) = g(f(22)) = g(tan(22)) =
54. y=—-tan|lz+ -] —5 tan(2z) + 3
2 2
m 67. g(h(f(z))) = g(h(tan(z))) = g(2tan(z)) =
55.y:—COt l’+§ +1 Qtan(:c +3
™ 68. h(f(g(z))) = h(f(x +3)) = h(tan(z +3)) =
56.y:2C0t x—g -2 2tan(a:+3)
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69

70

71

72

. Note m = tan(m/4) = 1. Since the line passes
through (2, 3), we get y—3 = 1-(x—2). Solving
for y, we obtain y =z 4 1.

. Note m = tan(—n/4) = —1.

Since the line

passes through (—1,2), we get y —2 = —1-

(x 4+ 1). Solving

for y, we obtain y = —x + 1.

. Note m = tan(r/3) = v/3. Since the line
passes through (3, —1), we get

y+1=V3z—3).
Solving for y, we obtain y = v/3z — 3v/3 — 1.

. Note m = tan(w/6) =

Since the line

3

passes through (—2,—1), we get

3
y—l—l—\g[(ac—l—

73.

74

a) Period is abo

2). Solving for y, we obtain

ﬁxﬁ-&—l.
3 3

ut 2.3 years

b) It looks like the graph of a tangent

function.

. a) The graph of

y2 (as shown) looks like the

graph of y = cos(z) where y; = sin(z).

y

/INC.

N\

N\ @

b) The graph of y2 (as shown) looks like the
graph of y = —sin(x) where y; = cos(z)

y

2Pi

The graph of yo (as shown) where y; = e*
looks like the graph of y = e”.
y

2,,

f J }
2P A Pi

2Pi

The graph of yo (as shown) looks like the
graph of y = 1/x where y; = In(x) .
y

The graph of y2 (as shown) looks like the

graph of y = 2z where y; = z°.
y

2P -Pi P 2P

T
—,seca = —, cotax = —
Yy T Yy
76. Note, A = 2 since the y-values of the key
points are 0,4+2. Also, D =0
From the first key point (—m/4,0), the phase

T
hift is C = ——
shift is 1

75. csca =

Since the difference between the first and last
x-values is the period, i.e.,

2T

B
we find B = 2. The equation is

-s3(o+ )

=3n/4—(—7/4) ==
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7.

78.

79.

80.

81.

82.

2 2T
Period is — = — = 7.
eriod is 5 T

To find the asymptotes, solve

™
2 —m = - +mm
2
2r = g+(m—|—l)7r
T (m+ 17w
T o= g4

where m is an integer. Let Kk = m + 1. Then
the asymptotes are

The range is (—oo, —3] U [3, 00).

cos = =1 —sin? = —/T= (173" =
- T57i6 = - Y,

Let = be the distance from the building to the

boss. Then
432

x
and x = 432/ tan 28° ~ 812 feet.

tan 28° =

a) —1/2 b) —1 c) 1

1 23

d) Undefined e) \[?/2: 3 f) —1

a) First, use four tiles to make a 4-by-4
square. Then construct three more 4-
by-4 square squares.
four 4-by-4 squares. Then put these four
squares together to make a 8-by-8 square.

Now, you have

b) By elimination, you will not be able to
make a 6-by-6 square. There are only
a few possibilities and none of them will
make a 6-by-6 square.

The vertical numbers are 1,4,7, and 9.
The horizontal digits are 2,3,5, and 8.
The number in the corner cell is 6.

2.4 Pop Quiz

. —tan(37/4) = =

™
. Th iodis = ==
e period is —

_sin(3m/4)

R
—V2/2

cos(2m/3)  —-1/2 1 V3

cos(3m/4)

sin(2m/3) B \/3/2 N _ﬁ 3

™

3

Since sin 2x = 0 exactly when 2z = km where k&
is an integer, or x = kxw/2. Then the vertical
asymptotes of y = cot 2x are the vertical lines

b
.

T

. y—3tan(a:+z>—1

For Thought

1.

False, since the graph of y = x + sinx does not
duplicate itself.

. True, since the range of y = sinz is [—1, 1]

it follows that y = x + sin x oscillates
about y = x.

. True, since if x is small then the value of y

in y = — is a large number.
x

. True, since y = 0 is the horizontal asymptote

1
of y = — and the x-axis is the
x

graph of y = 0.

. True, since the range of y = sinz is [—1, 1]

it follows that y = — + sinx oscillates
x

1
about y = —.
x

. . 7r
. True, since sinx = 1 whenever x = 5 + k27 and

3
sinx = —1 whenever x = % + k27, and since

L. . :
— is approximately zero when x is a
T

1
large numbers, then — + sinz = 0 has many
x

solutions in z for 0 is between 1 and —1.
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3+1 . - i - i
7. False, since cos(r /6)+cos(2-7 /6) — \fz—i- o1 3. For ealch z-coordinate, the y-coordinate of
then 1 is not the maximum of y = — — sinx is obtained by subtracting the
T
y = cos(z) + cos(2z). y-coordinate of yo = sinz from the
. 1
8. False, since sin(x) + cos(z) = v/2sin (m + Z) y-coordinate of y; = o
then the maximum value of sin(z) + cos(x) is f
\/5, and not 2. 4
9. True, since on the interval [0, 27] we find that 2
sin(z) = 0 for x = 0,7, 27. \//-\ v/\ «
G 7 27
2 2
10. True, since B = 7 and the period is fﬂ ]
T
or 2.
2.5 Exerci
5 ercises 4. For each z-coordinate, the y-coordinate of
1. For each x-coordinate, the y-coordinate of y = 1 + sinz is the sum of the y-coordinates

y = x + cosx is the sum of the y-coordinates
of y3 = x and yo = cosx. Note, the graph

