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CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES

L o o e

3 (@ A :% o () - h(i):i(%) _ 0—1\/5 _ —37;/5
44 2 276

4. (a) % _ 8(72:8’(0) _ (2—17);(02+1) _ _% (b) % _ g(z)_—(i(r—)zr) _ (2—1)2—;2—1) ~0

5 AR _ RQ-RO) _ B+i-VI _3-1_,
Y 20 2 2

AP _ PQ)-P() _ (8-16+10)-(1-4+5) _ , , _
6. Ag= g = I =2-2=0

h h
b)) y—(-)=4(x-2)=> y+1=4x-8 = y= 4x-9

2 2
7. (a) =G _ asthalSel o A _ 4y Ash 50,440 4= at P(2,-1) the slope is 4.

2 2
8. (a) R=T N IOD) _ Tdedhol®3 o Aheh® = 4 j As h—0,~4—h— —4= at P(2,3) the slope
is —4.
®) y-3=(-4)x-2)=y-3=4x+8=> y=—4x+11

Ay _ ((2+h)*=2(2+h)=3)-(2>=2(2)-3) _ A+4h+h?—4—2h-3—(=3) _ 2hh* _ Db Ash—>0.24h —>2 = at
h : ’

9. (a Ax h h
P(2, —3) the slope is 2.

() y—(3)=2(x-2)= y+3=2x—-4=y=2x-T7.

2 2 2
10. (a) % _ ((+h) —4(1+:))—(1 —4(1)) _ 1+2h+h —:—4},—(—3) _ 1
slope is —2.
® y=-(3)=(2)(x-1)=>y+3="2x+2= y=-"2x-1.

;2’1 =h-2.Ash—0,h—2—-2= at P(1,-3) the

3 3
1. (@) R2=CW2 _ SHAIPCo - AP — 19 4 44 12, Ash— 0,12+ 4h+h? =12, at P(2,8)

the slope is 12.
(b) y-8=12(x-2)= y-8=12x-24= y=12x-16.

3 3
12, (@) =2 2o3heMPaiiol - 3PS - 332 As h— 0, -3 ~3h—h% — 3,2 at

P(1,1) the slope is —3.
® y-1=(3)x-D)=y-1=-3x+3= y=-3x+4.
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(b)
14. (a)
(b)
15. (a)
(b)
16. (a)
(b)
17. (a)
(b)
(©)
18. (a)

Chapter 2 Limits and Continuity

Ay _ (4+h)’ 12040 —(P=12(1)) _ 143430+ =12-12h—(=11) _ _op3n%+h> _ 2
A A = A = Y =-9+3h+h".

Ash— 0, 9+3h+h® = -9=at P(1, —11) the slope is —9.
y=1D)=(9Dx-D=y+11=-9x+9= y=-9x-2.

Ay _ 4034 +4-(2 320" +4) _ 8410h+6h 1P -12-12h-302+4-0 _ 3074k _ 35, 4 2
Ax I h n :

Ash—0, 3h+h? = 0= at P(2, 0) the slope is 0.
y=0=0(x-2)= y=0.

0 Slope of PQ = %
0,(10,225) % =42.5 m/sec
0,(14,375) 050373 = 45.83 m/sec
05(16.5,475) % =50.00 m/sec
0,(18,550) % =50.00 m/sec

At t =20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

_A
0 Slope of PQ = Ar
0,(5,20) 81%;_2‘50 =12 m/sec
0,(7,39) 8930 = 13.7 m/sec
05(8.5,58) fg_—gf; =14.7 m/sec
8072 _
04(9.5,72) 1095 = 16 m/sec

Approximately 16 m/sec

Profit (1000s)
S

2010 2011 2012 2013 2014
Year

Ap __174-62  _ 112 _

Ar = 20142013 = 2 56 thousand dollars per year

A 62-27  _
The average rate of change from 2011 to 2012 is AL = 201222011 = 35 thousand dollars per year.

The average rate of change from 2012 to 2013 is % = % =49 thousand dollars per year.

So, the rate at which profits were changing in 2012 is approximately %(35 +49) = 42 thousand dollars
per year.

F(x)=(x+2)/(x=2)

x |12 1.1 1.01 1.001_ 1.0001 1
F(x) | 4.0 3.4 —3.04 —3.004 —3.0004 -3
AF _ =40-(3) _ < p AF _ 34-(3) _ 7.
Ax O 12-1 5.0; Ax — L1l T 44
AF _ =304=(3) _ o7 AF _ =3004—(=3) _ o
Ax Lol 4.04; Ax — 1.001-1 T 4.004;

AF _ -30004-(-3)

Ac = 1000y = 0004
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Section 2.1  Rates of Change and Tangents to Curves 45

(b) The rate of change of F(x) at x =1 is —4.

Ag _ g@-g() _ f 1 _8(.5-g() _ J_ 1
19. (a) i =~0.414213 Ax = =(.449489
Ag _ g(+h)—g() _ Jﬁ h-1
Ax — (+h)-1 T h
(b) g(x)=+x
1+h 1.1 1.01 1.001 1.0001 1.00001 1.000001
J1+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/1+h —1)/h 0.4880  0.4987 0.4998 0.499 0.5 0.5
(c) The rate of change of g(x) at x=11s 0.5.
(d) The calculator gives lim @ = %
h
SO-I@ _33_ % _ 1
32_6__1
R S S
f(T) f(2) T 2 _o2r or __2-T __ 2-T _
i) B Rl e ey vy b7 ~57 T #2
(b)) T 2.1 2.01 2.001 2.0001 2.00001 2.000001
S 0.476190 0.497512  0.499750  0.4999750  0.499997  0.499999
(fM-fHIT-2) | -0.2381 -0.2488  -0.2500  -0.2500 -0.2500  -0.2500
(c) The table indicates the rate of change is —0.25 atr =2.
1 \—_1
) Thglz( =57)=-4
NOTE: Answers will vary in Exercises 21 and 22.
_15 O_ _20 15 _ s — 30-20 _
21. (a) [0, 1] A[ 15 mph; [1, 25] | mph [2.5, 35] At 3555 =10 mph

(b) At P( > 7.5) : Since the portion 0f the graph fromt =0tot =11is nearly linear, the instantaneous rate of

change will be almost the same as the average rate of change, thus th

% =15 mi/hr. At P(2, 20): Since the portion of the graph from ¢ =

e instantaneous speed att = % is

2tot =2.5 is nearly linear, the

instantaneous rate of change will be nearly the same as the average rate of change, thus v = 20-20 — () mi/hr.

For values of ¢ less than 2, we have

2.5-2

Slope of PQ = &

0 Slope of PQ = %
0,(1,15) 15 20 =5 mi/hr
0,(1.5,19) 1195—23—2m1/hr
03(1.9,19.9) 1?3 %0 =1 mi/hr
Thus, it appears that the instantaneous speed at ¢ = 2 is 0 mi/hr.
At P(3, 22):

0 Slope of PQ = & 0
0;(4,35) 32 %2 =13 mi/hr 01(2,20)
0,(3.5,30) 3305 232 =16 mi/hr 0,(2.5,20)
05(3.1,23) 2 =10 mi/hr 05(2.9,21.6)

Thus, it appears that the instantaneous speed at # = 3 is about 7 mi/hr.

20 22 =2 mi/hr

20 22
) =4 mi/hr

21.6-22 _ 4
Y05 = 4mi/hr
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46 Chapter 2 Limits and Continuity

(c) It appears that the curve is increasing the fastest at # = 3.5. Thus for P(3.5, 30)

0 Slope of PQ =22 0 Slope of PQ = &
0,(4,35) 15 332 =10 mi/hr 0,(3,22) 232 33;) =16 mi/hr
0,(3.75,34) 3374 = 330 = =16 mi/hr 0,(3.25,25) 3225 > 3305 = 20 mi/hr
05(3.6,32) 332 205 =20 mi/hr 0;(3.4,28) 323_305 20 mi/hr

Thus, it appears that the instantaneous speed at ¢ = 3.5 is about 20 mi/hr.

22 (a) [0,3]:44 =105 6788 g"‘l 1[0,5]: 44 = 3915 g"‘l L [7.10]:44 = 014 —0.5%
(b) At P(1,14):

0 Slope of PO = % 0 Slope of PQ = %
0,(2,12.2) 12214 = 1.8 gal/day 0,(0,15) —13-114 = —1 gal/day
0,(1.5,13.2) 1%_:}4 = —1.6 gal/day 0,(0.5,14.6) 1‘(‘)65 114 —1.2 gal/day
05(1.1,13.85) % = —1.5 gal/day 05(0.9,14.86) _146896_—114 = —1.4 gal/day
Thus, it appears that the instantaneous rate of consumption at t =1 is about —1.45 gal/day.

At P(4, 6):

0 Slope of PQ =44 0 Slope of PQ =44
0,(5,3.9) 39-6 = 3 1 galiday 0,(3.10) 19-6 = —4 galiday
0,(4.5,4.8) % = 2.4 gal/day 0,(3.5,7.8) g 3 = 3.6 galiday
03(4.1,5.7) ZZ 2 = -3 gal/day 03(3.9,6.3) g; 2 -3 gal/day
Thus, it appears that the instantaneous rate of consumption at ¢ =1is —3 gal/day.

At P(8, 1): sl PO M

0 Slope 0fPQ=% Q ope of PO =/

L4-1 _
0,09,0.5) —09'5;;1 =-0.5 gal/day .1.4) o5 = 0.6 gal/day
- 1.3-1 _
Q2 (85, 07) % 06 gal/day Q2 (751 13) 758 =-0.6 gal/day
b 1.04-1 _
05(8.1,0.95) 09521 = 0.5 gal/day 05(7.9.1.04) - S5 =06 gallday

Thus, it appears that the instantaneous rate of consumption at # =1is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at # = 3.5. Thus for P(3.5, 7.8)

0 Slope of PQ = % 0 Slope of PQ = %
0,(4.5,4.8) % = -3 gal/day 0,(25,11.2) % =—3.4 gal/day
0,(4,6) % — 3.6 galiday 0,(3,10) % =—4.4 gal/day
05(3.6,7.4) ;&61:;555 — _4 galiday 0;(34,8.2) 2421 ;2 = —4 gal/day

Thus, it appears that the rate of consumption at ¢ = 3.5 is about —4 gal/day.

2.2 LIMIT OF A FUNCTION AND LIMIT LAWS

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 () 0 (d) 0.5

2. (a) O
(b) -1
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10.

11.

12.

13.

14.

15.

Section 2.2  Limit of a Function and Limit Laws 47

(c) Does not exist. As t approaches 0 from the left, f(#) approaches —1. As # approaches 0 from the right,
f(t) approaches 1. There is no single number L that f(¢) gets arbitrarily close to as t — 0.
@ -1

(a) True (b) True (c) False
(d) False (e) False () True
(g) True

(a) False (b) False (¢) True
(d) True (e) True

X

lim % does not exist because =1if x> 0and & E —1if x <0. As x approaches 0 from the left, Tl

x—0 1% | | | |
approaches —1. As x approaches 0 from the right, ] approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — 0.

As x approaches 1 from the left, the values of become increasingly large and negative. As x approaches 1

from the right, the values become 1ncreas1ngly 1arge and positive. There is no number L that all the function

values get arbitrarily close to as x — 1, so lim — 1 does not exist.
x—1%

Nothing can be said about f(x) because the existence of a limit as x — x; does not depend on how the function
is defined at x;. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when x is
close enough to x. That is, the existence of a limit depends on the values of f(x) for x near x;, not on the
definition of f(x) at x; itself.

Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of

x—0
the value f(0) itself.

No, the definition does not require that f be defined at x =1 in order for a limiting value to exist there. If f (1) is
defined, it can be any real number, so we can conclude nothing about f (1) from lim f(x)=>5.
x—1

No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If

lim f(x) exists, its value may be some number other than f (1) =5. We can conclude nothing about hm f(x),
x—1

whether it exists or what its value is if it does exist, from knowing the value of f (1) alone.

lim (x> -13)=(=3)>-13=9-13=—4

x—-3

lim (—x> +5x—-2)=—(2)> +5(2) -2 =—4+10-2=4

x—2

lim 8(r—=5)(r—7) =8(6—-5)(6—7) =8
t—6

lim (x> —2x% +4x+8)=(-2)° —2(-2)? + 4(-2) +8=—-8-8—-8+8=—16

x—-2

lim 2x+5 2245 _9_3
oo = 112 3

Copyright © 2016 Pearson Education, Inc.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

Chapter 2 Limits and Continuity

i @-30@s-0=(5-5(3)2(3)-1)=6-2((¢)-1)=0(4)=2

i 4?4 ()35 +4) 23 23 %

lim 22 242 4 _ 4
y—2 Y 45y+6  (2)2+5(2)+6  4+10+6 20

1
5

lim (5— )3 = [5—(<3)*? = (8)*3 = ((8)1/3 )4 _0% 16
y—-3

lim /22~ 10 = /4%~ 10 =+16-10 =6

7—4

3 3

lim ——= =3-=
o0 BRI+ SBO)H1+ V141 2

lim Y342 o Va2 Shed+2 o M4 p o sh s 5
0 -0 h VShtd+2  ps0 h(NSh+4+2)  h—0 h(NSh+4+2) o0 VSh+4+2 Va+2

lim =*=5_ = lim —=*=5 _ — |jm L =-L - L
15 225 x5 (X3)(x=5) s x5 545 10

im 3= lim 3 = [jm L =—1_=_1
x—=3 x2+4x+3 x—=3 (X+3)(X+1) x—=3 x+1 —3+1 2

lim ’62;3—35—1% lim SO i (x-2)=-5-2=-7

x—-5 x—-5 x—-5
lim 2227610 _ gy OG22 5y 2953
x—2 X x—2 x=2 x—2

. 2, . t+2)(t—1 .
lim 422 — | (t+2)( )=hmﬂ=ﬁ=i
i1 -1 i1 @D+ gl L2

. 2 . t4+2)(t+1 . _
lim 12+3t+2 = lim 20D g 2 -2 1
fs] P2=1=2 o =D+ 12 —1-2 3

. Dy . —2(x+2 . _ _
lim —32x 42 =1 2(x ) = lim —g=72=—%
x—=2 X" +2x x—=2 X (x+2)  x—>-2x

5y3+8y2 — lim y2(5y+8) - lim 5y+8 _.8 __1
y—0 3y*-16y* 50 Y (3y*-16)  y0 3y*-16  —16 2
_ 1=x
lim <=1 = lim Xlzlim(;x-%):lim B R
x—=1 x—=l1 x—=1y x—l1 X
RN (x+D+(x=1)
fim 2= = fim D = fim ()= fim 2= 2=
¥—0 X 10 X r—0 \ (x=D(x+1) x 1—0 =D+ -1
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

45.