1 .
of y; = — and y» = sinx.
below oscillates about 31 = . z

y
y
4

3 2

-2 -7t 7 2)TX \/ ]T\/ 8

5. For each z-coordinate, the y-coordinate of
1

2. For each z-coordinate, the y-coordinate of

y = —x +sinw is the sum of the y-coordinates y = —x +sinx is the sum of the y-coordinates
of y1 = —x and yo = sinz. Note, the graph 2
below oscillates about y; = —x. of y1 = %x and yp = sin .
y
y
3
2
X
-2 -7t 7 2
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6. For each z-coordinate, the y-coordinate of

1
y = —x — cosx is obtained by subtracting the

y-coordinate of yo = cosx from the

y-coordinate of y; = 5%

y

X
-2 / 7 27

7. For each z-coordinate, the y-coordinate of
y = 22 + sinz is the sum of the y-coordinates
of y1 = 22 and y» = sinz. Note, y» = sinx

oscillates about y; = x2.

y

8. For each z-coordinate, the y-coordinate of
y = 22 + cosz is the sum of the y-coordinates

of y1 = 22 and y» = cosz. Note, the graph

below oscillates about y; = 2.

y

30

10

9. For each z-coordinate, the y-coordinate of
y = \/x + cos z is the sum of the y-coordinates
of y1 = y/x and yo = cosz.

y

5

25 4 5 6

10. For each z-coordinate, the y-coordinate of
y = v/x — sinz is obtained by subtracting the
y-coordinate of ys = sinz from the
y-coordinate of y; = /.

y

5

25 4 5 6

11. For each z-coordinate, the y-coordinate of
y = |x|+2sinz is the sum of the y-coordinates
of y1 = |z| and yo = 2sinz. Note, the graph
below oscillates about y; = |x|.

y
25

15

-4 45 8
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12. For each z-coordinate, the y-coordinate of 15. For each x-coordinate, the y-coordinate of

y = |z| — 2 cos z is obtained by subtracting the
y-coordinate of ys = 2 cosx from the
y-coordinate of y; = |z|. Note, the graph
below oscillates about y; = |z|.

y = sin(x) — cos(z) is obtained by
subtracting the y-coordinate of yo = cosx
from the y-coordinate of y; = sin(x).
Note, y = sin(z) — cos(z) is a periodic
function since it is the difference of two

y
2 periodic functions.
y
15
ANIA
X
_ -7 7T 27
-4 4 8 JTX / \/ \/
-2
13. For each z-coordinate, the y-coordinate of

y = cos(x)+2sin(x) is obtained by adding the

y-coordinates of y; = cosx and yo = 2sinx. 16. For each z-coordinate, the y-coordinate of
Note, y = cos(z) + 2sin(z) is a periodic y = cos(x) — sin(x) is obtained by
function since it is the sum of two periodic subtracting the y-coordinate of ¢y = sinx
functions. from the y-coordinate of y; = cos(x).
y Note, y = cos(z) — sin(z) is a periodic
function since it is the difference of two
2 periodic functions.
/ y
-2 X
1
-2
ANA
RVAIVA
14. For each z-coordinate, the y-coordinate of L
y = 2cos(x)+sin(x) is obtained by adding the
y-coordinates of y; = 2cosx and y = sin x.
Note, y = 2cos(z) + sin(z) is a periodic 17. For each x-coordinate, the y-coordinate of

function since it is the sum of two periodic

y = sin(x) 4 cos(2x) is obtained by adding the

functions. y-coordinates of y; = sinz and y2 = cos(2z).
y Note, y = sin(x) 4 cos(2z) is a periodic
, function since it is the sum of two periodic
functions.
y
X
-2 -7 7 2
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18.

19.

20.

For each z-coordinate, the y-coordinate of

y = cos(x) +sin(2x) is obtained by adding the
y-coordinates of y; = cosz and y» = sin(2x).
Note, y = cos(z) + sin(2z) is a periodic
function since it is the sum of two periodic
functions.

For each z-coordinate, the y-coordinate of
y = 2sin(x) — cos(2x) is obtained by
subtracting the y-coordinate of yo = cos(2z)
from the y-coordinate of y; = 2sin(x).
Note, y = 2sin(z) — cos(2x) is a periodic
function with period 2.

y

AWAW

-2

For each z-coordinate, the y-coordinate of
y = 3cos(x) — sin(2x) is obtained by
subtracting the y-coordinate of y, = sin(2x)
from the y-coordinate of y; = 3 cos(x).
Note, y = 3 cos(x) — sin(2z) is a periodic
function with period 2.

y
4

-2 7 275

21.

22.

23.