Section 2.2  Limit of a Function and Limit Laws

lim L1 = g (u2+1)(u+1)(u—1):hm @ +Du+D) _ (+D)(+D) _ 4
u—sl =1yl @HutD=D)  ysl wu+l I++ 3

lim L8 = fim (TR0 240044 drded 12 3
v Y116y (v=)(+2)(V+4)  p—2 ()P4 D) 328

*/—31 Vi3 1 11

lim = lim = =
59 9 150 Wx3)Wx+3) 59 Vxt3 V943

lim 5= iy 2670 _ o XCHORND g0 ) S a242) 216
x—4 2- Jx x—4 2- Jx x—4 2-x x—4 ( )

(x-1)(Vx+3+2) L (x—l)(\/mn)_. ~ ~
I = I i) i e = i (V3 +2) =+ 2=

(sa)fdsee3)

+8-3 (x*+8)-9 (x+D)(x=1)

R P e e L ey /e L e e
=x1i—>n31 x;:fli+3=i23=_%

i P24 _ (m“‘)(m”):hm (CHDI6 o (2)(k2)

o2 FZ k0 (x—z)(\/mﬂ) X2 (x—z)(\/mﬂ) X2 (x—z)(x/mw)

(x+2)(m+3) . (x+2)(\/m+3)_ (x+2)(\/%+3)

x+2 li
= lim = lim = lim
x>-2 32453 x—>-2 («/x2+5_3)(\/x2+5+3) 2 (x*+5)-9 e (+2)(x-2)

V4543 _ O+3 _ 3

ey X2 -4~ 2
lim 2290 g (25 )2 ‘5)_ - 4-(2-5) 9-x
im 5 = lim = lim = lim
x—-3 Xt x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5)
= lim —CC0 iy =3
2

x—-3 (x+3)(2+\lx ) x—=3 24/x2— 2+\/—

(4—x)(5+\/m) (4—x)(5+\/m)

(4—x)(5+\/x2+9)
lim —4=X = =i =lim ——*

=lim = lim
145249 x4 (5_\/x2+9)(5+\/x2+9) xo4  25-(x7+9) x4 167
_ [ 2
e I 5x2+9 _ 54425 _5

= lim = lim

4 (4=x)(4+x) 4 A T8 4
2
lim (2sinx—1) = 2sin0—1=0—1=—1 44. lim sin2x=(lim sinx) =(sin0)> =0>=0
x—0 x—0 x—0
limsecx= lim 1-—=—L_=1-1 46. lim tan x = lim X = sin0 _0 _
*—0 0 COSX T cos0 1 *—0 () COSX cosO 1

Copyright © 2016 Pearson Education, Inc.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Chapter 2 Limits and Continuity

lim ltx#sinx _ 1+0+sin0 _ 14040 _ 1
X 3cosx 3cos0 3 3

lim (x> =1)(2=cos x) = (0> =1)(2—cos 0) = (=1)(2=1) = (=1)(1) = -1
X—>

lim vx+4cos(x+ )= lim Jx+4 l1m cos(x+m)=+-7m+4 -cosO0=\4—7m -1=\J4—7
X—>—TT X—>—7T
lim \/7+se02x:\/lim(7+se02x): 7+ lim sec2x:\/7+se(120:\/7+(1)2 =22

x—0

x—0 x—0

(a) quotient rule (b) difference and power rules
(c) sum and constant multiple rules

(a) quotient rule (b) power and product rules
(c) difference and constant multiple rules

(@ lim f(0g(x) = [ lim f(x)} lim g(x)} =(5(-2)=-
X—C X—C X—C

(b) lim 2f(x)g(x)= 2[lim f(x) [lim g(x)} =2(5)(=2) = —
X—C X—C X—C
(©) lim [f(x)+3g(x)]= lim £(x)+3 lim g(x) =5+3(-2) =—

X—C ixﬁc X—C
@ limJ@ s s
w5 F=g(0 ~ Tim fCo-lim g() ~ 5-(2) 7

(@ lim [g(x)+3]= lim g(x)+ lim3=-3+3=0
x—4 x—4 x—4

(b) lim xf(x)=lim x- lim £(x)=(4)0)=0
x—4 x—4 x4

2
(© lim [g<x>]2=[hm g(x)} =[-3P =
x—4
hm g(x)

g8(x) _ 3
@ )}1121 foo-1— llm f(x) 11m1 == 1_3

(@ lm[f(x)+g(x)]=I1im f(x)+ limb gx)=7+(3)=4

X—> xX—> X—>

() lim f(x)-g(x) ={lim f (x)} {lim g(x)} =(7)(-3)=-21
x—b x—b x—b

(c) lim 4g(x)=[lim 4} [lim g(x)}=(4)(—3)=—12
x—b x—b x—b

(d) lim f(x)/g(x)= lim f(x)/ lim g(x) =l3=—§
x—b x—b x—b -

(@) lim [p(x)+r(x)+s(x)]= lim p(x)+ lim r(x)+ lim s(x)=4+0+(-3)=1
X—— x—-2 X——

x—-2

() lim p(x)-r(x) s(x) = [hm p(x)“: lim r(x)}[ lim s(x) |=(4)(0)(=3)=0

x—-2 x—-2 x—-2 x—-2

(¢) lim [ 4p(x)+5r(x)]/s(x)—[—4 lim p(x)+5 lim r(x)} lim s(x)=[-4(4)+ 5(0)])/ -

x—-2 x—-2 x—-2 x—-2

2 12 2 .
lim &0 L‘}:h—l: lim 22+ _ i Q+h)=2
h—0 h—0 h—0 h—0

Copyright © 2016 Pearson Education, Inc.
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59.

60.

61.

62.

63.

64.

65.

66.

67.

Section 2.2  Limit of a Function and Limit Laws

2 2

lim (F2+h)"—(=2)" _ lim 4-4h+h*—4 - lim h(hh—4) = lim (h—4) = —4
h—0 h—0 h—0 h—0
i B34 _ o 3h 4
h—0 h h—0 N

1\ (L -2
: (—2+h)_(—2)_ Tl =2—(=2+h) _ . “h _ 1
Jim = im = I e~ M o T 4
fim YT gy W7 )T T) lim — I iy b i L 1
h—0 h=0 (TR h—0 h(NT+h+T)  h—0 h(NT+h+T)  h—0 NT+h+T 247
fim OISO _ () e @t w5 3
h—0 h h—0  h(\Bh+l+) h—0 h(\Bh+1+1) 50 h(\3hH1+1)  p—0 V3htIHL 2

lim v/5—2x% =/5-2(0)2 =5

x—0

lim (2-— xz) =2-0=2and lim 2cos x = 2(1) = 2; by the sandwich theorem, lim g(x) =2

x—0

(a)
(b)

(a)
(b)

(a)

x—0 x—0

lim (1 —ﬁ) =1-%=1and lim 1=1; by the sandwich theorem, lim _asinx
x—0 6 6 x—0 x—0
For x #0, y = (xsin x)/(2 —2cos x) lies

between the other two graphs in the figure,

and the graphs converge as x — 0.

y = (x sin x)/(2 — 2 cos x)

2-2cosx

h(X):T\

0.5
o) = 1 - (76—
-2 il 1 2 X
2 2
lim (l - x—) =1lim - lim £ =1 -0=1and lim 1 =1; by the sandwich theorem, lim 1=¢osx — 1
x>0\2 24 x—>02 x50 2 2 x—>02 2 Y x—=0 X 2
For all x # 0, the graph of f(x)=(—cos x)/x2 y
lies between the line y =% and the parabola
y= %— X2/ 24, and the graphs converge as
7 1 — cos x
x—0. / x?
1 | x
—4 -2

FO)=(x* =9)/(x+3)

X -3.1 -3.01 —3.001 —3.0001 —3.00001 —3.000001

S —6.1 —-6.01 —-6.001 —-6.0001 —6.00001 —6.000001

X -2.9 -2.99 —2.999 —2.9999 —2.99999 —2.999999

S -5.9 -5.99 -5.999 -5.9999 —5.99999 —5.999999
The estimate is lim f(x) =—6.

x—-3

Copyright © 2016 Pearson Education, Inc.
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52 Chapter 2 Limits and Continuity

(b)
Yy
-3 3 X
|
f
|
| -3
|
: FO) =G -9)/(x+3)
|
2_ 3)(x-3 . .
©) f(x)=§—+39=%=x—3lfx¢—3,andxgnz3(x—3)=—3—3=—6.
68. (a) g(x)=(x2—2)/(x—\/§)
x |14 1.41 1414 14142 141421  1.414213

g(x) | 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426
(b)

y

NG

x

/ . |
8 =2 -2/(x-~2)

(©) g(x)=;i£=(“f_)g)ﬁ)=x+ 2ifx;t\/zandxin\}i(x+\/§)=x/§+«/§=2x/§.

69. (a) G(x)=(x+6)/(x*+4x—12)
x -5.9 -5.99 -5.999 —5.9999 -5.99999  —5.999999
G(x) | —126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000

X 6.1 —6.01 —6.001 —6.0001 —6.00001 _ —6.000001
G(x) | —.123456 —.124843  —.124984  —.124998  —.124999  —.124999

(b)

y
10
X
-6 2
-10
ool GW=G+6)/(+4x-12)
- x+6  __ x+6 1 _ im L —_1 __1__
(© Gx)= (Frdr1s) GO 2 if x # -6, and x1i>n_16 7= Toz = g 0125
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70. (a)

(b)

(c)

71. (a)

(b)

()

72. (a)

Section 2.2  Limit of a Function and Limit Laws

h(x) = (x* —2x=3)/(x> —4x+3)
x |29 2.99 2.999 2.9999 2.99999  2.999999

h(x) | 2.052631 2.005025 2.000500 2.000050  2.000005  2.0000005

X 3.1 3.01 3.001 3.0001 3.00001 3.000001

h(x) | 1.952380 1.995024 1.999500 1.999950  1.999995  1.999999

-1 1 3
~10F

20

h(x) = (2 = 2x = 3)/(x2 - dx + 3)

_ x22x3 _ (3D x4 . s oxtl 34l _ 4 _
h(x) = PRI Py o e if x # 3, and i1_>m3 153127 2.

F0) =% =/(|x|-1)
X —-1.1 -1.01 -1.001 —1.0001 —1.00001 —1.000001

S| 21 201 2.001  2.0001  2.00001 2.000001

x |9 99 999 9999 99999 999999
ST 19 199 1999 19999 199999  1.999999
Yy
2
|
|
Lo
| &) =G = /(xl - D
! X
-1 1
, | o x> 0and x # 1
f=1r= ,and lim (I-x)=1-(-)=2.

A1 | GHDG-D)

—1— _ —1
gy =1-x,x<0and x #-1 X=

F(x) = (x> +3x+2)/(2— |x])
x 2.1 201 -2.001 -2.0001 —2.00001 —2.000001

F(x) | -1.1 -1.01 -1.001 -1.0001 —1.00001 —1.000001

X =19 -199 -1999 -1.9999 -1.99999 -1.999999

F(x) | -9 -99 —-999 -9999 —99999  —999999

Copyright © 2016 Pearson Education, Inc.

53



54 Chapter 2 Limits and Continuity

(b) )
20
721 2 *
—60
F) = (2 + 3x + 2)/2 - |xl)
, (x+§i(;c+l) i x>0
(©) F(x):%m”: e ,and lim (x+1)=—2+1=-—1.
T EED b x<Oand xE 2 ¥02

2+x

73. (a) g(@)=(sin6)/0

6 1 .01 .001 .0001 .00001 .000001
g(0) | 998334 999983  .999999  .999999  .999999  .999999

(2 -1 -.01 —.001 —.0001 —.00001  —.000001
g6 2998334 .999983  .999999  .999999  .999999  .999999
lim g(@) =1

-0

(b)
y
1 y = smTB (radians)
[y | I~I__ 1
57 —4m =37 -2nAm 0 ™27 37w 4w S5m
NOT TO SCALE
74. (a) G(t)=(1-cos t)/t*
t 1 01 .001 0001  .00001  .000001
G(t) | 499583 499995 .499999 5 5 5
t -1 -.01 —001  —.0001 —.00001 —.000001
G(1) | 499583 499995 499999 5 5 5
lim G(t)=0.5
t—0

(b)

v

Gy = 1- ;05 t
0.5 !

0.4
0.3
0.2

0.1

1 1 I 1
t
~0.0003 -0.0001 | 0.0001  0.0003

Graph is NOT TO SCALE

Copyright © 2016 Pearson Education, Inc.



Limit of a Function and Limit Laws

Section 2.2
75. (@) f(x)=x"09

X 9 .99 .999 .9999 .99999 .999999
flx) | .348678 .366032 .367695 .367861 367877 .367879
X 1.1 1.01 1.001 1.0001 1.00001 1.000001
flx) | 385543 369711 .368063 .367897 .367881 .367878
lim £ (x) ~0.36788

x—l1

(b)
f(x) = x 1(x-1)

2.7182

5

¢.9999 0.99995

2.7181

point (1, 2.71820).

76. (a) f(x)=@G =1)/x

1 .01

X
1.00005&%“
5

Graph is NOT TO SCALE. Also, the intersection of the axes is not the origin: the axes intersect at the

.001

.0001

.00001

.000001

X .
fix) | 1.161231 1.104669 1.099215

-1 -.01

-.001

1.098672

-.0001

1.098618

—.00001

1.098612

—.000001

X
Ax) | 1.040415
lim f(x) = 1.0986

x—1

(b)

1.092599

X

3%

1.098009

1

1.098551

1.098606

4

77. lim f(x) exists at those points ¢ where lim x* = lim ¥ Thus, ¢™ =¢

X—C

Moreover, lim f(x)= lim x*>=0and lim

x—0 x—0

X—C

x——

X—C

J@=lim f)=1.

1.098611

2

=c*1-¢?)=0=¢=0,1,0or—1.

55

78. Nothing can be concluded about the values of f, g, and & at x =2. Yes, f(2) could be 0. Since the conditions
of the sandwich theorem are satisfied, lim f(x) =-5#0.

fl-s _ lim fCo-limS  lim f(0-S

x—2

79 1= lim =7 lim x—Tm 2"~ 4=
lim f(x) lim f(x)
o S(x) X—=2
80. 1= lim ~=*=
(@) xi)n_lz ¥ lim2 x? 4

x—-2

=220 s lim f(x)=4.

= lim f(x)=5=2(1)= lim f(x)=2+5="7.
x—4 x—4
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81.

82.

83.

84.

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

Chapter 2 Limits and Continuity

1= lim ﬂ—?:[ lim M} [lim l}=[lim M} (&)= tim L2
X -2

X x—=2" x—-2 x—=2 *

0=3-0={lim f("—),f} [lim (x—z)}lim [( )= 5)(x 2)}—hm [£(x)=5]
x—2 X x—2
= hm2 f(x)-5= hm f(x)=5.
0=4.0= [ f(")zs} [hm (x— 2)}: lim f(x)=>5 as in part (a).
x—>2 - x—2

0=1.0= [hm fx )}

x—0 x

That is, hm f(x)=0.

0=1-0= [hm Slx )}

x—0 X

[hm x} [hm f(x)} [lim xz}—hm [f(x) }—hm f(x).
x—=0 x—0 X x—0 x—0

lim x} = lim f (;)~x} = lim £ That is, lim £ =0,

x—0 x—0 x—0 * x—0

lim xsinl=0 y

x—0

—1<sind <1forx#0:
x>0=>—-—x< xsm l<x= lim xsm% = 0 by the sandwich theorem;

x—0
x<0=>—-x2 xsm 1 2 x= lim xsm% 0 by the sandwich theorem.

x—0

y
lim x? cos (%) =0 ) .
x—0 h(z) = 2% cos(1/z%)
| X
1
-1< cos( ) <1forx#0= —x <x°cos (%) <x? = lim x? cos (%) = 0 by the sandwich theorem since
% X x—0

lim x* =0.
x—0

85-90. Example CAS commands:

Maple:

fi=x->xNM-16)/(x-2);

x0:=2;

plot( f(x), x = x0-1..x0+1, color = black,
title ="Section 2.2, #85(a)" );

limit( f(x), x =x0);
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Section 2.3  The Precise Definition of a Limit 57

In Exercise 87, note that the standard cube root, x*(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x.

Mathematica: (assigned function and values for x0 and h may vary)
Clear[f, x]
fIx_J=(x> —x? =5x =3)/(x +1)°
x0=-1h=0.1;
Plot[f[x],{x, xO—h, x0+h}]
Limit[f[x],x — x0]

2.3 THE PRECISE DEFINITION OF A LIMIT

L 1 )
€ 72X
1. 1 5 7

Step 11 |x=5|<d=>-0<x-5<6=-6+5<x<5+5

Step2: 0+5=T7T=0=2,or-0+5=1==4.
The value of 6 which assures |x - 5| <0 = 1< x<7is the smaller value, 8 = 2.

«+

)
\

=7 + X
1 7

N =

Step I: |x—2/[<6=-6<x-2<6=>-6+2<x<5+2
Step2: —0+4+2=1=0=Lord+2=7=0=5.
The value of & which assures |x—2| <0 = 1< x <7 is the smaller value, 6 =1.

3' —7</2—l3 —1/)2 *
Step 1 |x—(-3)|<d=-0<x+3<6=>-6-3<x<5-3
. _5-3=_1 -1 _3=_1 -5
Step2: —6-3=-J=06=5,000-3=—3=05=73. ]

The value of & which assures |x— (—3)| <= —5<x< —% is the smaller value, 0 = %

l\)l\l'~
]

m]w 4+
|

N'—‘ ~-

Step 1: ‘x—(—%)‘<5:—§<x+3<5:>—§—%<x<5—%

2
. _5_3__1 - _3__1 -
Step2: -6 5= 235—2,0r5 5= 235—1.
The value of 6 which assures ‘x—(—%)‘ <d= —% <x< —% is the smaller value, 8 =1.
€ L >—>x
5. ap 12 an

Step 1: ‘x—%‘<§:>—§<x—%<5:—5+%<x<5+%
.o _S5+1l-4 =1 1_4 =1
Step 2: 5+2 9:>5 18,0r§+2 735 e

The value of 6 which assures ‘x—%‘ <o=> % <x <% is the smaller value, 8 = ﬁ.
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10.

11.

12.

13.

14.

15.

16.

17.