For each z-coordinate, the y-coordinate of

y = sin(x) + sin(2z) is obtained by adding the
y-coordinates of y; = sinz and y2 = sin(2z).
Note, y = sin(x) + sin(2z) is a periodic with
period 2.

i

For each z-coordinate, the y-coordinate of
y = cos(x) 4 cos(2z) is obtained by adding the
y-coordinates of y; = cosz and y2 = cos(2x).
Note, y = cos(x) + cos(2z) is a periodic
function with period 2.

y

For each z-coordinate, the y-coordinate of
y = sin(x) + cos (:; is obtained by adding
the y-coordinates of y; = sinx and

x . T\ .
Yo = COS <2> Note, y = sin(z) + cos <2> is
a periodic function with period 4.

y

2

A

/[
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24.

25.

For each z-coordinate, the y-coordinate of

y = cos(x) + sin (g) is obtained by adding
the y-coordinates of y; = cosx and

Y2 = sin <2> Note, y = cos(z) + sin <2> is

a periodic function with period 4.

-2

For each z-coordinate, the y-coordinate of
y = x + cos(mz) is obtained by adding
the y-coordinates of y; = = and

Y2 = cos (mx).

y

N

/NS,

26. For each z-coordinate, the y-coordinate of

y = x — sin(wz) is obtained by
subtracting the y-coordinate of yo = sin(nx)
from the y-coordinate of y; = .

y

27. For each x-coordinate, the y-coordinate of

28.

29.

1
y = — + cos(mx) is obtained by adding
x
1
the y-coordinates of y; = — and
Y2 = cos (7x).

y

For each z-coordinate, the y-coordinate of

1
y = — — sin(27x) is obtained by
x

subtracting the y-coordinate of yo = sin(27x)

from the y-coordinate of y; = —.
x
y

3

A
A,

For each z-coordinate, the y-coordinate of

y = sin(mx) — cos(mwx) is obtained by
subtracting the y-coordinate of yo = cos(mz)
from the y-coordinate of y; = sin(wx).

y

ANANS
AAVARV

-2
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30. For each z-coordinate, the y-coordinate of 33. For each z-coordinate, the y-coordinate of
y = cos(mx) — sin(2mx) is obtained by Yy = cos (Wx> + sin(7x) is obtained by adding
subtracting the y-coordinate of yo = sin(27x) 2
from the y-coordinate of y1 = cos(rx). the y-coordinates of y; = cos (;ra?) and

Y Y2 = sin (mx).

2 y

: - AN
. N

-2

31. For each z-coordinate, the y-coordinate of
y = sin(7x) + sin(27z) is obtained by adding

the y-coordinates of y1 — sin(mz) and 34. For each z-coordinate, the y-coordinate of

Yy = sin (27x). y = sin (ggg) + cos(mz) is obtained by adding
Y the y-coordinates of y; = sin (;rx> and
2 Y2 = cos (7).
y
-2 1 g 2

2 \_7 1 2
32. For each x-coordinate, the y-coordinate of P

y = cos(mz) + cos(2mx) is obtained by adding
the y-coordinates of y; = cos(wx) and

Y2 = cos (27x). 35. For each z-coordinate, the y-coordinate of
y y = sin(mx) + sin (;rx> is obtained by adding
5 the y-coordinates of y; = sin (7x) and
. (7
Yo = sin <21:>
2 7 2" y
2
-2
N\ x
-2 \1 1\
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36.

37.

38.

39.

40.

41.

42,

43.

For each z-coordinate, the y-coordinate of
y = cos(mx) + cos (;Tx> is obtained by adding
the y-coordinates of y; = cos (wx) and

B T
y2=cos| 5z ).

y

X
-2 -1 V

¢, since the graph of of y = = + sin(6x)
oscillates about the line y = x

1
f, since the graph of of y = — + sin(6z)
x

1
oscillates about the the curve y = —
x

a, since the graph of of y = —x + cos(0.5z)
oscillates about the line y = —x

e, since the graph of of y = cosx + cos(10zx)
is periodic and passes through (0, 2)

d, since the graph of of y = sinz + cos(10x)
is periodic and passes through (0, 1)

b, since the graph of of y = 22 + cos(62)
oscillates about the parabola y = 22

Since x, = —3, vo = 4, and w = 1, we obtain
Vo .
xz(t) = —sin(wt) 4+ z, cos(wt)
w

= 4sint — 3cost.
After t = 3 sec, the location of the weight is
x(3) =4sin3 — 3cos3 ~ 3.5 cm.
The period and amplitude of
x(t) =4sint — 3cost

are 2m = 6.3 sec and v/42 + 32 =5 cm,
respectively.

44. Since z, = 1, vo = —3, and w = /3, we find
z(t) = il sin(wt) + @ cos(wt)
w

3 .
= fﬁsm(\/gt)ﬂLCOS(\/gt)

= —V/3sin(V3t) + cos(V3t).
When ¢t = 2 sec, the location of the weight is
2(2) = —V/3sin2v3 + cos 2v/3 ~ —0.4 in.
The period and amplitude of

2(t) = —v/3sin(v/3t) 4 cos(v/3t)
are 27 /v/3 ~ 3.6 sec and (/12 + (v/3)2 = 2 in.,
respectively.