Chapter 2 Limits and Continuity

—t———)—>x
2.7591 3 3.2391
Step 1 |x=3|<d=>-0<x-3<8=>-0+3<x<5+3
Step2: —0+3=2.7591= 6 =0.2409, or 6 +3=3.2391= 6 =0.2391.
The value of 6 which assures |x—3| <0 =2.7591< x <3.2391 is the smaller value, 6 =0.2391.
Step I: |x=5|<d=>-0<x-5<8=-6+5<x<5+5
Step 2:  From the graph, —-0+5=4.9=0=0.1, or 6+5=5.1= 9 =0.1; thus 6 =0.1 in either case.
Step 1 |x—(-3)|<d=-0<x+3<6=>-0-3<x<5-3
Step 2:  From the graph, -0 -3=-3.1=6=0.1,or 6 -3=-2.9= § =0.1; thus § =0.1.
Step I: |x-1|<d=>-0<x-1<F=>-6+l<x<5+1
. 9 -7
Step 2:  From the graph, 5+1— :>5 16,0r§+1—16:>5 16,thusé‘-16
Step 1 |x=3|<d=>-0<x-3<8=>-0+3<x<5+3
Step 2:  From the graph, -6 +3=2.61=0=0.39, or 0 +3=3.41= 6 =0.41; thus 0 =0.39.
Step 11 |x—2|<d=>-0<x-2<8=-0+2<x<5+2
Step 2: From the graph,—8+2=+3 = 8 =2-+3=0.2679, or §+2=/5 = 5 =~/5-2 = 0.2361;
thus & =~/5-2.
Step I: |x—(-D|<d=>-F<x+l<d=>-6-1<x<5-1
Step 2: Fromthegraph,—5—1:—\/_35 \/_2 =~0.118 or 6 — 1——%352%:0.1340;
thus5:%.
Step I:  |x—(-D|<5= §<x+1<5: —d-1<x<d-1
Step 2:  From the graph, —0 — 1—— =0= —~077 ord — 1——E:> =0.36; thus§———036
Step 1: ‘x——‘<5:> ~0<x-1<F=>-0+F<x<F+5
. 1 1__ 1__1 -1 _1_ .
Step 2:  From the graph, -6+ m35 3730 ~000248 ord+5 =7 9925—1.99 5 =0.00251;
thus ¢ = 0.00248.
Step 1 |(x+1)=5/<0.01=|x—4]<0.01= -0.01<x—-4<0.01=3.99 <x<4.01
Step2: |x—4|<d=>-0<x-4<5=>-6+4<x<5+4= =001
Step 1: [(2x—2)—(=6)| < 0.02 = [2x+4| < 0.02 = —0.02 < 2x+4 < 0.02
= 4.02<2x<-398= -2.0l<x<-1.99
Step2: |x—(-2)|<6=>-0<x+2<5=>-0-2<x<6-2=5=00L.
Step 1: [Va+1-1/<01= -0.1<\x+1-1<0.1= 0.9 <Jx+1<1.1= 081 < x+1<121
= -0.19<x<0.21
Step2: |x—0]<6= -8 <x<&. Then,—6=-0.19=>§=0.19 or & = 0.21; thus, § = 0.19.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Section 2.3  The Precise Definition of a Limit 59

x——‘<01:>—01<f 1 c01=04<Jx<06=0.16<x<0.36
x——‘<5:> 5<x——<5:> 5+ <x<§+1
Then 5+}1 O.l6:§—0.090r0r5+i—O.36:§zO.ll;thus5=0.O9.

‘\/19—x—3‘<1:—1<\/19—x—3<132<\/19—x<434<l9—x<16

=4>x-19>-16=>15>x>30r3<x<15
|x=10[< 6= -6 <x-10< 5= -6+10<x< 5+10.
Then—-0+10=3=0=7,or0 +10=15= 6 =5; thus 6 =5.

\/x—7—4‘<1:—1<\/x—7—4<1:3<\/x—7 <5=9<x-7<25=16<x<32

x=23<6=-0<x-23<5=-0+23<x<5+23.
Then—-0+23=16=0=7,0r0+23=32=0=9;thus o =7.

—ﬂ<0.05:—0.05<l—i<0.05:o.2<l<0.3:m>x>morm<x<5.
x 4 X 2 3 3

x—4l<f=>-6<x- 4<5: —S+4<x<0+4.

Then -0 +4 = 100r5 0r5+4 S5oro=1;thusd=

x? —3‘ <0.1=-0.1<x*>-3<0.1=29<x><3.1=/29<x<+3.1

3‘<5:>—5<x—\/§<5:>—5+x/§<x<5+\/§.
Then —0 +V3 =v2.9 = 6 =v/3-v2.9 ~ 0.0291, or § ++/3 = /3.1 = & =/3.1-/3 ~ 0.0286;

thus 0 = 0.0286

2 -4<05=-05<x?-4<05=35< 7 <4535 <[ < VA5 = Va5 <x <35,
for x near —2.

|x—(-2)|<d=>-6<x+2<6=>-6-2<x<5-2.

Then —5—2 = —/4.5 = 8 =45 -2~0.1213,0r 6 — 2= —/35 = § =2~ /3.5 = 0.1292;
thus 5 =+/4.5 -2~ 0.12.

1 1 H_1__9 10 10 o 10 10
;—(—1)‘<o.1:>—o.1<;+1<o.1:> Dole 9o 105,05 106 10,0 10
x—(-D|<s= §<x+1<§:> —d-1<x<8-1.

Then =0 — 1—— =0= oré) 1———:>§ llthusé‘=i1

(x2—5)—11‘<1:‘x2—16‘<1:—1<x2—16<1:15<x2<17:x/E<x<\/ﬁ.

x—4|<5:—5<x—4<5:—5+4<x<5+4.
Then -8 +4=+/15= =4 /15~ 0.1270, or 6 + 4 =17 = 6 = /17 —4 = 0.1231; thus
5=+17-4~0.12.

‘%—5‘«: 1<120 5015 4< 10615551 30> 1> 20 0r 20 < x < 30.

|x—24|<6=>-6<x-24<6=-6+24<x<5+24.
Then—-0+24=20=0=4,0r 6 +24=30= 6 =6; thus = & = 4.

|mx — 2m| < 0.03 = —0.03 < mx — 2m < 0.03 = ~0.03+2m < mx < 0.03+2m = 2- 2B < x <24 003,
|x-2|<d=>-0<x-2<6=-0+2<x<I+2.

Then—-6+2=2- 003:5 003 ,oro+2= 2+OO3:>5 003 . In either case, = 0—m3
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28.

29.

30.

31.

32.

33.

34.

35.

Chapter 2 Limits and Continuity

Step 1: |mx—3m|<c:—c<mx—3m<c:—c+3m<mx<c+3m:3—%<x<3+%
Step2: |x-3|<d=>-0<x-3<5=>-0+3<x<5+3.
Then—-6+3=3-<-=06=5,0rd +3=3+<= §=%<. In either case, 0 =<.
m m m m m

. —(m - _m —c+ m_1_c l,ic
Step 1: ‘(mx+b) (2+b)‘<c: C<mx =5 <c=>—C+tT<mx<c+T =5 -<X< +--

Step 2: ‘x—%‘<5:>—5<x—%<5:>—5+%<x<5+%.
Then—5+%=%—£:>§=£,0r§+l=l+£:>5=£.1neithercase,5=£.
m m 2 2 m m m
Step 1: |(mx+b)—(m + b)| < 0.05 = =0.05 < mx—m < 0.05 = -0.05+m < mx < 0.05+m

=1-005 ¢y 14005,
m m

Step2: |x—l|<d=>-6<x-1<=>-0+1<x<+1.
Then—5+1=1—0'—,25:>5=O'—r25,or5+1=1+%:> §=0'—n35.1neithercase,5=o'—n85.

lim 3-2x)=3-2(3)=-3
—3

X
Step 1: |(3 -2x)— (—3)| <0.02=-0.02<6-2x<0.02= -6.02<-2x<-5.98 = 3.01 > x >2.99 or

2.99<x<3.01
Step2: 0<[x-3[<d=-0<x-3<6=-0+3<x<5+3.

Then -0 +3=2.99= 9 =0.01, or +3=3.01= 9 =0.01; thus 6 =0.01.

lim (-3x-2)=(-3)-D-2=1

P
Step 11 |(=3x—2)—1]< 0.03=> ~0.03 < —3x—3<0.03= 0.01 > x+1>—0.01=> ~1.01 < x < ~0.99.
Step2: |x—(-D|<d=>-F<x+1<d=>-6-1<x<5-L
Then -8 —1=—1.01= & =0.01, or §—1=-0.99 = & = 0.01; thus & = 0.01.
lim =4 = fim 820D (4 2) =242 =4, x#£2
x=2 x—2 (x=2) x—2
(ﬁ) —4‘ <0.05= —0.05 <
x=2
—1.95<x<2.05, x%2.
Step2: |x—2|<d=>-0<x-2<F=>-6+2<x<5+2.
Then —8+2=1.95=> & =0.05, or & + 2 = 2.05 = & = 0.05; thus & = 0.05.

(x+2)(x=2)

—4<0.05=395<x+2<4.05, x#2
(x=2)

CHOXES iy DD

i S5 i (LG~ i (=575
Step 1: (M) ()< 0.05= —0.05< I L4005 = 4.05<x+1<-3.95, x£-5
x+5 (x+5)

= -5.05<x<—-4.95, x#-5.
Step2: |x—(-5)|<d=-0<x+5<5=>-6-5<x<I-5.
Then -6 —5=-5.05= & = 0.05, or & — 5 = —4.95 = & = 0.05; thus & = 0.05.

lim V1-5x =1-5(-3) =/16 =4

x— -3

Step 1: ‘x/I—Sx—4‘<O.5:>—0.5<x/1—5x—4<0.5:3.5<x/1—5x <45 =12.25<1-5x<20.25
=11.25<-5x<19.25 = -3.85<x<2.25.

Step2: |x—(-3)|<d=>-0<x+3<5=>-0-3<x<5-3.
Then -0 —-3=-3.85= 06 =0.85, or 0 —3 =-2.25 = 0.75; thus 6 = 0.75.
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36.

37.

38.

39.

40.

41.

42.

43.

44.

lim 4 =
x—2

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Section 2.3  The Precise Definition of a Limit
4_
2—2
——2‘<04:>—04<——2<04:>16< <24=105 2510 105, 51055 o5

16~ 4~ 24 4 6 3 2
x-2|<6=-6<x- 2<5:> —0+2<x<5+2.
Then -0 +2= —:>§ or5+2 —:>§ l;thus5:—

(9—x)—5|<e:>—e<4—x<e:>—e—4<—x<e—4:>e+4>x>4—e:>4—e<x<4+e.
x—4|<=>-0<x-4<5=>-0+4<x<5+4.
Then —0+4=—-+4=>0=¢,0or0+4=€+4= & =€ Thus choose d =e.

|Bx=7)-2|<e= —e<3x-9<e=9-e<3x<9+e=3— $<x<3+4
|x-3l<d=-0<x-3<F=>-6+3<x<5+3.

Then—5+3:3—§:§ % ord+3= 3+ =0= .Thuschooseé':—
Ni=5-2<e=—c<Vi=52<e=2-c<Vx=5<2+e = (2-0% <x-5<(2+¢)
= (2-6)?+5<x< (246 +5.

|x-9|<d=-6<x-9<5=>-6+9<x<5+9.

61

Then -5 +9 =€ —de+9 = 5:46—62, or §+9 =¢” +4¢+9 = & = 4e +¢2. Thus choose the smaller

distance, & = 4e — €

‘\/4—x—2‘<e:>—6<\/4—x—2<€:>2—e<\/4—x<2+e :>(2—6)2 <4—x<(2+6)2

= -2+ <x-4<—2-€)? = -2+e) > +d<x<—(2—¢) +4.
|x-0|<d=>-6<x<d.

Then—§=—(2+e)2+4——e —de =S =de+é? 0r§=—(2—e)2+4=4e—62.Thuschoosethe

smaller distance, O = 4e — 2,

Forx#zl,‘xz—1‘<63—e<x2—1<6:>1—6<x2<1+6 =>A+l-€ <|x|<\/1+e

=Al-e<x<+l+enear x=1.
|r-1]|<d=>-0<x-1<6=>-0+1<x<d+l

Then—-0+1=+1-€e => 6 =1-+1—€,0or0+1=+1+¢ = 8 =+/1+¢ —1. Choose
o= min{l—\/l—e,\/1+e —1}, that is, the smaller of the two distances.

Forx#:—2,‘x2—4‘<6:>—e<x2—4<e:>4—e<x2<4+e:> 4—¢ <|x|<,/4+e:>— d+e<x

—J4—¢€ near x =—2.
|x—(-2)|<d=-6<x+2<6=>-0-2<x<5-2.
Then—5—2=—ﬁ:§=@—2, or §—2=—/4—¢ =8 =2—/4—¢. Choose
5=min{\/m—2,2—\/n}.

‘ 1‘<€:>—6< —l<e=l-e<d <1+e:11 <x<116

r-1|<d=>-0<x-1<6=1- é<x<1+é

Then 1— 5——:5—1———— orl+d= —:5 1 _1=—
I+e ~ l+e l-e 1€

Choose ¢ = E’ the smaller of the two dlstances.

L_L 1 Ll 1-3¢ _ 1
<eE=—€< y<e=>3-€< <3+e:>3<2

2
> X >1+3€ 1l1+36<|x| o 0r1/1+3€<x<1/1 En forxnear\f
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Chapter 2 Limits and Continuity

Step 2: ‘x—\/g‘<5:>—5<x—\/§<5:>\/§—5<x<\/§+5.
Thenx/g—é':,/%%:é':\/g—,/%%,or 3+6= 1%36:5=J1_33€—\/§.

Choose 6 = rnin{x/g—1 [%, . Ié —\/g}

. 29
Step 1: (f;+3 )—(—6)

Step2: |x—(-3)|<d=-0<x+3<6=>-06-3<x<d-3.
Then—-0-3=—-€-3=>0=¢,0r0—-3=¢—3= 0 =¢.Choose 0 =e.

<e=>—€e<(x-3)+6<e, xF-3=>—-€<x+3<e=>—-€-3<x<e-3.

e —-€e<(xX+D)-2<e,x#FFl=>1-e<x<l+e.

Step 1: (ﬁ) -2

x—1

Step2: |x-1|<d=>-0<x-1<S=1-0<x<1+4.
Thenl—-0=1-e=>0=c,orl+d=1+e = & =e. Choose J =e.

Step 1: x<1:|(4—2x)—2|<e:0<2—2x<esincex<1.Thus,1—g<x<o;
x21:|(6x—4)—2|<e:0s6x—6<esincele.Thus,15x<1+§.

Step2: |x—l|<d=>-0<x-1<F=>1-8<x<1+0.
Thenl—§=l—§3§=%,0r1+5=1+§:>5=§. Choose5=%.

Step 11 x<0:[2x—0]<e=>-€<2x<0=>-5<x<0;
x20:§—0‘<6:>0Sx<26.
Step 2: |x—0|<53—5<x<5.

Then—5=—§:>§=§,or5=2e:>5=2e.Choose 5=%.

. By the figure, —x < xsinL < x for all x>0 and —x > xsinL > x for x < 0. Since lim (—x) = lim x =0, then by
X X x—0 x—0

the sandwich theorem, in either case, lim xsindL=0.

x—0

2

. By the figure, —x?<x sin% < x? for all x except possibly at x = 0. Since lim (—xz) = lim x* = 0, then by the

x—0 x—0

2 1_

sandwich theorem, lim x sin; =0.

x—0

. As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a 0 >0
such that 0 < |x—0| < 6 = |g(x)— k| <.

. Writex=h+c.Then0<|x—c|<5<:>—5<x—c<5,x#zc<:>—§<(h+c)—c<5,h+c¢c<:>—§<h<§,
h#0&0<|h-0[<d.

Thus, lim f(x) = L < for any € > 0, there exists ¢ > 0 such that |f(x) —L| <€ whenever 0 < |x—c| =
X—C

|f(h+c)—L| <€ whenever 0<|h—0|< & & lim f(h+c)=L.
h—0

. Let f(x)= x?. The function values do get closer to —1 as x approaches 0, but lim f(x) =0, not—1. The
x—0

function f(x) = x? never gets arbitrarily close to —1 for x near 0.
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Section 2.3  The Precise Definition of a Limit 63

54. Let f(x)=sinx, L=1 and Xo = 0. There exists a value of x (namely x = E) for which ‘sm X ——‘ < € for any

55.

56.

57.

38.

given e > 0. However lim sinx =0, not— L The wrong statement does not require x to be arbitrarily close to Xp-
x—0

As another example let g(x) = s1n— L=, and x; = 0. We can choose 1nf1n1tely many values of x near 0 such

that s1n; = 5 as you can see from the accompanymg figure. However, lim sin- fails to exist. The wrong
x—=0

statement does not require all values of x arbitrarily close to x; =0 to lie withine >0 of L= 1 . Again you can
see from the figure that there are also infinitely many values of x near 0 such that s1n— 0. If we choose € < zlt

we cannot satisfy the inequality ‘sm p ‘ < ¢ for all values of x sufficiently near x; = 0.

2

|=—1n

|A—9|S0.01:>—0.01Sﬂ(2) ~9<0.01= 8.99< X <901:>4(899)<x <£9.01)

=2 % <x<£2 % or 3.384 < x <3.387. To be safe, the left endpoint was rounded up and
the right endpoint was rounded down.