45. a) The graph of
. ™
P(z) = 1000(1.01)" +500 sin (g(x - 4))+2000

for 1 <z < 60 is given below

y
5000

4000
3000
2000

1000

X

60

b) The graph for 1 < 2 < 600 is given below

y

50000

X
600

The graph looks like an exponential
function.
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46. The graph for 2008, or 25 < z < 36 is given

below
y

3000 /\

X

25 36
The maximum value in the list below
P(25), P(26), ..., P(36)

is

P(31) = $3861.33

47. By adding the ordinates of y = x and

y = sin(x), one can obtain the graph of
y = x + sin(x) (which is given below).
y

50+

| 1 1 I X
-100 -50 50 100

The graph above looks like the graph of y = .

48. By adding the ordinates of y = x and

y = sin(50x), we obtain the graph of
y = x + sinb0x. The graph oscillates about
the line y = x.

y

49. By adding the ordinates of y =  and

51.

52.

53.

54.

y = tan(x), we obtain the graph of
y = + tan(x).
y
107

[.

6// s [

The graph above looks like the graph of
y = tanx with increasing vertical translation
on each cycle.

Since A = —3, the amplitude is 3.
T m

Since 5 5= §(x — 1), the period is

2 2
Eﬂ = 772 =4, and the phase shift is 1.

The range is [-3 + 7,3+ 7] or [4, 10]
Note, A = 3 and D = 2 since the maximum

and minimum y-values of the key points may
be written as £3 + 2.

From the second key point (7/2,5), which is
the first key point for a cosine wave, the phase

m
hift i = —
shift is C' 5

Since the difference between the first and last
z-values is the period, i.e.,

2
§7r:57r/4—7r/4:7r

we find B = 2. The equation is

y=3€os(2 (x—;r)) +2.

2 2
The period is AT 2, and
B T
the range is (—oo, —5] U [5, 00).

Solving 2z = km where k is an integer, the
domain is

{ZE | © # %T for any integer k‘} .
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. . ™
55. The period is — = — =1, and cos(m/4)  V2/2
B ) Ve
sin
the range is (—o0, 00).
1
7
; . ; ; 5. =—=-1
56. Solving 2x = — + km where k is an integer, we cost  —1
find that the vertical asymptotes are ] ]
6. — =-=1
o km sin(w/2) 1
4 2 ( )
sin(—37
' i ) 7.0 8 =—=0
where k is any integer cos(—37)  —1
57. Since there will be no 1’s left after the 162nd o O
house, the first house that cannot be numbered 9. Since B =1, the period is 51" 2.
correctly is 163.
. .. 2 2
58. If the exponent is zero, then 10. Since B =1, the period is B -1 2m.
2 _
z+z =0 11. Since B = 2, the period is r_T
z(x+1) = 0 B 2
z = 0,—1L 12. Since B = 3, the period is % = g
If the base is one, then or O
13. Since B = 7, the period is — = — =
r—5 1 B s
3 =
2 2
x—5 = 3 14. SinceB:g,theperiodisgzﬂ_—;;:él
r = 8
. 1 ... 27 2
If the base equals —1, then 15. Since B = 2 the period is 5= 12 = 4.
r—>5 _ 1 - 1
3 - 16. Since B = 3, the period is — = —.
r—5 = -3 3= 3
r = 2 17. Domain (—o0,c0), range [—2, 2]
2 .
Notice, z = 2 satisfies <ac3;5)x tr_ 18. Domain (—o0, 00), range [—5, 5]

Then the solutions are x = 0, —1, 8, 2.

2.5 Pop Quiz

1. f 2. e 3. d

4. a 5. ¢ 6. b

Review Exercises

1
1 2. -

2
sin(r/4) _ V2/2 _
cos(m/4)  /2/2

19. To find the domain of y = tan(2z), solve
2 = g + k7, and so the domain is
km

{a: | x # % + 2}. The range is (—o0, 00).

20. To find the domain of y = cot(3x),
solve 3x = km, and so the domain is

k
{:E | © # ;} The range is (—00, 0).
21. Since the zeros of y = cos(z) are
xr = g + km, the domain of y = sec(x) — 2

is {ar: | © # g + kﬂ'}. The range is
(—o0, —=3] U [-1, 00).
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22. By using the zeros of y = sin(x) and by
solving g = km, we get that the domain of
y = csc(x/2) is {z | © # 2kw}. The range of
y = csc(x/2) is (—oo, —1] U [1, 00).

23. By using the zeros of y = sin(x) and by
solving mx = km, we get that the domain
of y = cot(nzx) is {x | v # k}. The range
of y = cot(mx) is (—o0, 00).

24. By using the zeros of y = cos(x) and by

solving mx = g + km, we get that the domain

1
of y = tan(wz) is {ZE‘ | x # 3 + k} The range
of y = tan(wx) is (—o0, 00).
25. By solving 2z = g + km, we get that the

T kmw
asymptotes of y = tan(2z) are x = 1 + -

26. By solving 4x = g + km, we find that the

T  km
asymptotes of y = tan(4x) are z = 3 + VR

27. By solving wx = km, we find that the
asymptotes of y = cot(nz) + 1 are x = k.

28. By solving % = km, we obtain that the
T
asymptotes of y = 3 cot <2> are x = 2k.

29. Solvingx—g: g+/€7r, we get © = m+ km or

equivalently x = kw. Then the asymptotes of

0
y:sec<x2> are T = k7.

30. Solving x + g = g + km, we get x = km. The

s
asymptotes of y = sec (x + 2) are ¢ = k.

31. Solving mx + 7 = km, we get xt = —1 4+ k or
equivalently x = k. Then the asymptotes of
y = csc(mx + ) are © = k.

k
32. Solving 2x — m = km, we get z = g + % or

k
equivalently x = ?TF Then the asymptotes of

k
y = csc (2x — 7) areng.

2
33. Amplitude 3, since B = 2 the period is g =

2
il or equivalently =, phase shift is 0, and

range is [—3, 3]. Five points are (0,0),

(Z’?,)’ <72T,()>, (32,—3>, and (7,0).

y
3

2
34. Amplitude 2, period ?ﬂ, phase shift is 0,
and range is [—2,2]. Five points are (0,2),

G G (5w ()

y

N/

[
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35.

36.

37.

2
Amplitude 1, since B = 1 the period is fﬂ =

2

T or equivalently 2w, phase shift is z, and

range is [—1, 1]. Five points are (g, 1),

(). () () ()
3 6 3 6

N/

Amplitude 1, period 27, phase shift is —

— and
range is [—1, 1]. Five points are (T,O),
T 3 5%s 7
T, (= AN | o).
(4’ ) (4’0>’ (4’ ) and(4’o)

y
1

ISP
ENE
.

2
Amplitude 1, since B = 1 the period is g =

2
TW or equivalently 27, phase shift is —%, and

range is [-1+1,141] or [0, 2]. Five points are

(32)- (5 (70)- ()
)

\2

[N

N

w,
2|4
»[3

38. Amplitude 1, period 27, phase shift is

39.

40.

z, and
2

range is [—1—3,1—3] or [—4, —2]. Five points

are (g,—?,), (1, —2), (32”,—3), (2, —4),

5%3
and (2, —3).
1)’

2
Amplitude 1, since B = g the period is Eﬂ =

27

/2
range is [—1,1]. Five points are (0,1), (1,0),
(2,-1), (3,0), and (4,1).

N/
IRV

Amplitude 1, since B = g

2
Moo equivalently 6, phase shift is 0, and

/3

range is [—

or equivalently 4, phase shift is 0, and

2
th iod is — =
e period is iz

3
1,1]. Five points are (0,0), < 1),

(3,0), <g,—1>, and (6,0). ’

y
1
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41. Note, y = sin (2 (x + g)) Then amplitude

2 2
is 1, since B = 2 the period is Eﬂ = ?ﬂ or

s
equivalently 7, phase shift is —5 and range is

[—1,1]. Five points are <—72T’0>7 (_7r 1>’

4’
(0,0), <Z,—1>, and (;ro)

y
1

N
ENp
ENE

42. Note, y = sin (3 (x — g)) Then amplitude

is 1, since B = 3 the period is Eﬂ =3 phase

shift is g, and range is [—1, 1]. Five points are

59 () () (5
(m,0).

y
1

oy
NS

1 2
43. Amplitude 3 since B = 2 the period is Eﬂ =

2
g or equivalently 7, phase shift is 0, and

272

T T 1 3T 1
(4’0)’ (2’2)’ (470)’ and (“v‘z)

11 1
range is { ] Five points are (O, —2>,

/N
VRN

2
44. Amplitude 2, since B = 1 the period is Eﬂ =

45.

2
TW or equivalently 27, phase shift is 0, and

range is [-2+ 1,2+ 1] or [—1, 3]. Five points

are (0,1), (g,—1), (m,1), (3;3) and
(27, 1).

y
3

ks 7 3 27rx
2 2

-1

Note, y = —2sin (2 (x + g)) 41

Then amplitude is 2, since B = 2 the period
2 2
is 28— g or 7, phase shift is —%, and range

B
is [-2+ 1,2+ 1] or [-1,3]. Five points are

6 12 3 12
and (571).
6

w|x
o
mlﬁx

V4
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46. Note, y = —3sin (2 (m + W)) + 3.

47.

4
Then amplitude is 3, since B = 2 the period
2 2
is Eﬂ = ?ﬂ or 7, phase shift is —g, and range

is [-3 4+ 3,3 + 3] or [0,6]. Five points are

(59)-00.(53). (59).
and (3:,3).

y
6

37
4

NP
ISR
NN

1
Note, y = 3 cos (m(z+1))+ 1.

1
Then amplitude is 3’ since B = 7 the period

2 2
is Eﬂ — T o 2, phase shift is —1, and range
T

,[14_11_’_1} [24} Fi it
is 3 '3 or 33 ive points are

(1) (3.0 ()
i (1.2),

48. Note, y = 2cos (7 (z — 1)) + 1.

49.

50.

51.

52.

Then amplitude is 2, since B = 7 the period

2 2
is Eﬂ — T o 2, phase shift is 1, and range
T

is [-2+4 1,2+ 1] or [—1, 3]. Five points are

(1,3), (21) 2, 1), <21>
and (3, 3).
y

AAVER

Note, A = 10, period is 8 and so B = %

the phase shift can be C = —2. Then
y = 10sin <Z (x + 2)) .