—_
=
=)

>R >1
=120 =

V=RI=Y= 1:‘——5‘<01:> -01<120_5201=49<10<51=

“20)“0) <R <2009 _ 93 53< R <2448
51 - 49 : - T

S
=]
W
—

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

(@) -0<x-1<0=1-6<x<1= f(x)=x.Then|f(x)-2|=|x—2|=2-x>2-1=1.Thatis,
|f(x) 2|>1>l no matter how small J is taken when 1 — 5<x<1:>11m f(x)#2.

(b) 0<x-1<d=1<x<1+5= f(x)=x+1. Then|f(x)-1|=|(x+1])- 1| |x|—x>1Thatls |f(-1=1
no matter how small § is taken when 1< x<1+Jd = lim f(x) #1.
1

X—>

(©) -6<x-1<0=1-8<x<1= f(x)=x.Then|f(x)-1.5=|x-1.5=1.5-x>15-1=0.5.
Also,0<x-1<d=1<x<1+8= f(x)=x+1.Then|f(x)-1.5=|(x+D)-1.5=|x—0.5|
=x—-0.5>1-0.5=0.5. Thus, no matter how small J is taken, there exists a value of x such that
6 <x—1<&but|f(x)-1.52 :>11mf(x)¢15

(a) For2<x<2+d=> h(x)=2=|h(x)—4| =2.Thus for e < 2, |h(x)— 4] > ¢ whenever 2 < x <2+ & no matter

how small we choose d >0 => lim h(x)#4.
x—2

(b) For2<x<2+8=> h(x)=2=|h(x)-3|=1.Thus for e <1, |h(x)— 3| > € whenever 2 < x < 2+ & no matter

how small we choose d > 0= lim Ah(x) # 3.
x—2

(¢) For2—-d<x<2= h(x)= x50 |h(x) - 2| = ‘xz - 2‘. No matter how small d > 0 is chosen, x?is close to 4

when x is near 2 and to the left on the real line = ‘xz - 2‘ will be close to 2. Thus if € <1, |h(x) - 2| >e€

whenever 2 - < x < 2 no matter how small we choose >0 => lim h(x) # 2.
x—2
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59. (a) For3—8<x<3= f(x)>4.8=|f(x)—4]>0.8. Thus fore <0.8,| f(x)—4| > ¢ whenever 3-8 <x<3no
matter how small we choose § >0 = lim f(x)#4.

x—3
(b) For3<x<3+d= f(x)<3=|f(x)—4.8/>1.8.Thus fore <1.8,|f(x)—4.8| > ¢ whenever 3< x <3+¢

no matter how small we choose d >0 = lim f(x)#4.8.
x—3

(¢) For3-8<x<3= f(x)>4.8=|f(x)—3>1.8. Again, fore <1.8,|f(x)—3|> € whenever3-§ <x<3no

matter how small we choose § >0 = lim f(x)#3.
x—3

60. (a) No matter how small we choose ¢ > 0, for x near —1 satisfying —1 - ¢ < x < —1+ 9, the values of g(x) are
near 1 = |g(x) - 2| is near 1. Then, fore = % we have |g(x) - 2| = % for some x satisfying —-1-0 < x <—-1+9,
or0<|x+1<d= lim g(x)#2.

x—-1

(b) Yes, lim g(x)=1because from the graph we can find a § > 0 such that |g(x) —1| <eifO< |x— (—1)| <0.
x—-—1

61-66. Example CAS commands (values of del may vary for a specified eps):

Maple:
f :=x > (x"-81)/(x-3); x0:=3;
plot( f(x), x=x0-1..x0+1, color=black, # (a)
title="Section 2.3, #61(a)" );
L :=limit( f(x), x=x0); # (b)
epsilon :=0.2; #(c)

plot( [f (x), L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)");
q = fsolve( abs( f(x)-L ) =epsilon, x=x0-1..x0+1); #(d)
delta := abs(x0-q);
plot( [f (x), L-epsilon, L+epsilon], x=x0-delta..xO+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do #(e)
q = fsolve( abs( f(x)-L ) =eps,x=x0-1..x0+1);
delta := abs(x0-q);
head := sprintf ("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f \n", eps, delta );
print(plot( [f (x), L-eps, L+eps], x=x0-delta..x0+delta,
color=Dblack, linestyle=[1,3, 3], title=head ));
end do:
Mathematica (assigned function and values for x0, eps and del may vary):
Clear[f, x]
yl:=L—eps; y2:=L+eps; x0=1;
flx_I= (3x2 —(Tx+1D)Sqrt[x]+5)/(x-1)
Plot[f[x], {x, x0—-0.2, x0+0.2}]
L: = Limit[f[x], x — x0]
eps=0.1;del =0.2;
Plot[{f[x], y1, y2}, {x, x0—del, x0+del}, PlotRange — {L —2eps, L +2eps}]
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Section 2.4  One-Sided Limits

ONE-SIDED LIMITS

(a)
(e)
®

(a)
(e)
®
(a)
(b)
(c)
(d)

(a)
(b)
(©)
(d)

(a)
(b)
(c)

(a)
(b)
(c)

(a)

True (b) True (c) False (d) True
True (f) True (g) False (h) False
False (j) False (k) True (1) False
True (b) False (c) False (d) True
True (f) True (g) True (h) True
True (j) False (k) True

lim f=2+1=2, lim f(x)=3-2=1

No lim f(x) does not ex1st because lim f(x)# lim f(x)

x—2 x%Z x—2
lim f(x)= +1—3 hm fx)= +l—3
x—4"
Yes, lim f(x)=3 because 3= lim f(x)= lim f(x)
x—4 x—4" x—4*

hm f(x)— =1, 11m f(x)=3-2=1,f(2)=2
Yes hm f(x)—lbecausel— lim f(x)= 11m f(x)

x—2" x—2
hm f(x) 3—(-1)=4, lim f(x)=3-(-1)=4
x—-1" x——1"
Yes, lim f(x)=4because4= lim f(x)= lim f(x)
x—-1 x—-1" x—-1"

No, lim f(x) does not exist since s1n( ) does not approach any single value as x approaches 0

x—0*
lim f(x)= lim 0=0
x—0" x—0"
lim f(x) does not exist because lim f(x) does not exist
x—0 x—0*

Yes, lim g(x)=0 by the sandwich theorem since —Jx < gx)< Jx when x>0

x—0*

No, lim g(x)does not exist since Jx is not defined for x < 0
x—0"

No, lim g(x) does not exist since lim g(x) does not exist
x—0 x—0~

(b) lim f(x)=1= lim f(x)
x—1 x—1*

limits exist and equal 1
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66

8.

10.

11.

13.

14.

15.

16.

Chapter 2 Limits and Continuity

(a) (b) lim f(x)=0= lim f(x)
y ‘_{1 X ox#l x—1* x—1"
2, x=1
b e (c) Yes, lim1 f(x) =0 since the right-hand and left-hand
x—
/\ limits exist and equal 0
oA N 2 "
1+
2k
3
(a) domain:0<x<2 NT-x%, 0<x<1
range:0<y<land y=2 y=11, 1<x<2
(b) lim f(x) exists for ¢ belonging to (0, 1)U, 2) z x=2
X—C 2F L]
(c) x=2
(d x=0
11»\.—0
o0 5 2

(a) domain: —eo < x < o0
range: -1 <y <1
(b) lim f(x) exists for ¢ belonging to

x—c g
(=oo, = DU (=L DU, ) 4—1—»(

(c) none

(d) none
ok

x, -1<x<0or 0<x<1
\:{l, x=0
0, x<-lorx>1

+2 —0.5+2 _ (3/2 —
lim S =y 050 =i =3 2. lim 5=\ =0=0

x—-0.5" x—1*
. x ) (2x45) (=2 2(=)+5 | _ 1) _
xgljlf (xil) (x§+x)_(—2+l) ((_2)2_,_(_2))_(2)(2)_1
; 1 +6) (3=x)_ (L) (1x6) (3=1)_ (1) (Z) (2)=
xh_?ll_ (m) (XT) (Tx)_(m) ( I ) ( 7 )_(2) (1) (7)_1
lim V455 +4h+ 5 _ im (\/h2+4h+5—\/§ j [\/h2+4h+5+x/§ j_ lim (h*+4h+5)-5
. + h 2 B + o ([2
h—0 h—0 \/h +4h+5+\/§ h—0 h( h +4h+5+\/§)
h—0" h(\/h2+4h+5+\/§) V55 5
lim 65 +11h+6 —\/5h2+11h+ - lim (\/— —\/5h2+11h+ j (\/— +\/5h2+11h+6)
h—0" h—0~ J6+V5h2+11h+6

)— 2 —_ —_
— lim 6—-(5h"+11h+6) lim h(5h+11) _ =+ 11

h—0~ h(\/g+\/5h2+11h+6) h—0~ h(\/g+\/5h2+11h+6) Verlo  2V6
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Section 2.4  One-Sided Limits

@ tim G+l im (3 @2 (x+2|= (x+2) for x> -2)

x—>—2* AN (x+2)

= lim (x43)=(<)+3) =1
x—=2"
() lim (x+3)‘ ‘_ lim (x+3)[‘("—+2)} (x+2| = ~(x+2) for x< -2)
- - (x+2)
x—-2 x—-2
= "lim (x+3)(=1)=—(=2+3)=—
x—-2"

@ lim Y2ED g Y2rGeD (k1= x—1for x> 1)

x—1t ‘x ‘ x——1" (x=1)

= lim V2x=+2
x——17

(b) lim Y22 o Y2eGeD (x—1=—(x—1) for x <1)

x—1" ‘x ‘ x—1~ —(x-1)

= lim —2x=-2
x—=1"
9] 3 18]

(@ lim =—==2=1 (b) lim “24=2

g3+ ¢ 3 o3 ¢ 3
(@ lim (t—|r))=4-4=0 (b) lim (t—|r])=4-3=1

t—4* t—4~
lim siny/20 _ = Jim 80X = (where x =+/26)
60 20 x>0 *
lim SN — [jy KSINKE _ Jjpy ksin® _ gy Sin6 — pop =g (where 0 = kr)
=0 ! 0 Ko g0 9 6—0 ¢
lim 303 = 1 jig 3803Y _ 3 pipy S03Y _ 3 iy sing 3 (where 6 = 3y)
y0 4y Ay 3y 4y 3y g €0 4

1 -1
-0~

lim sirfl3h = -1 =% (where 8 = 3h)

lim tan2x _ lim (;g;é;) = lim sin 2x —(hm 1 ) (hm 251n2x):1.2:2

rs0 X r—0 X 10 xcos2x 0 cos2x 10 2x

t—0 @450 (Cost) 10 sint 10 lim =8t

lim 2L =21im —L~ =2 lim £¢%! = Z(Iimcostj{ L ]:2-1-1:2

=0 !

XCSC2X _ 1; x 1 | Ly 2x : 1 —(1. 1
iir:) cosSx igr:)(sin2x cosSx) (2/&1;% stxj [ii% cosSx) (2 1) @ 2

2 .
lim 6x% (cot x)(csc 2x) = lim XX — fjpy (3cosx ) 3.1-1=3
10 (0 Sinxsin 2x X0 sinx sin 2x
X+XCOSX _ ( X XC0S X ) — ( X 1 ) X
10 sin x cos x X0 sinxcosx  sinxcosx *—0 sinx cosx X0 sin x

= lim | -L |- lim (=) + lim =(D+1=2
HO() lim ()+ 1 0[] (D)

X
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Chapter 2 Limits and Continuity
lim =gtsing — fim (214 1 (sx))—0- L+ )=0
x—0 X xo0\2 220
lim L= cosf _ =1 (I—cosO)(I+cos@) _ ;. l1—cos’ @ ; sin @

90 sin 26 -0 (2sin @ cos 8)(1+cos 8) 61?12}) (2sin @ cos 8)(1+cos 8) 61?12}) (2sin @ cos 8)(1+cos 8)

sin @
H})(zcose)(ucose) (2)(2) =0

x(1-cos x)

1—cos L 1-cosx 1

lim A=X€0SX — Jim x(l—cosx) _ . 02 _ lim o _ 9335( x ) 50 _

x=0 sin?3x x—0 sin®3x x—0 sin? 3x =0 (sin3x)2 lim (sin3x)2 l2
9x? 3 a0 3%

. I—cost
lim —Sml( COS)—lmS‘ge—lsmceH—l cost > 0ast—0
1—0 108t 6—0

. sin(sin &) sin@

lim a7 - lim 7] =lsince@=sinh—>0ash—0
h—0 S 6—0

sin@ _ sin & ﬁ)=l : (sinB_ 20 )=L_ =1
61’1—>0 sin 26 61,1_>n})(sm26 26 261’1—% 6 sin26 2 1-1 2
sinSx _ sinSx  4x 5)_ 5 y; sinSx,_4x \_5.1.1=5
lll’% sin4x xﬁo(sinétx 5x 4) }Cil})( S5x sin4x) 4 11 4
lim Acos@=0-1=0
6—0
lim sin & cot 26 = lim sin 6 <526 = lim sin §5£0526 - — |jm <0826 — ]
0—0 9—0 sin 9—0 sin & cos 9—0 Ccos

lim 3
x—0 sin8x x—0

=3 fim (L) () (B )= 3p1 =2

8 X0 \ €O 3x 3x sin 8x

tan3x _ Jim (sin3x 1 ): lim

( sin3x 1 8x 3)
cos3x sin8x

x—0

lim sin3ycot5y — i sin3ysin4ycos5y - lim sin3y sindy cosSy 345y
y—0 ycotdy y—0 ycos4ysinSy y—0 y cos4y sinSy 345y

T sin3y sin4y Sy cosSy 34\ _1.1.1.1.12 _12
_hm( 3y ) ( 4y ) (sinsy) (cos4y) (5 )_1 L1158 =3

y—0
) cont in 0sin 30 in 30 3
lim —tan = lim —<20 _ — ]jm —Sindsin = lim ( ) (sm ) ( ) DA (_)=
8—0 6% cot 36 8—0 6> f:’;gg 8—0 6% cosOcos 30 8—0 36 0053C053‘9 D) 11
lim 9cot46 — K 93?523 o Ocos4Osin’ 20 - lim 6cos 46(2sin O cos 0)> — lim 8 cos46(4sin’6cos’6)

0—0 sin 29cot>20 6—0 sinZ6 Lmj 20 9_>0 sin’@cos?26sin 46 8—0 sin’@cos>26sin 46 6—0 sin’@cos’20sin 46
sin“ 26

— lim 40 cos46cos’0 - lim ( 46 ) cos46cos’6 — lim cos 46 cos’0 _ (l) (m) -1
0—0 cos’20sindd gy \Sin40 cos26 6—0 “"49 cos26 17\ 2

Yes. If hm f(x)=L= lim f(x),then lim f(x)=L.If hm f(x)# lim f(x),then lim f(x) does not

x—a® x—a~ xX—a x—at x—a Xx—a

exist.
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44.

45.

46.

47.

48.

49.

50.

51.

52.

Section 2.4  One-Sided Limits 69

Since lim f(x)= L if and only if hm f(x)=Land lim f(x)=L,then lim f(x) can be found by

X—C x—c* xX—c X—C

calculating hm f(x).
X—)C

If fis an odd function of x, then f(—x)=—f(x).Given lim f(x)=3,then lim f(x)=-
x—0" x—0"

If fis an even function of x, then f(—x) = f(x). Given limi f(x)=7then lim f(x)=7.However, nothing

x—2 x—-2
can be said about lim f(x) because we don’t know lim f(x).
x—=-2" x—2"

1=(55+8)=5<x<5+05 Also,Jx—5<e= x-5<¢> = x<5+¢>. Choose § =¢’= lim Jx—5=0.

x—5"

[=(@-0,4)=4-8<x<4 Also,Jd—x<e=4d—x<e> = x>4—¢>. Choose 8 == lim J4—x =0.

x—4"
As x — 0~ the number x is always negative. Thus, ﬁ— (G2 _ix+1‘ < € = 0 < e which is always true
independent of the value of x. Hence we can choose any ¢ >0 with -0 <x<0= lim ﬁ =-1.
x—0"
Since x — 2" we have x > 2 and |x 2| = x—2. Then, "‘ %‘ 1‘ = i—j—l‘ < e = 0< e which is always true so

x21

long as x > 2. Hence we can choose any 0 >0, and thus 2<x<2+6 = ‘ = <e.Thus, lim 22 =1,

Y—s_0" ‘X—Z‘

(@) lim LxJ 400. Just observe that if 400 < x < 401, then LxJ 400. Thus if we choose ¢ =1, we have for
x—400*

any number ¢ > 0 that 400 < x < 400+ 6 = || x |-400| = [400—400| =0 <.

(b)  lim | x|=399.Just observe that if 399 < x <400 then | x |=399. Thus if we choose & =1, we have for
x—400"

any number ¢ > 0 that 400— & < x < 400 = || x |-399| =[399-399| =0 <.

(¢) Since lim |x|# lim [x]we conclude that hm LxJ does not exist.
x—400" x—400"

(@ lim f(x)= lim \/_—\/_ 0‘\/;—0‘<e:>—e< x<e:>0<x<62forxpositive.Choose5:e2

x—0" x—0"
= lim f(x)=0.
x—0"
(b) lim f(x)= lim X sm( ) 0 by the sandwich theorem since — —x?<x? s1n( 1 ) < xforall x#0.
x—0"

Since ‘x —O‘ = ‘—x —O‘ = x? < ¢ whenever |x| < \/g, we choose d = \/E and obtain ‘xz sin(%)—O‘ <e€

if -0 <x<0.
(c) The function f has limit O at x; = 0 since both the right-hand and left-hand limits exist and equal 0.
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2.5

10.

11.

12.

13.

15.

16.

17.

18.

Chapter 2 Limits and Continuity
CONTINUITY
No, discontinuous at x = 2, not defined at x =2

No, discontinuous at x =3,1= lim g(x)#g(3)=1.5

x—3"
Continuous on [—1, 3]

No, discontinuous at x=1,1.5= lim k(x)# lim k(x)=0
x—1 x—1*

(a) Yes (b) Yes, lim f(x)=0
x——1"

(¢) Yes (d) Yes

(@) Yes, f(H=1 (b) Yes, lim f(x)=2
x—1

(¢) No (d No

(a) No (b) No

[-LOu@O,DHud,2)u(23)

f(2)=0,since lim f(x)=-212)+4=0= lim f(x)
x—2" x—2*
f () should be changed to 2 = lim f(x)
x—l1

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=1and lim f(x)=0).
x—1 x—=1" x—1*

Removable discontinuity at x = 0 by assigning the number lim f(x) =0 to be the value of f(0) rather
x—=0

than f(0)=1.

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=2and lim f(x)=1).
x—1 x—1" x—olt

Removable discontinuity at x = 2 by assigning the number lim f(x)=1to be the value of f(2) rather than
x—2

f2)=2.

Discontinuous only when x—2=0=x=2 14. Discontinuous only when (x + 2)2 =0=>x=-"2
Discontinuous only when ¥ —4x+3=0> (x=3)(x-1)=0=>x=3o0rx=1

Discontinuous only when ¥ -3x-10=0= x=5x+2)=0=x=50orx=-2

Continuous everywhere. (jx —1|+ sin x defined for all x; limits exist and are equal to function values.)

Continuous everywhere. (jx|+1# 0 for all x; limits exist and are equal to function values.)
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Discontinuous only at x =0

Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7, i.e., 2x = nz, n an integer = x =2Z 7 an integer, but

continuous at all other x.

Discontinuous when % is an odd integer multiple of %, ie., % =2n —1)%, n an integer = x=2n—1,n an
integer (i.e., x is an odd integer). Continuous everywhere else.

Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

2

Continuous everywhere since x*+1>1and-1<sinx<1=0<sin> x<1= 1+sin’ x> I; limits exist and are

equal to the function values.

Discontinuous when 2x+3 <0 or x < —% = continuous on the interval [—%, oo).

Discontinuous when 3x—1< 0 or x < % = continuous on the interval [%, oo).

1/3

Continuous everywhere: (2x—1)"~ is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)ll 3 is defined for all x; limits exist and are equal to function values.
2 —
Continuous everywhere since lim Kox6 _ fjy GO _ x+2)=5=g03)
x—3 *73 xs3 X3 -3

Discontinuous at x =—2 since lim f(x) does not exist while f(-2)=4.
x—-2

lim sin(x—sin x) = sin(x —sin ) = sin(z —0) = sin £ = 0, and function continuous at x = 7.
XD

lim sin(% cos(tant)) = sin(% cos(tan(0))) = sin(% cos(O)) = sin(%) =1, and function continuous at ¢ = 0.
t—0

lim sec(y sec? y— tan> y—1)=lim sec(y sec? y— sec? y)=lim sec((y—1) sec? y)=sec ((1-1) sec’ =
y—l1 y—l1 y—l

sec0 =1, and function continuous at y =1.

lim tan [% cos(sin X3 )J = tan [% cos(sin(O))J = tan(% cos(O)) = tan(%) =1, and function continuous at x = 0.
x—0

lim cos| —Z— 0s| —ZE— | =cosZ =cosZ = ﬁ, and function continuous at t = 0.
10 J19-3sec 21 J19-3sec 0 Ji6 4 2

lim \/csc:2 x+5\/§ tan x = \/0502 (%) + 5\/§ tan (%) = /4 +5x/§(%) = x/§ =3, and function continuous

A
X—)G

-
atx—é.

(98]
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Chapter 2 Limits and Continuity
(%e\/; ) =sin (%eo) =sin (l

lim cos™ (ln \/_) =cos (ln \/_) =cos ! )= %, and the function is continuous at x = 1.
x—1

lim sin ) =1, and the function is continuous at x = 0.

x—0*

[\

_ x2—9 _ (x+3)(x-3) _ T _
g(x)_ﬁ_w—x+3,x¢3:>g(3)—i1_>m3(x+3)—6

h(t) = 243t-10 _ (1+5)(1=2)

put; =5 =l+5,l‘#2:>h(2)=tli_lg(l+5)=7

I B ne) O T | o (s2ast1) _ 3
T R ) ’”tl:f(l)_?_ﬂnl( s+ )_2

_ X6 _ (H)x-4) — x+4 x+4 8
0= 23x—4 (=) T x+l o XFE= @)= hm ( x+1) 5

As defined, lim f(x)= (3)2 —1=8 and lim+ (2a)(3) = 6a. For f(x) to be continuous we must have

x—3" x—3
4

6a=8:a=§.

As defined, lim g(x)=-2and lim g(x)=>b(— 2) =4b. For g(x) to be continuous we must have
x—-2" x—-2"

4h=-2=b=-1.

As defined, lim f(x)=12 and hm f(xX)=a (2) 2a=24> -2a. For f(x) to be continuous we must have
x—2" -2

12 = 24> —2a:>a—30ra——2.

As defined, lim g(x)=

x—0"

=b=b=0orb=-—

+ b+1 b and hm g(x)= (0)2 +b =b. For g(x) to be continuous we must have

b+1

As defined, lim f(x)=-2and hm fx)=a(-)+b=-a+b,and lim f(x)=a(l)+b=a+band

x——1" —1* x—1

lim f(x)=3.For f(x)tobe contmuous we must have 2=—a+b anda+b=3=a= 5 and b = 2
x—l1*

As defined, lim g(x)=a(0)+2b=2band lim g(x)= (O) +3a—-b=3a—-b,and lim g(x)= (2) +3a-b=

x—0" x—0* x—2"
4+3a—band lim g(x)=3(2)—5=1.For g(x) to be continuous we must have 2b =3a—-b and 4+3a-b=1=
x—0"

-_3 -_3
a= 2andb >
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Section 2.5  Continuity 73

The function can be extended: f(0) = 2.3. 50. The function cannot be extended to be continuous at
y x=0.If £(0) = 2.3, it will be continuous from the
right. Or if f(0) = —2.3, it will be continuous from

. / the left.
2.4
10° =1 ¥
/2'2‘ f(X) = X
3 10M - 1

0.1 -0.05 0.05 0.1 X 1 f(x) = X

The function cannot be extended to be continuous ~ 52. The function can be extended: f(0) =7.39.
at x=0.If £(0) =1, it will be continuous from the

right. Or if £(0) =—1, it will be continuous from
the left. \:\i F(x)=(1+2x)
y :
| 7.3
1

0.5 -0.01 -0.005 0.005 0.01

-0.1 -0.05 0.05 0.1 S

_sinx
__4 £ =

f(x) is continuous on [0, I]and f(0) <0, f(D>0=
by the Intermediate Value Theorem f(x) takes on
every value between f(0) and f (1) = the equation
f(x)=0has at least one solution between x =0

and x=1.

cosx=x=>(cosx)—x=0. Ifx=—%, cos(—%)—(—%) > 0. Ifx=%, cos(%)—%<0. Thus cos x —x =0 for

Z and % according to the Intermediate Value Theorem, since the function cos x —x is

some x between — >

continuous.

Let f(x)= ¥ —15x+ 1, which is continuous on [—4, 4]. Then f(—4)=-3, f(-1)=15, f(1) =-13, and f(4)=5.
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals 4 < x < -1, -1<x <1, and

1< x<4. Thatis, x° —=15x +1 =0 has three solutions in [-4, 4]. Since a polynomial of degree 3 can have at
most 3 solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x— a)2 (x— b)2 + x is continuous for all values of x,
S0 it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value Theorem,

since a < % < b, there is a number ¢ between a and b such that F(x) = “—erb.
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57.

58.

59.

60.

61.

62.

63.

64.

Chapter 2 Limits and Continuity

Answers may vary. Note that f is continuous for every value of x.

@ fO)=10, f()= 13 —8(1)+10=3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a ¢ so
that 0<c<1land f(c)=7.

®) fO)=10, f(-4) = (—4)3 —8(—4)+10 =-22.Since 22 < —/3 < 10, by the Intermediate Value Theorem,
there exists a ¢ so that 4 <c<0and f(c) = —\/g.

() f(0)=10, f(1000) = (1000)3 —8(1000) +10 =999,992,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ <1000 and f(c) =5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous
functions.

(a) Arootof f(x)= X —3x-lisa point ¢ where f(c) =0.

(b) The point where y = x> crosses y =3x+1 have the same y-coordinate, or y = X =3x+1= fx)=
x> =3x-1=0.

© x*-3x=1=x

(d) The points where y = x> = 3x crosses y =1have common y-coordinates, or y = ©-3x=1= f(x)=
X —=3x-1=0.

(e) The solutions of x> =3x—1=0 are those points where f(x) = x> —=3x—1 has value 0.

3 _3x—1=0. The solutions to the equation are the roots of f(x) = x> =3x—1.

sin(x—2)
x=2
However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

is discontinuous at x = 2 because it is not defined there.

Answers may vary. For example, f(x) =

Answers may vary. For example, g(x) = ﬁ has a discontinuity at x =—1 because lim g(x) does not exist.
x——1

[ lim g(x)=-ccand lim g(x)=+<><>.j

x——1" x——1"

(a) Suppose x; is rational = f(xy) =1. Choose € = % For any ¢ > 0 there is an irrational number x (actually
infinitely many) in the interval (xo — &, xy +90) = f(x) =0.Then 0 <|x — xp| < & but | f (x) — f (xp)| =

1> %= €,50 lim f(x) fails to exist=> f is discontinuous at x rational.
X=X

On the other hand, x; irrational = f(x) = 0 and there is a rational number x in (xg — 9, xy + ) = f(x)=1.

Again lim f(x) fails to exist = f is discontinuous at x,, irrational. That is, fis discontinuous at every point.
X=X,

(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (x5 — 9, x) or
(xp, X +O) there exist both rational and irrational real numbers. Thus neither limits lim f(x) and

X—>Xg
lim f(x) exist by the same arguments used in part (a).
X=X
Yes. Both f(x)=x and g(x) = x—% are continuous on [0, 1]. However % is undefined at x =% since

1) _ f(x) . .. . _1
g (2) =0=> 0o 8 discontinuous at x = >

No. For instance, if f(x) =0, g(x) = I_x_|, then h(x) = O(fx—|) =( is continuous at x =0 and g(x) is not.

Let f(x) = ﬁ and g(x) = x+1. Both functions are continuous at x = 0. The composition fog = f(g(x)) =
ﬁ % is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be continuous

at g(0), which is not the case here since g(0) =1and fis undefined at 1.
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Section 2.5  Continuity 75

Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have
to equal zero at some point between a and b since fis continuous on [a, b].

Let f(x) be the new position of point x and let d(x) = f(x)—x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x,

which is then in its original position.

If £(0)=0o0r f(1) =1, we are done (i.e.,c =0or ¢ =1in those cases). Thenlet f(0)=a>0and f(1)=b<1
because 0 < f(x) <1.Define g(x) = f(x)—x = g is continuous on [0, 1]. Moreover, g(0) = f(0)—0=a >0 and
g(1)= f(1)-1=b—-1< 0= by the Intermediate Value Theorem there is a number c in (0, 1) such that
g(c)=0= f(c)—c=0or f(c)=c.

| (o)

Lete= > 0. Since f'is continuous at x = ¢ there is a 0 > 0 such that |x—c| <o= |f(x)— f(c)| <€

= flo)—e< f(x)< f(c)+e.
If f(c)>0, thene:%f(c):%f(c)<f(x)<%f(c):>f(x)>O0ntheinterval(c—§,c+5).

If f(c) <O, thene:—%f(c):>%f(c)<f(x)<%f(c):f(x)<00nthe interval (¢ — &, ¢+ ).

y  flc)+e

y

c-6 c+é

X T

N f(e)+e

f(c)-¢

By Exercise 52 in Section 2.3, we have lim f(x)=L & lim f(c+h)=L.
x—c¢ h—0

Thus, f(x) is continuous at x =c & lim f(x)= f(c) & lim f(c+h)= f(c).
x—c¢ h—0

By Exercise 69, it suffices to show that lim sin(c+ /) =sinc and lim cos(c + /) = cosc.
h—0 h—0

Now lim sin(c+h) = lim [(sin c)(cos h)+(cosc)(sin h)] = (sin c)( lim cos h)+ (cos c)( lim sin h)
h—0 h—0 h—0 h—0

By Example 11 Section 2.2, lim cos 2=1and lim sin 2#=0. So lim sin(c+ &) =sinc and thus f(x) =sinx is
h—0 h—0 h—0

continuous at x = c. Similarly,

lim cos(c+h) = lim [(cos ¢)(cos h)—(sin ¢)(sin h)] =(cos c)( lim cos h) —(sin c)( lim sin hj = cosc. Thus,
h—0 h—0 h—0 h—0
g(x) =cosx is continuous at x = c.

x=1.8794, -1.5321, -0.3473 72. x=1.4516,-0.8547,0.4030
x=1.7549 74. x=1.5596

x=3.5156 76. x=-3.9058,3.8392,0.0667
x=0.7391 78. x=-1.8955,0,1.8955
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2.6 LIMITS INVOLVING INFINITY; ASYMPTOTES OF GRAPHS

1. (a lim f(x)=0 (b) lim f(x)=-2
x—2 x—-3"
(¢ lim f(x)=2 (d) lim f(x)=does not exist
x—-3" x—3
(e) lim f(x)=-1 (®)  lLm f(x)=+4eo
x—0* x—0"
(g) lim f(x)=does not exist (h) Iim f(x)=1
x—0 X—oo
i lim f(x)=0
X——oo
2. (@ lim f(x)=2 (b) lim f(x)=-3
x—4 x—2"
(¢) lim f(x)=1 (d) lim f(x)=does not exist
x—2" x—2
() Lm f(x)=-+eo (H  lim  f(x)=+c
x—-3* x— -3
(g) lim f(x)=reo (h) lim f(x)=+eo
o x=3 x—0*
(i) lim f(x)=—ee () lim f(x)=does not exist
x—0 x—0
(k) lim f(x)=0 M) lim fx)=-1
X—>o0 X—>—oo

1
mln

Note: In these exercises we use the result lim

=0 whenever £ > 0. This result follows immediately from
X—Foo X n

. . 1 . 1 min . 1 i min
Theorem 8 and the power rule in Theorem 1: lim ( ) = lim (;) =| lim - =0"" =0.

x—>t oo X" x—t oo x—too X

3. (@) 3 (b)y -3
4. (@) 7 ) &
5. (a) % (b) %
6. (@ g ®) §
7@ -3 ® -3
8. (a) 3 b 2

9. —% < % <l lim % =0 by the Sandwich Theorem
X—>00

10. —L <eos® < L jim €00 _ () py the Sandwich Theorem

36 30 36 oo 30
2_qy(sinz
11. lim 2—t+sint _ lim - 1+( ' ): 0-1+0 =1
" pmee THCOST o 4(eosr) T 140
t
. 1+(M
12. lim =S8 — |jm r /= lim 10— 1
Fseo 2rHT=5sinr L 2+%_5(su:r) 300 2H0-0 7 2

Copyright © 2016 Pearson Education, Inc.