Note, A = 4, period is 12 and so B = %, and
the phase shift can be C' = 3. Then

y = 4sin (g($—3)>

Note, A = 20, period is 4 and so B = g, and

the phase shift can be C' = 1, and vertical shift
is 10 units up or D = 10. Then

y = 20sin (;T (x — 1)) + 10.

Note, A = 3, period is 2 and so B = m, and

3
the phase shift can be C = 2 and vertical
shift is 3 units up or D = 3. Then

y:3sin(7r (m—i)) + 3.
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53.

54.

55.

Since B = 3, the period is % = % To find

the asymptotes, let 3z = g + km. Then the

T kmw .
asymptotes are x = 5 =+ 3 The range is
(—00,0).

y
3
Tt s 7TX
"6 12 6
-3

Since B = 1, the period is T _ o
B 1
T 7
To find the asymptotes, let x + 1-3 + k.

Then the asymptotes are z = % + k.

The range is (—00, 00).

y
3
/
o X
7
-3

i
e 3

m
Si B =2 th dis = =~
ince e period is B 5"

To find the asymptotes, let 2z + 7 = g + k.

k
Then x = —% + ?W or equivalently

k
we get x = T + i, which are

4 2
the asymptotes. The range is (—o0, ).

y

./

ENE
|
S

56.

57.

58.

m
— Oor 7.

T
Si B=1,th iod is —= =
ince , the period is = = 7

To find the asymptotes, let x — g = km. Then

z="1 + km which are the asymptotes. The
range is (—00, 00)
y
TP a4 \} Pi/4
1 2 2
Since B = ok the period is Eﬂ 77; or 4m.
1
To find the asymptotes, let gac = 5 + k.

Then x = 7 + 2k which are the asymptotes.
The range is (—oo, —1] U [1, 00).

U Y

5P -3Pi A A

A

2
, the period is % /2

—

Since B =

e

To find the asymptotes, let gz = km.

Then x = 2k which are the asymptotes.
The range is (—oo — 1] U [1, 00).
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59. Since B = 2, the period is % = g 62. Since B =1, the period is % = % Or T.
To find the asymptotes, let 2z = k7. To get the asymptotes, let = + % - g + k.
Then th _ m
en the asymptotes are z = 9 Then x = — 4 kw, which are the asymptotes.
The range is (—o0, 00). The range is (—00, 00).
Y y
2 /
2
7T n* ' / t 1 X
4 2 -3Pi/4 Pi/4 5Pi/4
-2+
-2
. _ . .. T 2 2
60. Since B = 1, the period is B 19™ 63. Since B = 2, the period is Eﬂ = ?ﬂ or .
To find the asymptotes, let z — T_T + km. To obtain the asymptotes, let 2o + 7 = km
. 32 or equivalently 2z = kw. Then the
T
Then the asymptotes are x = — + k. asymptotes are x = ?ﬂ The range is
The range is (—OO, OO) (—OO, _1/3] U [1/37 OO)
y y
5
| I X
B 5 5 X A P2 Pi
6 3 6 -3+
73 /\ /\
61. Since B = 2, the period is — = ~. To find . g 2T 27
’ p 64. Since B = 1, the period is — = — or 27.
B 2 e p B 1
7
the asymptotes, let 2z + 3= km. Then To find the asymptotes, let z — % = g + k.
T km , ™ km 3 .
r=-4 + 5 or equivalently z = 3 + bR Then z = T + km which are the asymptotes.
which are the asymptotes. The range is (—o0, -2+ 1] U[2 + 1,00) or
The range is (—o00, 00). (—o0, —1] U [3, 00).
y

i X

y
U 3\/ U
2pi13 \-Pi/6| \ /3 \5Pi/6

14 " f
59?\ Py
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65.

66.

67.

2 2
Since B = 1, the period is % = Tﬂ or 2m.

To find the asymptotes, let = + T g + k.

4

Then x = % + k7 which are the asymptotes.

The range is (—oo,—2 —1]JU[2 — 1,00) or
(=00, =3]U[1,00).
y

3 \

A

N
e
2|

A
7r_271'

2
Since B = 1, the period is 571 or 2m.
To find the asymptotes, let z — 7 = k.
Equivalently, x = km, the asymptotes.
The range is (—oo, —1/2+ 1] U [1/2+ 1, c0)
(===r3] v [5)
or [ —oo, = —,00 |.
] Rl )

y

=\
g

For each z-coordinate, the y-coordinate of

1
y=5 + sin(z) is obtained by adding the
1
y-coordinates of y; = 535 and ys = sin .
1
For instance, <7r/2, 3 /2 + sin(7r/2)>

or (m/2,m/4+ 1) is a point on the

1
graph of y = 3% + sin(x).

y

68. For each z-coordinate, the y-coordinate of
y = 2z + cos(x) is obtained by adding the
y-coordinates of y; = 2x and yo = cosx.

For instance, (7/2,2 - w/2 + cos(7/2))

or (m/2,) is a point on the
graph of y = 2z + cos(z).

y

69. For each z-coordinate, the y-coordinate of
y = 22 —sin(z) is obtained by subtracting the
y-coordinate of y9 = sinx from the
y-coordinate of y; = 22. For instance,
(m, 7% — sin(7)) or (m,7?) is a point on the
graph of y = 22 — sin(x).

y

20

10

-2 -7 b 27
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70.

71.

72.