Limits Involving Infinity; Asymptotes of Graphs 77

Section 2.6
13. (a) hm 2343 _ 2+% =2 (b) (same process as part (a))
’ v Sx+T T L 5+1 5 p p
o]

3
2x°+7 = lim
3

14. (a) lim
3o Box2xH+T x—yee 1=l Ly 7
Y X

(b) 2 (same process as part (a))
(b) 0 (same process as part (a))

15. (@ lim <= lim
X—o0 X° 43 x—oo I+ 2
(b) 0 (same process as part (a))

3,7
. . xT2
16. (a) lim 3= lim ~—%=0
x—oo X =2 x—e0 1+x7
3
17. (a) lim — 7"2 = lim 1 37 =7 (b) 7 (same process as part (a))
x—o0 X =3x74+6x  x—oo —;+?2

9+

18. (a) lim 9tex iy 3 — =% (b) 2 (same process as part (a))

X—>o00 2x* +5x2—x+6 X—>o00 +x72_x73+x74

10,1 31
. 276

19. (a) lim 1027 1 1431 fim 22 0 (b) 0 (same process as part (a))

X—>oo X X—oo
. -1 .
20. (a) lim %— lim “t=2X = oo since x™" — 0 and x+7 — co.
X—oo X —x—1 X—oo =X —x
. 3 2 . -1 . _
(b) lim %= lim %:—w, since x " = 0and x+7 — —oco.
X——o0 X —x—1 X——oo I=x""—x

-3 . _
= oo, since x " — 0 and 3x* — oo

b) i
( ) x—l)n—loc 6)6 —7x+3

21. (a) lim M— lim 3 +5X' =X
X—yo00 6x°—7x+3 X—o0 0-Tx" 243273
-1_ -3 . _
M li 36x ;533 3_{3 = oo, since x " — 0 and 3x* — oo,
xX——o0 0—7/Xx "+3x
3 5 2.0.-5 . _ .
22. (a) lim 5;‘_%: lim 5)‘3 j25x :92 =—oo, since x ' =0, 5x° — oo, and the denominator — —4
x—oo 3t+x—4x x—oo 33X THx -
3 5 =2.0.-5 . .
Sx’=2x “+9x =oo, since x = — 0, 5x” — —oo, and the denominator — —4

(b) lim M: lim 2
Yoo 3+x—4x’ X—y—oo 3X THX

_% 8~ 32 /
X — X 2+ ’\/7 2

. 2_ .
23. lim 8“‘2—3 = lim : :
2x°+x  x—oveo \| 247 x—)oo 2+)C

X—o0
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Chapter 2 Limits and Continuit
y
1 1
) 1/3 L o = ? 1/3 1/3
tim (S5 = gim | =) him = (00 (1))
X—>—oo \ 8x°=3 X——oo _;2 X—>—oo 8_;2 8-0 8 2
X
3\ %—x ¥ Lx 5 5
tim (=] = fim o] =) lim 2| <(8) <o
x——oo \ X" =Tx x——oo | =7 x——oo 1= 1-0
1_5 1_5
lim 255 = fim [—® = [fim —2_ = [ 00 _ fy=0
X—oo x3+x—2 X—>oo 1+%—% x%ool Lz 23 1+0-0
X X X X
2 1 2
i = : (W}(jj . . ( 12 JH
lim 2eect i W2 28, lim 28 = fim 20—y
X—yoo AT X—>o0 — X300 2-VX  xo300 ( 12/2 J_l
X
Hz)
T Lo F g S L S TP S LV
X—>—oo \/_+\/_ X——oo 1+X(1/5)_(1/3) X—>—o0 1+( 21 J
<25
L x+L
lim SH = Jim — =
X—eo X =X T x—eo 1=
ns__ 7
llm 2X5/3 X1/3+7 2 _X19/15+ﬁ
= = o0
X—oo x8/5+3x+x/— X—oo 1+x3%+x“%
1 3
543
fim xSxd g 20 T i =-3
R T e S PR Sl
lim Y& m N+ I \/(x +D/x® m Na? _ V10
ool o . _}w NE x _}w thix _}w (Hl/x) — (140)
Vx4l AN /\/— \/(x +)/x? NI+l
lim =-1
e XL _)_oo TN x ﬁ_w GHDIx) %w( 1-1/x) (—1—0)
lim -3 - lim (x— 3)/\/72 lim (x=3)/x _(1-3/x) _ (d-0) O)
oo JA2425 | oo VA4S NRE | xe J@x2+25)5 \/4+25/x 440
lim 4— 3x - lim (4=3x")Nx> )/\/— lim (4-3x7)/(=x") 3% )/ (=x ) - lim (HA4/x"+3) —4/x° +3) (O+3) -3
x——00 /x049  x——c0 4/x049 /\/— x——o0  [(x049)/x° x—00 \/149/x° V1+0
lim 1 positive 38 lim 5 positive
T—0" 3x positive : 0™ 2x negative
lim 3 _ o positive 40. 1lim 1 _ positive
FEvS x=2 negative : es x=3 positive
lim 2x _ . negative 4 lim 3x negative
gt x+8 positive : s 2x+10 negative
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47.

49.

51.

52.

53.

54.

55.

56.

Section 2.6

Limits Involving Infinity; Asymptotes of Graphs

im —24  —c positive 44, lim —=1— — o0 negative
17 (x=7)% positive T 0 XD positive-positive
(@ lim —2;= (b) lim —2-=—

x—0" 3% x—0~ 3x
() lim —5=co (0) lim 2 =—oo
x—=0" X =0~ X
lim =t = lim —%— =co 48. lim - =1lim —L5 =
50 2 x50 (M2 -0 7 x50 ()2
lim tanx=oo 50. lim secx=oo
- +
{1 (%)

lim (1+cscf)=—oo
60"

lim (2—cotf)=—ccand lim (2—cot@) = oo, so the limit does not exist
60" 6—0"

; ) R T 1 —
@) xll)rr;f -4 xli)n;r (x+2)(x-2) ~ ( positive- posmve)
; 1 _ 1 —_
(®) xli)n’zl_ P-4 xli’rzl_ (x+2)(x=2) (posmve negative)
. 1 _ . 1 -
© xll)r_ny -4 xll)r_nf (x+2)(x-2) ( positive- negative)
1 # = 1 + —
) xll)l’_nz_ x2-4 xEIPZ_ (x+2)(x=2) (negatlve negative)
: X _ 1i positive
@ xh_>nll+ -1 121} (x+l)(x l) (posmve posmve)
: . B oo positive
(b) xh_)llll_ 21 11_)1111_ (x+l)(x 1) (posmve negative)
1 X _ _ N negative
© xglzlrr 2ol 11111+ (x+l)(x 1) - (posmve negative)
. . negative
) xglzll— x =1 1_)1111_ (x+l)(x 1) - (negatlve negative)
. 2 .
@ fim ($-1)=0+ tim L= (L)
*—0" X To0t ¥ negative
2
® fim ($-1)=0+ tim Lo (L)
2 x _ —x positive
x—0 x—0
2 2/3
; X~ _1)1_2 1 _~-1/3_»-1/3
(¢ lim ] R TR =2 -2 =0
=32 2
2
i X _1)_1_(1)_3
) xli,nfl(z x) 2 (—1) 2
2 it 2 -
: x“ =1 _ positive . X1 _ positive
@) xhn12+ 24 = (positive) (b) XEIPZ— 2xtd T (negative)
2 _
S e | (DD _ 2.0 _
© 11_>n11+ 2x+4 [+ 2x+4 T 244 T 0
2

(d) lim ===l

Copyright © 2016 Pearson Education, Inc.
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57.

58.

59.

60.

61.

62.

63.

(a)

(b)

(©)

(d)

(e)

(a)

(b)

(c)

(d)

(e)

(a)

(a)
(c)

Chapter 2 Limits and Continuity

lim 23x+2 1 G=2(x-D) _ (negativenegative)
0t X247 B 0t X (x=2) B positive-negative
. 2_ . —2)(x—1 . _
lim 7302 = iy W2 gy asl oL g
x—2" ¥ -2x x—2" X (x=2) x—=2" X 4
2 ) (x—
lim 3002 = iy W20D _ gy el Ly
x—27 X2 x—=2" ¥ (x=2) x—=2" X 4
2 —2)(x—
lim 273542 = Jim SO0 iy a5l 21 g9
x—2 x=2x x—2 X (x=2) x-2 x
. 2_ . (x=2)(x—1) negative-negative
lim & 3x42 = lim = —o° o
x—0 X —2x x—0 xz(x—Z) positive-negative
lim X=3x42 _ [y 2DGeh o 02D g 1
st X—dx st x(x=2)(x+2) 2t x(x+2)  2(4) 8
lim X2—3x42 - lim =)= =) _ negative
0t X—dx Y2t x(x=2)(x+2) ot x(x+2) negative-positive
lim x2—3x+2: lim C=D(x=D _ =D _ ( nf:gative” )
O X—dx 0™ x(x=2)(x+2) S x(x+2) negative-positive
lim x> =3x+2 = lim (x=2)(x-1) — 1 (x=1) —_0 =0
o P—dx e XODGH2) L 3(e2) - (DB)
=l _ negative
Y—0" x(x+2) positive-positive
and lim 2ok (L nemtne )
0™ x(x+2) negative-positive
so the function has no limit as x — 0.
lim |:2—%j|=—oo (b) lim [ —%j':oo
L o
t—0 4 t—0 4
lim [%+7}:oo (b) lim [%+7}:—oo
t—0* LI t—0" LI
lim L-i— 2 = oo b lim L_i_ 2 — oo
o0t | 2P ()PP (b) 0 |22 B
lim | dr+—2- = d) lim |Lo+—2—|=c
ot L 2P B () sl FUCRPE
lim | dr-—L = b) lim |L——1—i=-
0" |:x1/3 (x—1)*3 (b) 10 LA )P
lim | L-——1 = d) lim |dr——L—|=—
et AR (d el I C R
1 =_1
x—1 64y x+1

Copyright © 2016 Pearson Education, Inc.



Section 2.6  Limits Involving Infinity; Asymptotes of Graphs

=1 ==3
65. y=33 66. y=13
y y
y= =3 E
©ox-3 lx=3
i v
=2x _9p_ 2
68. Y= 2 x+1
' Y
R : \
/ 0 ’,,\- ------- *
) r L2
x+1 T x+1
x=-1 i
70. Here is one possibility.
y
2
* 1 1 1 1 1 x
32 -1 2 3
—1
-2
71. Here is one possibility. 72. Here is one possibility.
y y
|| | y=re R
| | NE
1 L Hi @n
—r x T —— . .
| | -4 -2\ 2 4
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82 Chapter 2 Limits and Continuity

73. Here is one possibility. 74. Here is one possibility.
y y

T

_4 -
75. Here is one possibility. 76. Here is one possibility.
y y
h(x) = 7 x#0 : sk |
k(x)=1- i
x —
0 1 I 1 x
-4 2 2 4 6
-1 ok
4}

77. Yes. If lim £ = 2 then the ratio the polynomials’ leading coefficients is 2, so lim - @) _ 7 as well.

x—o00 8(X) x——o0 8(X)
78. Yes, it can have a horizontal or oblique asymptote.

S

X—oo g(x)

79.

= L, then the ratio of the polynomials’ leading coefficients is L,

so lim i)

X—y—o0

(x)
) =L as well.

80. lim (\/x+ —\x+4 )— lim [Jx.,. —Jx+4 ] [ X9+ x+4 } lim (9 —(x+4)
X X—>o00

X—>oo X—>o0 +9 + x+4 X+9+/x+4

= lim

= lim —& =0 _9
x—yo0 VXTI +VXx+4  xeo l1+%+ IIJ% T
81. lim (\/x +25 x> — j— lim [w/x +25 —/x2 } { X425+ } (x +25)—(x? —1)

X—yo0 X—>00 X +25+ x +25+ -1

= lim —=—

x—00 [ x? +25+\/x -1 xeoo N+ 25+ /1—

82. lim (\/x2+3+xj= lim [\/x2+3+xH—”2+3‘x}= lim =G g

X——o0 X—>—0c0 Vx243—x x——eo [ x’43-x x——00 \/x?43—x
2 3
. 2 . -
= lim L_z lim = ﬁ =0
x——oo [l4+3 -2 xo—co [l+341
22 2
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83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

Section 2.6  Limits Involving Infinity; Asymptotes of Graphs

[,.2 2y _(4x%+3x—
lim (2x+\/4x2+3x—2j= lim [2x+\/4x2+3x—2]{—2x_ b +3x‘2}= lim -G
X——o0 X—>—0c0 2x—4x2+3x-2 x——o0  2x—4x?43x-2

—3x+2

—3x+2
. _ . 2 .
= hm #: lim L: hm —_—

X—>—o0 2x—\4xP43x—2  x——eo 2 4432y 5 oo 2X_ 443 2
2 X ~2 -x X

[S]

. . \9x2— . 9x”—x)—(9x°) . _
lim ( 9x —x— 3x)— lim [ 9x% —x — Sx} {M}: lim Oxt-9-0x) lim ——X—
X—»o0 V9x2—x+3x x>0 AJ9x’—x+3x x—>00 \9x?—x+3x

X—>o0

— S T

= lim = = hm = — =—

X—>o0 \/ﬁ_i+3x x—e0 [9-143 T 343 6
XZ x2 x

X—yo0 X—>00 x +3x+ - X +3x+\]x -2x

lim (\/x2+3x_\/x2_2x)= 111'[1 l:\/x2+3x_,\/‘x2_2xj| |: X +3x+ X — :| (X +3X) (X _ZX)

= lim Sx = lim =i=—
+

X—>00 \/x +3x+\/x —2x  Xx—> 1+ +,/1—

lim Vx? +x-VxZ —x = lim [\/xz-kx—\/xz—x} {“‘ RERAE _x}— lim @) = lim —=%*—
X—yo0 X—>o0 V2 +x+Vx?—x

= lim —=—

x—)oo4ll+ Jl— m
For any € > 0, take N =1. Then for all x > N we have that|f(x)—k|=|k—k|=0<e.

For any € > 0, take N =1. Then for all y <—-N Wehavethat|f(x)—k|:|k—k|:0<e.

For every real number —B < 0, we must find a § > 0 such that for all x, 0 < |x—0| <o= _—21 <-B.
X

2 1 1 1 1
Now,-L<-B<0eL>B>0ex" <l ox<-L.Choose §=-L, thenO<[x|<5=|4 <Lt
1 4 Lohi<t L then0 <<= <k
= 1< —B so that lim —lz:—oo.
K x—0 X

For every real number B >0, we must find a ¢ > 0 such that for all x, 0 < |x 0| <0=>— 1 > B. Now,

> B so that hm = oo,

1>B>O<:>|x| L Choose 6 = Then0<|x 0|<5:>|x|< :>H O\X\
x—>

For every real number —B < 0, we must find a § > 0 such that for all x, 0 < |x - 3| <o=>

(x-3)

2 . B<0o -2 >B>0e 0 1 Lo (x-3? <2 e0<)z-3< (Choosea 2 then
(x=3) (x=3)* 2 B
0<|x 3|<5: =2 _<—B<0so that lim 2 = —oo,

(x-3) x—3 (x=3)
For every real number B >0, we must find a ¢ > 0 such that for all x, 0 < |x—(—5)| <0= ( 15)2 >
x+
Now, (X+15)2 >B>0< ()c+5)2 <i = |x+5| <ﬁ. Choose 5:%. Then 0 < |x—(—5)| <0
:|x+5|<L: > B so that lim L -

JB (x+5) 5 (x+5)?

Copyright © 2016 Pearson Education, Inc.
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93.

94.

95.

96.

97.

98.

99.

(b)

(©)

ForB>0,%>B>O<:>x<%.Choose52%.Then0<x<530< x<—:%>Bsothat

Chapter 2 Limits and Continuity

We say that f(x) approaches infinity as x approaches x from the left, and write lim f(x) = oo,
X=Xy
if for every positive number B, there exists a corresponding number ¢ > 0 such that for all x,
Xg—0<x<xy= f(x)>B.
We say that f(x) approaches minus infinity as x approaches x; from the right, and write lim f(x)=—oco,
x—x5

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that for all x, x) <x<xp+0 = f(x) <—-B.
We say that f'(x) approaches minus infinity as x approaches x from the left, and write lim f(x) = —oo, if

X=Xy
for every positive number B (or negative number —B) there exists a corresponding number J§ > 0 such that
forallx, x)—0<x<xy = f(x)<-B.

1 lim 1 =co.

B x—0+ ¥

1 1

ForB>0,i1<-B<0eo-1>B>0o -x<1 o -L<x Choose §=L.Then-d<x<0=>-L<x
X X B B B B

=1l<_Bsothat lim 1=—c.
X x—=0" ¥
1 1 —(y— 1 _ _1 _1 -1
ForB>0,—5<-B&-—5>B ©—~(x-2)<5 & x-2>-5 & x>2-4.Choose § = .
Then2—5<x<2:—§<x—2<0:>—%<x—2<0:>$<—3<0sothat lim ﬁ:—w.
x—2"

ForB>0,$>B<:>O<x—2<%.Choose§=%.Then 2<x<2+6=>0<x-2<8=>0<x-2<1

B
1

3$>B>0 so that lim —= = oo,

ForB>0and0<x<1, 1

x—2* *=2

>Bo1-x7 <%<:>(1—x)(1+x)<%.Nowl+—x<l since x < 1. Choose & < =L

2 2 2B’

1-x
Then1—§<x<1:>—§<x—1<0:>1—x<§<#:>(1—x)(1+x)<%(”7x)<%:>112>Bfor0<x<1and
—X
x near 1 = lim lzzoo.
x—1” 1=
2
— X _ 1
Y=15 )c-i-1+x_1
y
| //
6 ! 4
sLoilesy Ay=xa1
4_: ////
] e
2—,:’/ X 1
g TR
L1 y? | R B x
E\EEEE
/// -2 :x:l
Z |
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Section 2.6  Limits Involving Infinity; Asymptotes of Graphs 85

_x*4_ X1 3
0L y="7= 102y =5y =745
= 10

105. y=—2=& 106. y = -1 .
4-x 4-x
y

. ! | =2 =2
, i | y= ‘
:x——2 : ' P

i |

: r | : > x
= X ' 1 1
y= 5 ' : -12 '
1 V4 -x 1F . | '
' ' ' |
| | | | X ! '
2 -1 12

\ \

: -1t i

1 i

i i

i 2+ :

H :

H x=2,

. 1
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107. y=x*3 -1

Chapter 2 Limits and Continuity

xl/3

109. (a)
(b)
©

110. (a)

(b)
(©

CHAPTER 2

1. Atx=-1:

Atx=0:

Atx=1:

y — oo (see accompanying graph)
y — oo (see accompanying graph)
cusps at x =t 1 (see accompanying graph)

y — 0 and a cusp at x =0 (see the
accompanying graph)

y —>% (see accompanying graph)

a vertical asymptote at x =1 and contains the

. 3 .
point (—1, ﬁ) (see accompanying graph)

PRACTICE EXERCISES

lim f(x)= lim_f(x)=1

x—-1" x—-—1

= lim f()=1=/(-D

x——
= f is continuous at x =—1.

lim f(x)= lim f(x)=0
x—0" x—=0"

= lim f(x)=0.

x—0
But £(0)=1# lim f(x)
x—0

= f is discontinuous at x =0.
If we define f(0) =0, then the discontinuity at
x =01is removable.
lim f(x)=-land lim f(x)=1
x—1 x—l*

= lim f(x) does not exist
x—1

= f is discontinuous at x =1.

y=fx

Copyright © 2016 Pearson Education, Inc.



2. Atx=-1: lim f(x)=0and lim f(x)=-
x——1*

x—>-1
= lim f(x) does not exist
x— -1
= f is discontinuous at x = —1.

Atx=0: lim f(x)=—ccand lim f(x)=oo
x—0*

x—0"

= lim f(x) does not exist
x—0

= f is discontinuous at x = 0.

Atx=1: lim f(x)= hm f(x)—l:hmf(x)—l.

3. (a)

(b)
(c)

(d)
(e)
®

(€9)
(h)

4. (a)
(b)
(©
(d)
(e

®

we would have lim [#} =—ocoand lim [#} = co 0 the limit could not equal 1 as x — 0. Similar

reasoning holds if hm (4— g(x)) is a finite negative number. We conclude that lim g(x) =4.
—0 0

x—1

But £(1)=0# lim f(x)

= fis dlscontlnuous atx=1.
If we define f(1) =1, then the discontinuity at
x =1 1is removable.

lim Bf() =3 hm f@)=3-=7)=-21

11y

2
lim (f(1))> =£1im f(t)j =(=7)% =49

1>ty 1>ty

lim (f(1)-g(1)=lim f(1)- lim g)==7)0)=0
-1y -t

lim f@® _ tlgg) 1o hm 1o —_7 =1
1—t, gt -7~ hm (g(1) 7) hm g(t) lim7 0-7

)

lim cos (g(t)) = cos( lim g(t)) =cos0=1
t

t—t, >y
lim lf]= Jim f(t)‘=|—7|=
hm (f(z)+g(z))— hm f@®+1lim gt)=-7+0=-7

=1,

+=L=_L
,li?f(f(z)) Tm f0 =77

x—0 x—0
lim (g(x)- £(x) = lim g(x)- lim f(x)=(~2) (1) :g
x—0 x—0 x—=0
lim (f(x)+g(x)) = lim f(x)+ lim g(x) =%+\/§
0 x—0 x—0

X—> | . 1
ilg}) f(x)=iiir%)f(x)=g=2
lirrz) (x+ f(x)= lin}) x+ lim f(x):()+%:%
X—>

f(x)cos x _ lim £ (x)- hm cos x ( )(1)

lim e = =-1
x—1 lim x—lim 1 0-1 2
x—=0 x—=0 x—=0

x—0

x—0" x—0*

Chapter 2

0, x<-1

fwy =1 0<lxl<

0, x=1
1, x>1

—

Practice Exercises

-
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Since lim x =0 we must have that hm (4 - g(x)) =0. Otherwise, if hm (4— g(x)) is a finite positive number,
—0
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6.

10.

11.

12.

13.

14.

15.

16.

Chapter 2 Limits and Continuity

2= lim [x lim g(x)} = lim x- lim [lim g(x)} =—4 lim [lim g(x)} =—41lim g(x) (since lim g(x)isa
x—>—4L x—0 x—-4  x—->-4 [x—>0 x——-4Lx—0 x—0 x—0

constant) = lim g(x)= % =_1
x—0 -

2
(@) lim f(x)=lim A== f(c) for every real number ¢ = f is continuous on (—oo, ).
X—C X—C
(b) lim g(x)=lim =M= g(c) for every nonnegative real number ¢ = g is continuous on [0, o).
X—C X—>C
(¢) lim A(x)=lim 2B = % = h(c) for every nonzero real number ¢ = £ is continuous on (—ee, 0) and
x—c x—c c
(—oc’ oo)
(d) lim k(x)= lim x V6= % = k(c) for every positive real number ¢ = k is continuous on (0, o)
xX—c xX—c c

(a) U ((n —%) T, (n +%)7r), where I = the set of all integers.

nel

(b) U (nz, (n+1)7), where I = the set of all integers.
nel

(©) (=00, M)U(7, )

(d) (=e0, 0)U(0, )

x*—4x+4 _ (x=2)(x=2) _

a) lim i X2 gz 2; the limit does not exist because
@ 10 5% l4x 0 X7 (x— 2) T X(x +7)°
. x—2 x=2 _ _
x1_>o* x(x+7) = oo and ILHOH T R
—4x+4 —

(b) lim gy 20D iy 22 o0 and lim 222 =0 _—

T2 X+5x7 14y s X(ATN(x=2) o5 x(x+7)° Y2 x(x+7) 2(9)

. 2 1 . .

(@) lim —***—=lim Xt) i 5 X+l = lim 21 ,x#0and x #-1.

x—=0 X4+2x7+x x—0 x (x +2x+1)  x—0 x“(x+D(x+1) x—>0 x°(x+1)

Now lim I —oand lim L —o= lim 5“‘4 = oo,

x—0~ X" (x+D) x0T X (x+1) x—=0 x +2xt
2 . . . . .

(b) lim % = lim — X(Z“HD = lim — I x#0and x#—1. The limit does not exist because

x—=—1 X" +2x +x° x—o—1 X" (x"+2x+1)  x——1 x“(x+])

5 I - _wand lim 1 —

x—o—1" X" (x+D) Yo—1t X (x+l)
lim = Jx = lim 1 =lim —L 1
xosl 7% 0=V i
. 22 (xz—a ) . 1 1
lim = lim = lim =—

2 2 2
xoa X'=a" xSa (P4aP)(x?-a®)  xoa xta 2a

2 2 2 2,2
Jim S iy BEZREOSE iy (Qx ) = 20
h—0 h—0 h—0

2 2 2 2,2
lim S iy SO iy Qe k) =
x—0 x—0 x—0

1
. X_ 2—-(2+x) _ -1 1

lim 22 = 1 —=
r—0 X 50 2x(2+x) 0 42x 4

3 3,2 N
lim EPS8 gy (A2 i (2 4 6x412) =12
x—0 x x—0 X x—0
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Chapter 2 Practice Exercises

lim & 1/3_ _ lim 3 (X2/3+x1/%+1)(\/—+1) — lim (x—D)(/x+1) — lim il 14l _2

Xl Va- 1 1ol W) W@ +dP40) ) oD Bal) g 2P Pal WAL 3

2B . BB+ _ . PP PP 4 416)(Vx+8)

lim £°716 — Jjy & DG g, .
xo64 Yx-8 x4 x-8 xo64  Jx-8 Wxt8)(x23+4x3+16)
(=64) (P44 x48) _ 1 (1P (fxt8) | (444)(848) _ g

6 (x—=64) (X3 +4x13416) s x3raxPrie 16416416 T 3

l\.)

lim tan 2x _ lim Sin2x  COSZX _ hm(sin Zx)(coszz:x)( 7x )( )_1 1. 1
X0 ANTX L cos 2x sinmx *—0 2x cos 2x/\sinzx )\ zwx

lim csc x= lim ——=oo
X—=r X1 sin x
lim sin (%+sin x) = sin(%+sin 7;) =sin (%) =1

XD

lim cos” (x—tanx) = cos? (m—tanrx) = cosz(n) = (—1)2 =1
XD

8x 1 8§ __8 _
ili)% 3sin x—x im}) 3“%—1 31

lim = €08 2x=1 _ {im (cos 2x—1 cos 2x +l) = lim cos® 2x-1 _ _ li —sin? 2x
X0 sin x 10 sin x cos 2x+1 *—0 sin x(cos 2x+1) *—0 sin x(cos 2x+1)
_ . —Asinxcos® x _ —4(0)1)?* _
_i—>o cos 2erl 10

Letx=t—-3= lim In(t—3)= lim Inx=—co
t—3" x—0"

limtzln(2—\/;)=lnl=0

t—1

—1<cos( )<1:>e <efT0) < b g™ <0550 < ([ge = 1im BSOSO — by the
6—0"

Sandwich Theorem

1/z
. 2e .
lim o= lim —2_-=-2.=2
20" el/z+1 750" 1+e!/?

1/3
lim [4 g(x)]"3 = 2:[ lim 4g(x):| =2= lim 4g(x)=8,since 2> =8. Then lim g(x)=

x—0* x—0* x—0* x—0*
lim =2= lim_(x+ (x))——:>\/7+ lim_ g(x)= —:> lim (x)—i—\/g
Jime oy 8 o5 S g5 SV

lim 374 = oo 5 im g(x)=0 since lim (3x>+1) =4

x—l1 8(x) x—l1 x—l1

lim 5= —0= lim g(x)=oosince lim (5—x)=1

x—-2 &) x—-2 x—-2

Copyright © 2016 Pearson Education, Inc.

89



90

Chapter 2 Limits and Continuity

2
33. Atx=-1: lim f(x)= lim &0
x—-1" x—-1" |X —1|
= lim 2&D_

x—>-1"

x*-1

lim f(x)= lim

x——1"

x——1"

el

= lim (—x)=—(-1)=1.Since lim f(x)#
x—-—1

lim

x——1"
f(x)= lim f(x) does not exist, the
+ x——1

x——1

Atx=1: lim f(x)= lim

x(x*-1)
2
x—1" x—1" |x= 1]
= lim XD

x—l1*

lim x=-1, and
x—-1

x(x*-1)

function f cannot be extended to a continuous
function at x = —1.

2
m x(xz—l)
x—1m ~(x7=D)

= lim x=1.
x“ -1

x—1*

34.

35.

x=1 _ 4
x—1 X—% 3

36.

Yes, g does have a continuous extension at a =
g(%)= lim 5 cosf _

/4
=_3

The discontinuity at x =0 of f(x) =sin (

) is nonremovable because lim sin 1 does not exist.
Yes, fdoes have a continuous extension at a =1:
define f(1) = lim

1

X

x(x2-1)
x——1* —(x*-1)

/

P N\

x—1

x—0

x—1*

x—l1*
Again lim f(x) does not exist so f cannot be extended to a continuous function at x =1 either.
x—l1

3:
2

37. From the graph we see that lim A(t) # lim h(z)

t—0~ t—0"
so i cannot be extended to a continuous function
ata=0.

x -1
x) = , a=1
f&) Py
8(0)
() = D cosf 1F
80 =357
> 5
2

-1

R

h@)y=0+ DY, a=0

Copyright © 2016 Pearson Education, Inc.

= lim (—x)=-1,and lim f(x)= lim

f) =x(? = 1)/Ix* -1




38.

39.

40.

41.

43.

44.

45.

47.

48.

49.

50.

51.

52.

53.

Chapter 2 Practice Exercises

k(x)

From the graph we see that lim k(x) # lim k(x)
x—0" x—0*
so k cannot be extended to a continuous function at

a=0.

(@) f(=1)=-land f(2)=5= f has aroot between —1 and 2 by the Intermediate Value Theorem.
(b), (c) root is 1.32471795724

(@) f(=2)=-2and f(0)=2= f has a root between —2 and O by the Intermediate Value Theorem.
(b), (c) root is —1.76929235424

2+-3
. 2+ . 2 . 2 240
lim g”;’ = lim ?8 g 42, lim 258 = lim —= =50 =%
X—oo X+ X—oo 5+* + X—>—o0 Sx°+7 X——o0 5+ > +
X

2
lim =448 = [im (L— 4+ 5 ) 0-0+0=0
Y——oo  3X —eo\ X 3xE 343

2

lim ——=lim —=——=—Y9_=90
X—oo x2—7x+1 X—oo l_l"'i 1-0+0

. 2_ .

lim £=7%X = |im 4 oo 46. lim At lim x+1128 — oo
x——co *F X—>—oo I+ oo 1247 +128 X—>—oo 12+
lim 80 < Jim —L- =0 since | x| > asx— o= lim sinx )

X—>00 |_x_| x—se0 | ¥] X—>00 LxJ

lim €5 0-1 < Jim 2=0= lim <&l =0,

1+sinx 2
lim X*sin x+2x _ lim —=x _ 14040 _
sin x

Yoo XFsin x X0 1+T 1+0
lim 23, -1 ~ lim L/ _ 10
x—soo X3 4c0s? X y—yeo 1 1+0

lim "% cos(l):eO-COS(O)Zl-lzl

xX—>o0

lim 1n(1+ ) Inl=0

X—>00

lim tan lx=-Z

X—>—o0 2
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54.

55.

56.

Chapter 2 Limits and Continuity

lim ¢ sin~! (l) 0-sin"'(0)=0-0=0

t——oo
4 xX+4 o xe4 . .
(a y= =—oco and lim 4=F =+ oo, thus x =3 is a vertical asymptote.
x—>3_ = x—3" x=3
xz—x—2 : - : X —x— 2 _ x’—x=2 : :
(b) y==2===jisundefined at x=1: lim +£=== =—co and lim %5=*== = —oo, thus x =11is a vertical
x“=2x+1 AN Pooxdl =1t X =2x+
asymptote.
2 . . . 2 | . .
(¢) y=-<1=Cjsundefined at x =2 and —4: lim S5 = Jim 23 =3, |im m lim &3 =
x“+2x-8 X2 X42x-8  xyp XF4 67 - x24dx8 Ly 4- X4
2 . .
lim “‘2*—"_6 = lim %3 = _co Thus x =—4 is a vertical asymptote.
x4t X208y g XA
i_l ) %_
(@) y=12: lim = 2~ lim - ==l-_1and lim 1_2—x= lim +— ==l=_] thusy=-1lisa
X +l X—oo X +1 X—yoo H’*2 1 x—>—oo X~ +1 X——o0 H’*2 1
X X

horizontal asymptote.

1+
_ Jxrd, lim Jrrd _ im = = 10 1, thus y =1 is a horizontal asymptote.

b :
( ) y \x+4 X—oo x+4 X—>oo ]+i V140
X
3 > [1+-4
Nx“+4 Vx“+4 . 2 A140

© y= : lim ~——= lim = =land lim = lim
x—o0 X X0 1 1 X—>—o0 X—>—o0
J2
[1+
= lim Y=< lim Y- =30 -1,
X——oo T X—>—c0

thus y =1 and y = —1 are horizontal asymptotes.

1+-2
[ . 2 ) 2 [2
d y= xT-+—9: lim XTW = lim x 140 and lim [t = 0 =1
9x° 41 x—ooo VIXPH]  x—5eo 9+— 9+0 — oo Y Ox? i x_>_oo 9+— 9+0 3’
X

thus y =% is a horizontal asymptote.

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1.

(a) x |0.1 0.01 0.001  0.0001 0.00001

Apparently, lim x* =1
x—=0"
(b)

0.6

0.2
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(@) x | 10 100 1000
X

‘0.3679 0.3679 0.3679

. \Van )
Apparently, lim (;) =0.3678=-
X—>o0
(b)

y

1 1/(1n x)
fl) = (-)
X

0.4

0.2

2 4 6 8

lim v2
lim L= lim Ly [1-% = [oy1-2=25— = I, [1-£ =0
v—c v—c ¢ ¢ ¢

The left-hand limit was needed because the function L is undefined if v > ¢ (the rocket cannot move faster than
the speed of light).

<02:>—02<f 1<02:>08<*/—<12:>16<\/;<24:>256<x<576

<o1:>—01<£—1<01:>09<f<1 1= 1.8<x<22=324<x<484.