For each z-coordinate, the y-coordinate of
y = —x2 + cos(w) is obtained by adding the
y-coordinates of y; = —x? and ¥y = cos .
For instance, (m, —m2 + cos())

or (m,—m% —1) is a point on the
graph of y = —22 + cos(z).

For each z-coordinate, the y-coordinate of

y = sin(z) —sin(2z) is obtained by subtracting
the y-coordinate of yy = sin(2x) from the
y-coordinate of y; = sin(x). For instance,
(m/2,sin(mw/2) —sin(2 - 7/2)) or (w/2,1) is

a point on the graph of y = sin(z) — sin(2x).

For each z-coordinate, the y-coordinate of

y = cos(x)—cos(2z) is obtained by subtracting
the y-coordinate of yo = cos(2x) from the
y-coordinate of y; = cos(x). For instance,
(m,cos(m) —cos(2-)) or (m,—2) is a

point on the graph of y = cos(z) — cos(2x).

y

73.

74.

75.

76.

7.

For each z-coordinate, the y-coordinate of

y = 3sin(x) + sin(2z) is obtained by adding
the y-coordinates of y; = 3sin(x) and

y2 = sin(2z). For instance,

(7/2,3sin(mw/2) +sin(2 - 7/2)) or (7/2,3) is

a point on the graph of y = 3sin(x) + sin(2x).

For each z-coordinate, the y-coordinate of

y = 3cos(x) + cos(2x) is obtained by adding
the y-coordinates of y; = 3 cos(x) and

y2 = cos(2x). For instance,

(m,3cos(m) +cos(2-m)) or (m,—2) is a

point on the graph of y = 3 cos(x) + cos(2z).

y

4

X
\j\/zn

1
92.3 x 106

ZNU
2

The period is

~ 1.08 x 1078 sec

The period is 3 ~11x 1079 sec

1
870 x 10

2
Since the period is 20 minutes, % = 20 or

b= % Since the depth is between 12 ft and

16 ft, the vertical upward shift is 14 and a = 2.
Since the depth is 16 ft at time ¢ = 0, one can
assume there is a left shift of 5 minutes. An
equation is

y = 2sin <17T0(:c+5)> +14

and its graph is given on the next page.
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16\/
12

78. Since temperature oscillates between 100°F
and 120°F, there is a vertical upward shift of
110 and a = 10. Note, the period is 60 min-

2
utes. Thus, i 60 orb = 1. Since the tem-

perature is 100°F when ¢t = 20, we conclude
the temperature is 110°F at ¢t = 35. Hence, an
equation is

m
=10sin | —=(z — 35 110.
Yy sin (30 (x )) +

The graph is given below.

y

120
110 /\
100

20 50 80~

79. $9, $99, $999, $9,999, $99,999,
$999,999, $9,999,999 $99,999,999,
$999,999,999

80. Let x be the number of minutes it would take
the hare to pass the tortoise for the first time.

T x

T - 24

6 10 +
10x = 6x+60

r = 15 min.

Chapter 2 Test
1. Period 27/3, range [—1, 1], amplitude 1,

some points are (0,0), (g, 1),

(50)-G): (50)

T
-2Pi/3 -Pi/6

2. Period 27, range [—1, 1], amplitude 1, some

T T 3T
int ——.1 — — -1
pomsare( T >,<4,0>,(4, >’
51 7T
Sl 1
(F0) (F1)
y
wawa
-2Pi\/ -Pi/ W P
-1+

3. Since B = g, the period is 4.

The range is [—1, 1] and amplitude is 1. Some
pOintS are (070)a (171)7 (2’0)7 (37_1)’ (4a 0)

y
1
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4. Period 27, range [—2,2], amplitude 2, some 7. Note, amplitude is A = 4, period is 12 and

3

™ o s
points are (7, —2), (27 O), (27,2), so B = & phase shift is C' = 3, and the

vertical shift downward is 2 units. Then

(52#’0)7 (3m.~2) y = 4sin (g (x—3)> —2.

y

2
8. The period is % since B = 3, by setting
3z = g + km we get that the asymptotes are
7T 27 371X k
\-/ \ x = % + ?ﬂ', and the range is (—o0, 00).

y

-2
2

. 11 ) 1
5. Period 27, range 33 amplitude 3 some /
X

o) 5

ol tsae(7r 0)< 1) (37T O) 7% 7152‘ 1
ints are [ — [ —— — -
p 2’ M M 2’ 27 ]
1 5
2, — —.0 -3
(”’2>’<2’>

y

1
9. The period is 7 since B = 1, by setting

\ /\ T+ g = km we get that the asymptotes are
7T 2 577TX T T s
2 x:—§+k7r,$:—§+7r+k7r, orx:§+k7r,

and the range is (—o0, 00).