[10+ (£ —70)x10~* 10| < 0.0005 = |(r = 70)x10™*| < 0.0005 = —0.0005 < (t —70)x 10~ < 0.0005
= -5<1-70<5=65°<1<75°=> Within 5° F.

We want to know in what interval to hold values of /4 to make V satisfy the inequality
|V —1000| =|367h—1000| < 10. To find out, we solve the inequality:

3670 —1000] <10 = ~10 <367h—1000 <10 =990 <3677 <1010 => 2L <h <10 — 8 §< <89

where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.
The interval in which we should hold 4 is about 8.9 —8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can
expect to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim f(x)= hm (x -7)==6=f().

x—1
Step 1:|(x? —7)+6|<e:—e<x —l<e=l-e<x’ <l+e=Vl—c <x <l+e.
Step 2: [x—1|<d=>-0<x-1<6=>-F+1<x<+1.

Then —5+1=+/1-€ or §+1=+/1+¢. Choose § = min {I—vI—¢, V1+e -1}, then 0 <|x~1| < 5 =

|(x>=7)—6|<e and lim f(x)=—6.By the continuity text, f(x) is continuous at x =1.
x——1

1_ 1
Show lim g(x)= lim --=2 g(4).

x—1 x—1

4 4
1 1 1 1 1
Stepl‘ 2‘<e:> e<2 2<e=>2- e<2 <2+e:>42 > x>
Step2‘x——‘<5:> ~0<x—y<E=> -0+ <x<I+q.
1.1 _L_ L 1_ _ 1«
Then —0+y = - =0=y~15 = 0= e)’0r5+ = ze 42c 4 32—
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10.

11.

12.

13.

Chapter 2 Limits and Continuity

Choose 0 = the smaller of the two values. Then 0 < ‘x—i‘ <o=> ‘i— 2‘ <eand liml i =2.

€
4(2+e)’ x>y

By the continuity test, g(x) is continuous at x =

ENgIE

Show lim /(x) = lim v2x—3 =1=h(2).
x—2 x—2

2 2
Step 1:‘\/Zx—?a—l‘<e:>—e<\/2x—3—1<e:1—e<\/2x—3 <lie=m TP o I
Step 2: [x-2|<d=>-0<x-2<for—0+2<x<5+2.

2 2 2 2 2 2

Then—6+2=L0 2 5 52 I B _ e orgrp=WIB o 5 BI85 M-l
2 2

e+%. Choose 6 = e—%, the smaller of the two values. Then, 0 <|x—2|< 6 = ‘\/2x—3 —1‘ <e,

so lim v2x—3 =1. By the continuity test, 4(x) is continuous at x = 2.

x—2

Show lim F(x)=limv9—x =2=F(5).
5

x—5 x—>
Step 1:‘\/9—_x—2‘<e:>—6<\/9—_x—2<e:9—(2—e)2 >x>9-(2+¢).
Step 2: 0<|x=5|<d=>-0<x-5<6=>-0+5<x<I+5.
Then—6+5=9-(2+4€)> = 5=(2+6)? -4=€>+26,0r 6+5=9-(2—€)> = 5=4—(2—¢)> =¢> — 2.
Choose & = €2 —2¢, the smaller of the two values. Then, 0 < |x-3|<o= ‘\/E—2‘ <e, 50 limv9—x =2.

x5
By the continuity test, F(x) is continuous at x = 5.

Suppose L; and L, are two different limits. Without loss of generality assume L, > L. Lete = é (L, — L). Since

lim f(x)=L thereisa & >0 suchthat 0 <|x—xy|< =|f(X)-L|<e = —e< f(x)—L <€
X=X

= I+ L < f() <5l —L)+1 = 4L — L, <3f(x) <21 + L,. Likewise, xli_)n;()f(x) =1,50

there is a 6,
such that 0 <|x—xp| <& = |f (D) - Ly|<e= - < f()-L <e=> (L~ L)+ 1, < f() <~ L)+ L,
=20, +L <3f(x)<4Ly, - L = L} —4L, <-3f(x) <-2L, — ;. If § = min{J;, &, } both inequalities must
4L - Ly <3f(x) <2 +1L,
L —4L, <3f(x) <20, - L

L - L, >0, a contradiction.

hold for 0 <|x—xy| < J: }:>5(L1—LQ)<O<L1—Lq.Thatis, L —L, <0 and

Suppose lim f(x)=L.Ifk =0, then lim kf(x)=1im0=0=0- lim f(x) and we are done. If k£ # O, then given

X—C X—C X—C X—C
anye>0,thereisa5>0sothat0<|x—c|<5<:>|f(x)—L|<ﬁ:>|k||f(x)—L|<e:>|k(f(x)—L)|<e

= |(kf (x)) — (kL)| < €. Thus lim kf(x)=kL = k(lim f(x)j.

X—C X—C

(a) Sincex%0+,0<x3<x<1:>(x3—x)%0_:> lim+f(x3—x): limif(y):Bwherey:x3—x.

x—0 y—0
(b) Sincex >0 ,-l<x<x’<0= (X’ —x) 0" = lim f(x*—x)= lim f(y)=A where y=x"—x.
x—0" y—0*
(©) Sincex%0+,0<x4<x2<1:>(x2—x4)%0+:> lim f(xz—x4): lim f(y):Awherey:xz—x4.
x—0" y—0*

() Sincex >0 ,-1<x<0=0<x*<x?<1=(*-xH 50" = lim f(x?—x*)=A asin part (c).
x—0"
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15.

16.

17.
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(a) True, because if lim (f(x)+ g(x))exists then lim (f(x)+ g(x))— lim f(x)=lim [(f(x)+g(x))— f(x)]=
x—a x—a x—a x—a

lim g(x) exists, contrary to assumption.
Xx—a

(b) False; for example take f(x) = Land g(x)= —L . Then neither lim f(x) nor lim g(x) exists, but
X X x—0 x—0
lim (f(x)+ g(x)) = lim (l—l) = lim 0 = 0 exists.
x—0 x—0'\ Y X x—0
(c) True, because g(x)=|x|is continuous = g(f(x)) =| f(x)| is continuous (it is the composite of
continuous functions).
(d) False; for example let f(x) = {_

1l

: 0 = f(x) is discontinuous at x = 0. However | f(x)|=1is
x>

continuous at x = 0.

. o x21  qe (x+D(x-D __ _
Show xli)nzl f(x)= xli,nll_xﬂ = xgnzl—()ﬁl) 2, x#-1.

2
x -1
. . A= x#-1 ..
Define the continuous extension of f(x) as F(x) =4 x+ . We now prove the limit of f(x) as x — —1
-2,x=-1
exists and has the correct value.

el eADG=l)
Step 1" Py (x+D)

Step 2: [x— (-0 => -0<x+1<d=>-0-1<x<d-1.
Then—-6—-1=——-1=>d=¢,ord—1=€—1=> § =¢. Choose § =¢. Then 0 <|x—(-1)|< S
x-1

(-2)

x+

(—2)‘<6:>—€< +2<e=m—-e<(x-D)+2<e,x#-1=>—-—€—-1<x<e-—1.

=

<e= lim F(x)=-2. Since the conditions of the continuity test are met by F(x), then f(x) has
x—-—1
a continuous extension to F(x) at x =—1.

(x=3)(x+1)

2
Show lim g(x) = lim =23 = |im =2, x#3.
x—3 & x—3 2x6 r—3 2(x-3)
X =2x-3 x#3
Define the continuous extension of g(x) as G(x) ={ 2x-6 ~’ . We now prove the limit of g(x) asx — 3
R x=3

exists and has the correct value.

w-2<e:>—e<x—+l—2<e,x;t3:>3—2e<x<3+2e.
(x=3) 2

Step 2:|x—3|<d=>-0<x-3<d=>3-5<x<5+3.
Then,3—0=3-2¢ = 0 =2¢, 0r 6+3=3+2¢ = J = 2¢. Choose 6 =2¢. Then 0 <|x—3|< J

2 _
253 ol o o iy D
2x—6 13 2(x=3)

continuously extended to G(x) at x = 3.

2
Step 12‘%—2‘<6:}—6<

= = 2. Since the conditions of the continuity test hold for G(x), g(x) can be

(a) Lete >0 be given. If x is rational, then f(x) = x =|f(x)-0|=|x—-0|< e & |x—0|<¢; i.e., choose § =e.
Then |x—0|< d = | f(x)—0| < ¢ for x rational. If x is irrational, then f(x) =0=|f(x)-0|<e & 0<e¢
which is true no matter how close irrational x is to 0, so again we can choose d = e. In either case, given
€ >0 thereisa d =¢ > 0 such that 0 <|x—0| < § = | f (x) — 0| < €. Therefore, fis continuous at x = 0.

(b) Choose x =c > 0. Then within any interval (¢ —J, ¢ + ) there are both rational and irrational numbers. If ¢
is rational, pick € = % No matter how small we choose & > 0 there is an irrational number x in

(c=8,c+8)=|f(x)— f(©)]|=|0-c|=c> £ =e. That s, fis not continuous at any rational ¢ > 0. On the
other hand, suppose c is irrational = f(c) =0. Again pick € = % No matter how small we choose 6 >0

there is a rational number x in (¢ — &, ¢ + 5) with|x—c|<%:8 @%<x<376.Then | f(x)= f(o)]=|x-0|

=|x|> £ =e= fis not continuous at any irrational ¢ > 0.

If x = ¢ <0, repeat the argument picking € = % = _TC Therefore f fails to be continuous at any nonzero

value x =c.
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18. (a) Letc= % be a rational number in [0, 1] reduced to lowest terms = f(c) = i Pick e = i No matter
how small J > 0 is taken, there is an irrational number x in the interval (c—3J, c+3J) = | f(x)— f(c)|
= ‘0 —% :% > ﬁ = e. Therefore fis discontinuous at x = c, a rational number.

(b) Now suppose c is an irrational number = f(c) =0. Let € > 0 be given. Notice that L is the only rational

number reduced to lowest terms with denominator 2 and belonging to [0, 1] 3 and the only rationals with

denominator 3 belonging to [0, l] and 3 with denominator 4 in [0, l] %, 2 and 4 with denominator 5

in [0, 1]; etc. In general, choose N so that N <€= there exist only flnltely many ratlonals in [0, 1] having

denominator < N, say 1, r,...,r,. Let d =min {|c—r;|:i =1,..., p}. Then the interval (c — &, c + &)
contains no rational numbers with denominator < N. Thus, 0 <|x—c|<d = | f(x)— f(c)|=|f(x)-0|=
| f(x)|< # < e = fis continuous at x = ¢ irrational.

(c) The graph looks like the markings on a typical

ruler when the points (x, f(x)) on the graph of 1
f(x) are connected to the x-axis with vertical
lines.
0.8
0.6
0.44
0.2
L x
0 0.2 0.4 0.6 0.8 1

f&) = I/n if x = m/n is a rational number in lowest terms
if x is irrational

19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the zero
point, 0, on the equator = 0+ 7R represents the midnight point (at the same exact time). Suppose x; is a point
on the equator “just after” noon = x; + 7R is simultaneously “just after” midnight. It seems reasonable that the
temperature 7 at a point just after noon is hotter than it would be at the diametrically opposite point just after
midnight: That is, T(x;) =T (x + 7R) > 0. At exactly the same moment in time pick x, to be a point just before
midnight = x, + 7R is just before noon. Then T'(x,) —T (x, + 7£R) < 0. Assuming the temperature function T is
continuous along the equator (which is reasonable), the Intermediate Value Theorem says there is a point ¢
between 0 (noon) and 7R (simultaneously midnight) such that T'(c) =T (c + 7 R) = 0; i.e., there is always a pair
of antipodal points on the earth’s equator where the temperatures are the same.

2 2
20. hm f(X)g(X)—hm [(f(X)+g(X)) —(f()-g(x) J {(iiglc(f(XHg(X))j —[il_)rnc (f(X)—g(X))) }

2 2
=137 =D =2.

_ —1+l4a _ 1+x/1+a)(—1—\/l+a): - I=(+a) _ 1 _1
21. (a) Atx=0: 11m r+(a) lim = lim ( ;irz) PN oI vy

a—0 a a—0 a —1-l+a
. Cd(+a)  _ —a -1
At =—1. 1 = lim =1 = =1
* a_1>ml (@)= a_1> 1+ a(-1-1+a) e T BN (oS N
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b) Atx=0: I = li Zl=vl+a _ li (—l—x/l+a )(—1+\/1+a ) - 1 _1=(+a) _ —a
(b) Atx im 7_(a)= lim im | = Sy = lim s lim e
W ol (because the denominator is always negative); ali>n3+ r_(a)

a—0" a—0"
= lim
a—0"
= lim =l — _ (because the denominator is always positive).
e e ys positive)

Therefore, lim r_(a) does not exist.

a—0
Atx=-1: lim r(a)= lim == - jji;m —=L -
a——1" a——1" a a——1" ~1+/lta
() -
r (a
r,(a) -
1 1 1
- r-(a) = .__—”
0.8 re@) = —1*vI+a 2 a
a
0.6
a
A -1 2 4
-1 -0.5 0.5 1 >
Graph not to scale
-4
(d) £(x)
£(x) 20.2 10
a=0.1 a=0.5
1 a=0.05
20
a=1
X
-1 .5 1
X
-50 -30
fEy=ax+ f@)=ax*+2x-1
-20

22. f(x)=x+2 cos x= f(0)=0+2 cos 0=2>0and f(—7)=—-7m+2 cos(—x) =—n—2<0. Since f(x)is
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [-7 —2, 2].
Thus there is some number c in [-7, 0] such that f(c) =0; i.e., ¢ is a solution to x+2 cos x =0.

23. (a) The function fis bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for
all x in D. Choose B to be max {|M |, |N|}. Then|f(x)|< B. On the other hand, if | f (x)| < B, then
—-B< f(x)SB= f(x)=-Band f(x) < B= f(x) is bounded on D with N = B an upper bound and
M =-B alower bound.

(b) Assume f(x) < N forall x and that L > N.Lete = % Since lim f(x) =L thereis a é > 0 such that
X=X,
0<|x—x0|<5:>|f(x)—L|<e@L—e<f(x)<L+e@L—%<f(x)<L+%@%<f(x)
< 3LT_N ButL>N= % > N = N < f(x) contrary to the boundedness assumption f(x) < N. This
contradiction proves L < N.

(¢c) Assume M Sf(x)forallxandthatL<M.Lete=%.As in part (b),0<|x—xy|<d = L-M4=L

2
< f(x)< L+% s M%M< f(x) <%< M , a contradiction.
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24. (@) a2b, thena-b20=|a—b|=a-b= max (a,b)=tb 4| —athyamp 20,

Ifa<b, thena-b<0=|a—b|=—(a~b)=b-a = max {a,b)= 4Lt ath  ba -2 _},

. —b
b) Let min {a, b =M_M.
2 2
25 lim = sin(l—cos x) _ lim sin(l—cos X) 1-cos x  l+cos x _ m sin(l—cos x) .. 1—cos? x
*—0 X 10 1—cos x X 1+cos x 10 1—cos x *—0 x(1+cos x)
—1-lim sin®x _ _ q:osinx _sinx _ .(Q):O
=0 x(14+cos x) r—0 X 1+cos x 2 '

26. lim SE = Jim sinx. X x g —1L_jim Jx=1-1.0=0.

enorsinx hgr ¥ sin Ve Ve Dge () Do
X

. sin(sin x . sin(sin x) gj . sin(sin x . i
27. lim 3G _ pjpy SN0 D) sin x _ jpy SO0y sinx oo,
X s x X s x

x—0 x—0 x—0 x—0

.2 s 2 (2
28. lim 3D _ jiy SNOTEY ) = Jim 2O i (x4 ) =14 1=1,
x—0 x x—0  xX'+x x—0 X tx x>0

sin(x2—4) — lim sin(x2—4)'

x-2 x—2 X4

29. lim

L2
(x+2) = lim %‘4) lim(x+2)=1-4=4.
x—2 x—2

x=4  x2

fim SO 1 s 1

30. lim M: SNV A=) — L )
x—9 Nx-3  Jx+3 x50 Jx-3  y9Vx+3 66

x—9

|—=

31. Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is

3/2
an oblique asymptote. y = % = 2x—ﬁ, thus the oblique asymptote is y = 2.x.

32. Asx—)iw,%%O: sin(%)%0:>1+sin(%)%1,thus as x — too, y=x+xsin(%)=x(1+sin(%))—>x;thus

the oblique asymptote is y = x.

33. Asx— t oo, ¥ +1— 2 3\/x2 +1 %\/xz; asx%—oo,\/x2 =—x, and an%-f-OO,\/xz = x; thus the oblique
asymptotes are y =x and y = —x.

34, Asx—)ioo,x+2—>x:\/x2+2x:1/x(x+2) —>\/x2; asx—)—oo,\/x2 =—x, and as x — + oo, \/x2 =X;

asymptotes are y = x and y = —x.
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