1
y

6. Period 7 since B = 2, range is [-1 + 3,1 + 3]

or [2,4], amplitude is 1, some points

T 5w 2T 117
Z 9 - 27y i
e (6’ ) <12’3>’ (3’ ) (12’3)’ K x

B

N| Y

N
N

6 -2
y

51 7
6

o5
NS
)
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10. The period is 2T7T or 2w, by setting x — 7w =
T
2 T
the asymptotes are x = — + kx, and the range
is (—o0, —2] U [2, 00).
y

3
+ km we get x = ?TF + km and equivalently

2
11. The period is TW or 27, by setting x — g =kr

we get that the asymptotes are z = g + km,

and the range is (—oo,—1+ 1JU[1 + 1,00) or
y

N|
]

12. For each z-coordinate, the y-coordinate of

13.

y = 3sin(z) + cos(2x) is obtained by adding
the y-coordinates of y; = 3sin(x) and

y2 = cos(2x). For instance,

(m/2,3sin(m/2) + cos(2-7/2)) =

(7/2,3 4 (—=1)) or (7/2,2) is a point

on the graph of y = 3sin(z) + cos(2x).

y

A\

-2 7T

Since the pH oscillates between 7.2 and 7.8,
there is a vertical upward shift of 7.5 and a =

2
0.3. Note, the period is 4 days. Thus, % =4

or b= g Since the pH is 7.2 on day 13, the

pH is 7.5 on day 14. We can assume a right
shift of 14 days. Hence, an equation is

y = 0.3sin (g(x - 14)) + 7.5.

A graph of one cycle is given below.

y

7.8
7.2 N\

13 15 17
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Tying It All Together Chapters P-2

1.
fdeg| O 30 | 45 | 60 | 90 | 120 | 135 150 | 180
[0 (5111513 3515 [~
sinf | 0 | L[] 1 | B 2| L |
cosf | 1 § g : 0| -1 _g _§ 1
tan 6 0 % 1 |+v3|und| —=v3| =1 —g 0
cscf [und | 2 |2 % 1 2\3/5 V2 2 und
sec 1 2—‘3/?: V2| 2 |und| -2 | —V2 —2—‘3/?: -1
cotf |und | V3 | 1 @ 0 —§ —1 | =v/3 | und

2.
frad | = 7gr %’r 4% 37” 5?” 71 1%5# o
0 deg | 180 | 210 225 240 | 270 | 300 315 | 330 | 360
sing | 0 | -1 [ 8| 1] ][ L2 1]
cosf | —1 —? —g _% 0 % @ \éﬁ 1
tand | 0 ? 1 V3 |und | —v3 | -1 —73 0
csch |und | —2 | —v2 —%ﬁ -1 _2\3/5 V2| -2 |und
sec | —1 [ =28 —v2| —2 [wd| 2 | v2 |22 | 1
cotf |und | V3 1 ? 0 —% -1 V3 | und

3. Domain (—o0, 00), range [—1, 1], and since 4. Domain (—00,00), range [~1, 1], and since

2T 27
2 2 = iod is — = — .
B = 2 the period is T or . B =2 the period is B 2 o
B 2 y
y 1
1 \ /
7 X
s 3 X 2 "
1 N
-1
-1
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5. By setting 2z # Ty kr, the domain is 8. Domain (—o0, 00), range [—1, 1], and since
2 2
{x Dx# % + k;}, range is (—oo,00), and B = 7 the period is fﬂ = % or 2.
T T
th iod is = = —. y
e period is = = 5 )
y
1 0.5 15 X
Tt s 7TX
4 8 T
-1
1

9. Domain (—o00,00), range [—1,1], and since

T
; z 2 2
6. By setting 2z # 5 + km, we find that B = 7 the period s fﬂ L
™
k
the domain is {:c : ar7é7r+7r}, y
4 2 1
the range is (—oo, —1] U [1,00), and the
iod i 2r 27
period is — = —- or 7. )
y 1 2
1j & -1
e . m .
7 7 3 10. By setting mz # — + km, the domain is
-1
1
m {x Do 3 + k}, range is (—oo, 00), and the

period is % "ot
7. By setting 2x # km, we find that T

the domain is {x D x# %”},

the range is (—oo, —1] U [1,00), and the
2T 27 !

period is — = — or .
B 2 0.5 0.3

y -1

. U
X 11. Odd, since sin(—z) = —sin(z)
e
1
[-\ 12. Even, since cos(—z) = cos(x)
sin(—z)  —sin(z)

13. 0Odd, since tan(—z) =

EE

N
w
N
N

cos(—z)  cos(x)

—tan(z), i.e., tan(—z) = — tan(x)
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14. 0dd, since cot(—z) = c?s(—w) _ cqs(x) 21. Increasing, as shown below.
sin(—z)  —sin(z) y
—cot(x), i.e., cot(—z) = — cot(x)
. 1 1
15. Even, since sec(—x) = = = 1
cos(—zx)  cos(z)

16.

17.

18.

19.

20. Decreasing, as shown by the graph below.

sec(x), i.e., sec(—x) = sec(x)

1 1

Odd, since csc(—x) = o =

—csc(x), i.e., csc(—x) = — csc(x)

Even, since by Exercise 11 we get
sin?(—z) = (sin(—2))? =
(—sin(x))® = (sin(z))?,

i.e., sin?(—x) = sin?(z)

Even, since by Exercise 12 we get
cos?(—z) = (cos(—x))* =
(cos(z))?, ie., cos?(—x) = cos?(z)

y
1

N

-1

y
1

—sin(z)

Increasing, as shown by the graph below.

22.

23.

24.

Decreasing, as shown below.

y
1

-1

Decreasing, as shown by the graph below.
y

Increasing, as shown by the graph below.
y

NS
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